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2 Diamonds in mathematical inequalities 


I. GENERAL DESCRIPTION 


I.1 Title 


Diamonds in mathematical inequalities. 


1.2. Purpose of the book 

The book aims, first, to provide students with a comprehensive and minute system of 
typical inequality demonstration methods and techniques, ranging from classical to modern 
ones, which, due to the fact that their importance remains unchanged throughout the flow of 
time, can be considered as “diamonds in mathematical inequalities”. This main purpose is 
accomplished by a number of valuable mathematic samples with interesting “lead-ins” and, 
most importantly, a dialectic viewpoint on each solving method. 

The major goal of the authors is, therefore, to helping students to acquire multitude of 
mathematical tools and methods in solving inequalities, then, be able to achieve excellence in 
this field. Besides, on utilizing a new approach in presenting familiar mathematical facts, the 
authors also hope to highlight in readers’ mind the importance of a good mathematical 
inequality-based thinking in developing their creativeness as well as their ability to critically 
evaluate changes in life. 

The success of this book will also mean the publication of the authors’ other books on 


other fields of secondary mathematics. 


1.3. Why is this book different from others? 


e The uniqueness of the book can be sensed in the very first lines of its foreword: 


“Money ? 

Eventually spent 
Beauty ? 

Eventually faded... 
Only 

Intellect rooted in mind 

And feelings rooted in heart 

Will last 


forever with time 


(Tran Phuong, 1990) 
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Comparisons in life 

The material and spiritual world in the universe is always on the move, ever changing to 
create different things and phenomena. This diversity can be seen through opposite images: 
big — small ; wide — narrow ; long — short ; high — low ; plentiful — scarce ; rich — poor ; 
beautiful — ugly and so on. Extensively, it is that the divergence between Buddhism, 
Mohammedanism and Catholicism; the differences between the Oriental — Occidental 


cultures and between the major philosophic thoughts all over the world. 


Everybody’s life is an ongoing search to set his/her own values. Every thing gets its 
standing in the ever changing world by its own values; however, one does not often realize 
that everything can only obtain its value in comparison with some other thing. It is this 


relationship that creates inequalities. 


In fact, though "all comparisons are odious" as the saying goes, men cannot help 
resorting to comparison to evaluate things. A kilogram of Korean ginseng is 1000 times 
smaller than a ton of rice in term of mass, but costs 10 times more. Take the example of a 
president or a car driver, who is more important? You may say that the head of state is 
certainly more important than a racer, but only in state affairs. In respect of annual income, 
former President Clinton's US $200,000 annual salary in office is derisory in comparison 
with world famous formula I car racer Michael Schumacher's US $60,000,000 annual 
income. Thus, factors in a comparison should be identified, quantified and converted to a 


same kind of unit - whether you want to or not. 


In order to develop comparison thinking and evaluation in life, notions of mathematical 
inequalities are given us as early as school age. Children at kindergarten learn to compare I 
with 2 to have a1 < 2 inequality. Fourth formers begin to achieve more difficult comparisons, 
for instance = with > etc. Some of them proceed by reduction to a common 


denominator, which is rather complicated, i.e. 


135 _ 135x197 _ 26595 189 _ 189x143 _ 27027 26595 _ 27027 _, 135 _ 189 


143 143x197 28171’ 197 197x143. 28171 28171 28171 143 197 


Others intelligently operate by fractions complementation as follows: 


=l= ‘ now ence 
143, 143 197 197 143 197 143 197 


—_ > —— 


135 8 8 189 8 8 135 189 
—+ + : h — <— 


Comparison problems grow more and more difficult with more extensive operations. All 
mathematicians share the common concept "Basic results of mathematics often are 
expressed by inequalities in stead of equalities". The same is true in real life, where one 
always encounters differences between things and phenomena, and even changes in a single 
phenomenon by the minute. Indeed, if we are subject to no change after every second, then, 


according to the induction principle, 50 years later, we would not get any older. On the other 
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hand, in social life, inequality-based thinking is always needed to assess business activities, 
export-import industry, stock exchange market, finances, banking... Therefore, in order to 
develop thinking and properly assess the changes in life, a good mathematical inequality- 
based thinking is most necessary. With these introductory words, the author wishes that the 


readers consider the subject treated in this book as a close and intimate one.” 


With such profound philosophical understandings, the writer has always been aware of 
the necessity to ensure an inspiration and intellectual delight in each technique and method 
presented. The book, there fore, will encourage students to acquire a multitudes of inequality 
demonstration methods as effective tools not only in solving mathematics problems but also 
in critically evaluate changes in life. 

e In respect of penmanship, the major content is presented in two typical ways: 

1. The classical “diamonds” were introduced in new angles of view with typical 
techniques and methods followed by a variety of interesting examples ranging from simple to 


complex. 


To be more specific, the authors insufflate in each inequality demonstration technique a 
new notion imbued with a forceful philosophic connotation, the notion of “point of 
incidence’’. The utility of such creative penmanship is rooted from the ideas relating to the 
point of incidence in the film “Teheran 43”. The film, which was produced by the cooperation 
of Russia, France and Italia, has the setting of the summer 1943, when the World War II was 
growing fiercer and fiercer. In the context, the U.S., Great Britain and the Soviet Union 
envisaged opening a Front of Alliance and the Germans plotted to assassinate the three leaders 
of the Alliances, Roosevelt, Churchill and Stalin. The German spy Schiller trusted professional 
hit-man Max with the assassination, but bade him to work out the venue and the time of the 
meeting. From the military developments, Max estimated that the meeting would take place at 
the end of 1943. Added with diplomatic pretext for the meeting, Max came to the final 
conclusion that it must take place no sooner or later than Churchill’s birthday, which was 30", 
November and the venue must be in a British colony far away from the front in Europe. The 
venue, accordingly, must be no other than the British Embassy in Teheran, the Iranian 
Capital. From such estimation Max flew to Teheran three months before the meeting and 


hired locals to dig a tunnel ending up in the British Embassy. 


Thus, the idea of choosing points of incidence in life springs from considering the 
evolution and development of things to estimate where they would lead to, with a view to 
orienting the direction of approach from the outset. As to the techniques of choosing the point 
of incident in equalities, it is based on the state of variables when the two terms of the 
inequalities happen to equal. Typical examples illustrating this technique are found precisely 
presented in the very first introduction on AM-GM, Cauchy-Schwarz, Bernoulli inequalities 


and throughout this book. 
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2. The modern “diamonds”, of which the typical ones are ABC, GTA, GLA, DAC 
methods, are discussed in details so that readers can easily grasp the spirit of each technique 


and method and apply them. 


After all, this is a profound book on the methods and techniques of mathematical 
inequality demonstration. The problems given are arranged didactically upwards, i.e. 
gradually from lower to higher levels. A variety of typical examples are given to illustrate 
each problem; exercises for readers also range from simple to complex ones with large 


amplitude. All of them are presented in an interesting way but easy to understand and apply. 


Hopefully, readers would feel easy to understand and to perceive this book, and to 
evaluate the authors’ “mathematical creations”. It convey new perspectives and view points 
to many familiar problems and challenges its audience with a number of new ones. In one 
word, with this book, readers may have chances to develop and to make themselves 


recognized. 


3. Mathematics is a language itself and also Inequality should be a public language that 
can connect everybody throughout the world easily. Therefore the authors used many 
Mathematics notations to reduce the English language so that even those who don’t know 


English well can also enjoy this book. 


1.4. Table of contents 

The book consists of 5 chapters, for a total of about 480 pages. The major content of the book 
can be summarized as follows: 

Chapter I: Diamonds in classical mathematical inequalities 
§1. AM-GM inequalities 

§2. Cauchy-Schwarz inequalities 

§3. Holder inequalities 

§4. Minkowski inequalities 

§5. Chebyshev inequalities 

Chapter II: Diamonds in modern mathematical inequalities 
§6. Schur inequalities 

§7. Muirhead inequalities 

§8. Permutation inequalities 

Chapter III: Diamonds of analytic method 

§9. Fermat theorem (Derivative method) 

§10. Lagrange theorem 


§11. Bernoulli inequalities 
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§12. Jensen inequalities 

§13. Karamata inequalities 

§14. Vasile Cirtoaje inequalities (RCF, LCF and LCRCF theorem) 
§15. Popoviciu inequalities 

§16. Riman theorem (Integral method) 

Chapter IV: Diamonds in contemporary inequalities 
§17. UCT method 

§18. SOS method 

§19. GMV method 

§20. ABC method 

§21. Equal variable method 

§22. Geometricalize Algebra method 

§23. Divide and conquer method 

Chapter V: Some creations on mathematical inequalities 
§24. Selective papers on inequalities 

§25. Nice solutions to selective inequalities 


§26. Challenging problems 


1.5. Who is the audience? 


The book is intended for a wide range of audience. It is first and particularly meant for 
capable basic secondary students, candidates to national and international mathematics 
contests, mathematics teachers at all levels and researchers. On completing this book, the 
authors, however, did not target the public from only one country. Believing that 
mathematics language does not change across national boundaries, they hope that the book 
will be able to reach an international readership and prove to be helpful for everyone who is 


seeking ways to broaden their mathematical horizons. 


1.6. Final comment 


This book is the authors’ soul-felt work achieved through years of hard work, based on 
their vast experience in mathematics and mathematical education. It is a comprehensive work 
in a field favorable to observation, intuition and creativeness, all of which are outstanding 
talents of the Vietnamese people. Having devoted themselves entirely to completing this book, 
the authors are convinced that it will last as long as a close friend of the world’s 


mathematics lovers. 
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Il. SAMPLE WORK 


The initial section of Sample Work is a part of chapter one of the book, which was 
written with a brand new style for a well — known method: “Point of incidence” In this 
chapter, we will introduce the technique of choosing the “point of incidence” in AM — GM, 
Cauchy-Schwarz and Bernoulli inequalities. However, it is noted that selecting “point of 
incidence” is only the typical technique among a total of 30 techniques of using AM — GM 
inequalities presented in the manuscript of the book “Collections of Topics, Methods and 
Techniques in Algebraic Inequality Demonstration”, which is 2222-pages thick and was 
completed by Tran Phuong due to the impetus raised in his mind on the occasion of President 
W.J. Clinton visited Vietnam on November, 16", 2000. In this part, the ideas relating to the 


point of incidence in the film “Teheran 43” will be mentioned again. 


In the remaining section, we will consider the best estimation of Nesbit — Shapiro 


Inequality in primary mathematics. 


In respect of format, we would like to note here that in the hope of presenting the content 
of the book in the most convenient way, we choose the paper size of 17x24°™ and the page 


layout of 14x21°", which is very common in Vietnam. 


INTRODUCTION: FROM THE STORY ABOUT “POINTS OF INCIDENCE” 
TO POINT OF INCIDENCE IN MATHEMATICAL INEQUALITY 


IDEAS RELATING TO “POINTS OF INCIDENCE” IN TEHERAN 43 


The film, which was produced by the cooperation of Russia, France and Italia, has the setting 
of the summer 1943, when the World War II was growing fiercer and fiercer. In the context, the 
U.S., Great Britain and the Soviet Union envisaged opening a Front of Alliance and the Germans 
plotted to assassinate the three leaders of the Alliances, Roosevelt, Churchill and Stalin. The 
German spy Schiller trusted professional hit-man Max with the assassination, but bade him to 
work out the venue and the time of the meeting. From the military developments, Max 
estimated that the meeting would take place at the end of 1943. Added with diplomatic 
pretext for the meeting, Max came to the final conclusion that it must take place no sooner or 
later than Churchill’s birthday, which was 30", November and the venue must be in a British 
colony far away from the front in Europe. The venue, accordingly, must be no other than the 
British Embassy in Teheran, the Iranian Capital. From such estimation Max flew to Teheran 


three months before the meeting and hired locals to dig a tunnel ending up in the British Embassy. 
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Thus, the idea of choosing points of incidence in life springs from considering the 
evolution and development of things to estimate where they would lead to, with a view to 
orienting the direction of approach from the outset. As to the techniques of choosing the point 
of incident in equalities, it is based on the state of variables when the two terms of the 
inequalities happen to equal. Typical examples illustrating this technique will be precisely 
presented in the very first introduction on AM-GM, Cauchy-Schwarz, Bernoulli inequalities 


and throughout this book. 


POINT OF INCIDENCE IN EQUALITIES 
Setting the manner: 


In proving the inequality A > B we often follow either the two following patterns: 
Pattern 1: Create a sequence of intermediary inequalities 
A2A,2A;22...2 An-12 An2B 


Pattern 2: Create a sequence of component inequalities 


A, > B, A, = B, = 0 

A, = B, ASB, > 0 
+ x 

Wie dave wrens or bs ei enol a) Ore ete Oke 

A, = B, A, >B, 20 
> A2>B => A2B 


To create intermediary or component inequalities we need to note that if the 'Central 
inequality A = B' becomes 'A = B' at a standard P , all the intermediary inequalities in 
Pattern 1 or all the component inequalities (local inequality) in Pattern 2 also become 
equalities. To find standard P we need to pay attention to the symmetry of variables and the 
conditions for equality to occur in AM — GM Inequality where all joining variables are 
equal. For estimating at what standard 'A = B' occurs is to guide algebraic transformations and 
estimations of intermediary or component inequalities, the work can be called 'Inspecting the 


condition of equality occurring and point of incidence in the inequality’. 


We will be more familiar with this idea in a variety of examples ranging from single to 


complex in the detailed discussion of sample exercises later. 
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HI. ABOUT THE AUTHORS 


III.1. Tran Phuong, the chief author of the book, is the Director of Center for Research and 


Development Support of Intellectual Products in Vietnam. 


Like most authors of mathematics books, Tran Phuong received systematic and 
professional education and training specializing in this field. Before entering university, he 
studied in Mathematics Specialized School at the University of Natural Sciences, Hanoi, the 
cradle in which up to 60% of Vietnamese IMO medalists were trained and nourished so far. 
After his school years, he continued pursuing his interest in mathematics in Teacher Training 


University, Hanoi, the leading center for training mathematics professors in Vietnam. 


After graduation, the author, however, pursued his career in his own way which is 
teaching on the invitations of high schools, universities and mathematics centers in Vietnam. 
During the years from 1990 to 2000, up to approximately 10 thousands of students attended 
his classes on mathematics. The majority of them were excellent pupils, including many 
candidates to both national and international Mathematics contests. Vietnamese IMO 43 gold 
medalist Pham Gia Vinh Anh is among his best pupils. Since his ultimate goal in teaching 
mathematics is student’s full development in mathematics-based thinking, not merely the 
mathematics knowledge itself, many of his students, on their outcome of what they acquired 


in his classes, contribute actively in various fields of the Vietnamese society. 


On realizing his dream of devoting entirely to mathematics science teaching and learning, 
Tran Phuong has had a great passion for writing books on mathematics, especially on 
inequalities. His first book, which was published in 1993, was a comprehensive work on 
mathematical inequalities. From then on, he has completed a total of 10 books, all of which 
were introduced by five first-ranked publishers in Vietnam (Education Publisher, Youth 
Publisher, Knowledge Publisher, Ho Chi Minh Publisher and Da Nang Publisher) and soon 
became the best-sellers among referenced books for secondary pupils in Vietnam. He is also 


the author of an intellectual game show “Vietnamese Infant Prodigy” on television. 


For his great contribution to mathematics teaching and learning in Vietnam, he was 


awarded the noble “Vietnam’s Genius 2006” by Vietnamese government. 
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CHAPTER ONE: DIAMONDS IN 
CLASSICAL MATHEMATICAL INEQUALITIES 


§1.1. DIFFERENT COLORS IN CATCHING POINT OF INCIDENT 
TECHNIQUE IN AM - GM INEQUALITY 


Main points: 
I. AM — GM inequality 
1. General form 
2. Special cases 
3. Proof 
II. Different colors in catching point of incident technique in AM — GM inequality 
1. Point of incidence in evaluating from AM to GM 
. Point of incidence in evaluating from GM to AM 
. Point of free incidence or homogeneous principle in AM — GM inequality 
. Specialization in inequality of same degree 4. Specialize in homogeneous inequality 


. Non-symmetric point of incidence in AM — GM inequality 


2 

3 

4 

5 

6. Balancing Coefficient Technique (Method of equalizing coefficient ) 

he Using AM — GM in homogeneous inequality Applying AM — GM to inequality of different degree 
8. Specialize in un-homogeneous inequality Specialization in inequality of different degree 
9. The most beautiful solutions for four trigonometry inequalities 


10. Selective problems in using point of incidence for AM — GM 


1. AM — GM INEQUALITY 


1. General Form: Suppose a,,d,,...a, are n non-negative real numbers, then: 


a,+da,+...+a 
1.1. Form 1;; —* EIR owes 


n 


1.2. Form 2: a, +a, +...+4, 2n.4/dd)...d, 


+a,+..+4, \" 
1.3. Form 3: [4 ee “| > dA, 
n 
1.4. Equality occurs = a, =a, =...=a, 20 


1.5. Corollary 


elf a,,a),....a, 20 and a +a,+...+a, =S is constant, then 


n 
S 
Max (a,q)...4, ) -(5] occurs <$ 4, =a; =.= 45=— 
n n 
elf a,,a),...,a, 20 and aa)...a, =P is constant, then 
Min(a, +a, +...a,)=nNP occurs @ a, =a, =...=a, =P 


n 
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12 
2. Special Cases: 
a n=2 n= 3 n=4 
Form 
Condition Va,b2=0 Va,b,c20 Va,b,c,d2=0 
Form 1 Ae” > Jab BEPSE be eee 2 Mlabed 
Form 2 a+b>2NJab | at+tb+c>32/abc a+b+ct+d2>4A/abcd 
2 3 
Form 3 eg 2>ab Gv > abc atbtctd) 
2 3 
Equality a=b a=b=c =c= 
+ +o 
3. Proof; “—® on 2a a,...a, , Va,,a,,.a,20 (1) 
n 


There are 36 solutions for this inequality; following is the proof by mathematic induction 


*Forn=2: 47” _ faa _ (Wa =a) a) 20> OOS Jaya, 


2 


Equality occurs & a; = a2. Suppose the inequality is true for n = 2 


¢ We will prove the inequality is true for (n + 1) numbers a,,d,,...4,,4,,, 20 


Using the inductive hypothesis for m numbers a,,d,,...a4, 20 we have 


ae (a, ta, +...44,) +4, ' NRA, Ay Ay + Ans re pe 
se n+l 7 n+l G4 Sq for p,g 20 
n+l n+l n+l n+l 
+ + 
>5S,, ora (1). We will prove arr meee p'q="aa,...4,4,,, (2) 
n+l n+l 
np +4 n ! n non 
We have: ———_—~—- p q-—| np (p-q)-4(p —q ) | 
ntl n+l 
(p- ye n- n- n- n- n- n- n 
= aa E ‘+p >(p+q)+..+ P(p 2 pp qt..tq >)+ (p 1+ pp”? @t.g ')|20 
a,t+d,t+...tda, +a 
From (1) and (2) > re ee so Md, A.A, Ay 41 
a, =a, =..=a 
Equality occurs © | oi 7 RGSS a= Gg 


According to the induction principle, the inequality is true for Vn = 2,ne N 
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Il. CATCH POINT OF INCIDENCE TECHNIQUE IN AM —- GM INEQUALITY 


1. POINT OF INCIDENCE IN EVALUATING FROM AM TO GM 
Leading in: 


From a simple problem: Find the minimum value of S = = 2 fora,b>0 
a 


b 


a 


. . a 
We can find out the solution: S$ =— + 


>2 Je. 2 =2. When a=b > 0, Min S = 2 but when we 
a 


consider the problem in a different domain we will have an interesting problem connecting 


with fix point of incidence in AM — GM inequality. 


Problem 1. Given a = 3. Find the minimum value of S = a+ J. 
a 


Solution 
© Common mistake: S=a+1>2 Ja-+ =2=>MinS =2 
a a 
© Cause: MinS =2 a= 1=1 contradicts the assumption a = 3 
a 


© Analyzing and finding the solution: 


Consider the variation table of a, and S to estimate Min S 


a 3 4 5 6 7 8 9 10 11 122 pee 30 
pea fos fe a |e ae | an 
a 3 4 5 6 7 8 9 10 11 12 30 
1 1 1 1 1 1 1 1 1 Ts ¢ | pet ated, 1 
S 3 7 5% 65 TZ 83 99 1055 Ny 1275 3035 


As we can see from the Variation Table, if a increases, S increases and then it can be 
estimated that S receives the least value at a = 3. We say MinS -4 occurs at the point of 


incidence a = 3. 


Since in AM —GM Inequality the equality occurs on the condition that all joining numbers 


are equal, at the point of incidence a = 3 we cannot use AM —GM Inequality directly for two 


numbers a and i because 3 # ; . We assume that AM —GM Inequality is used for the 
a 


couple (4.4 such that at the point of incidence a = 3 occur a = that means the following 
a 


‘Point of incidence’ Pattern holds: 


Pattern:| a=3|=> 


> ; ao => | a=9 |: point of incidence coefficient 
a 


We transform S according to the 'Point of incidence’ Pattern as above. 
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© Right solution: S=at+4 (4+ 1), S439. ia ! +53=—. Fora =3 then Mins =" 
a 


a \9 a 9 9 
ab>0O 1 
Problem 2. Given Find the minimum value of the expression S = ab +— 
atbsl ab 
Solution 


© Common mistake: S =ab+—-->2../ab- 1. =2=>MinS =2 
ab ab 


ine ‘ 
> ill ] 
7; illogica 


° Cause: MinS =2 ab=+=1>51=Vab< 4% <1si< 
ab 2 2 
© Analyzing and finding the solution: 


The expression S contains two variables a, b but if we take t=ab or r= the expression 
a 


S=r+4 will contain only one variable. When changing the variables we must find the 


defined area of the new variables as follows: 


pe at and ges ig | =4 
ab t ab (2#4) (4) 
2 2 


Problem will be: Given t= 4. Find the minimum value of the expression S =t +t 


° ‘Point of incidence’ Pattern: 


= s =>| a=16 |: Point of incidence coefficient 
a 


© General solution: 


Ree ee ere ts ti br _2 ro? 4 _17 
t \16 1) 16 16¢ 16 4 16 4 16 4 


For t = 4 or a=b=5 then Min s=—2 


© Reduced solution: Since t=4 << a=b => we transform S directly as follows 


ar ab+ : + 2 > 2. Jab - : + p ah 
ab 1l6ab ) 16ab 16ab BAD ) 4 


| 
Ors 


1 : 17 
F =b=— then Min S=— 
or a 5 en Min 7 
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ab,c>0 
Problem 3. Given 3 Find the minimum value of Guep eases 

a+b+cs— @ . 

2 
Solution 
, 1 1 1 111 : 
© Common mistake: S=a+b+c+—+—+-—26.%abc-—-=: ==6=>MinS =6 
a be abe 


© Cause: 

MinS =6e a =b=c=t=i=1=1 => atb+c=3 >$ contradicts the assumption. 

© Analyzing and finding the solution: 

Since S is the symmetrical expression of a, b, c we estimate MinS occurs at a=b=c=4 


¢ 'Point of incidence’: 


8 
II 
> 
Il 
Q 
II 
Nl 
N 
NR 
Il 
| 
R 
I] 
aw 
~ 
i) 
hd 
5 
-*~ 
° 
= 
ahd 
5 
QO 
eo 
Q. 
oO 
—) 
oO 
fe>) 
oO 
i] 
c. 
= 
fe) 
ad 
oO 
5 
-* 


¢ Method 1: Smatbtertetela[atbecs : + : + auitaae 


a Cc 4a 4b 4c 4\a be 
=6.gare- 211 43 33/1. 1. 1)_3,9._1 
4a 4b 4c 4 abe 4 abe 
a : Lawn : gen Mat ee papa’ then Ming22 
A GEOG 4 atbte A can 2 2 
3 2 


a,b,c >0 1 1 i 
Problem 4. Given 3 Find Min of S=,fa*+— +,|b> += +, |e? += 
at+b+cs5 b 2 


Solution 


© Common mistake: S 234) = - Ib? = ie ae meh +a llo a ee 
b C a b C a 
saa edz 32-3) = 3.9/8 =3/2 > MinS =3V2 
Cc a 


* Cause: MinS =3V2 @a=b=c I ; ij >atb+e=3>3 contradicts the assumption 
a ic 


© Analyzing and finding the solution: 


Since S is the symmetrical expression of a, b, c we estimate Min S occurs at a=b=c =4 
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* ‘Point of incidence' Pattern: 


4 
Gabe, => > -=—-> : Point of incidence coefficient 
a 


£ 
| re: eee re 


S= 2 li 2 1 2 1 1 
= fa +—+++--+—> + |b See 
16b 16b 16c 16c 16a 16a 
16 terms 16 terms 16 terms 


a b° Ce a b Cc 
=f ae ats + is (Ge gee 
>J17 asf] 4 a | c = 31717 1 

16°b'° V168c'® = \168a'® V168a>pice 


3/17 CieE . ag 17. 1 317 


. For a=b=c=— then Min § = —— 
2 2 


— 2 2 
2-"4(2a.2b.2c)" 2 2at2b+20\" 7 
3 


a,b,c 2=0 
Problem 6. Let . Find the minimum value of T= a+b+c+ 1 
ath? +c? =1 abe 


(Macedonia 1999) 


Solution 
© Common mistake: a+b+c+—->4-. dla-b-c-_=4 => Min T=4 
abc abc 
e Cause: MinT=4@ a=b=c= — <= a=b=c=1 contradicts the assumption. 
abc 


© Analyzing and finding the solution: 


, then = 3/3 


Estimate that the point of incidence of Min Tis a=b=c= pa 
abc 


alls 
V3 
¢ 'Point of incidence’ Pattern: 


1 


a=b=c=— 


S98 ih 
=> —&!#!_ 


a=b=c=-—=|> o=9|: Point of incidence coefficient 


SS 
Us fa, 2 


oiabc oO 


. . 1 8 1 8 4 8 
Right solution: a+b+c+ + >4-4/a-b-c: + =h4+%2=4 
Rae mon encae oe 6 Yabc Yabc ee 9Yabc 3 3 v3 


3 
re ae 

g| [4 +b° +c 

(a 
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2. POINT OF INCIDENCE IN EVALUATING FROM GM TO AM 


fee CAN Oy EoD, 
Remark: Consider AM — GM inequality: PONG cd 9 WO ila yc, “20 
n n — 


n terms 


Notices that in RHS expression GM we can see that the root index and the numbers of factors 
inside the root are equal (both equal to 1). Therefore, if these two quantities are different from 
each other, they need adjusting towards being equal. In general, we usually deal with the problems 
that we need to multiply the expressions with suitable constant so that the numbers of factors 


inside the root are equal to the root index and suitable with the speculated point of incidence. 


a,b,c 20 
Problem 1. Given | Find the minimum value of S = 7/a+b+@/b+c+ic+a 


at+b+c=l 


Solution 


© Common mistake: cP ee | Ce ie Pee aad 
3 


if Yove=Mb+e)11sPteut et 


Sora =Y(c+a).11scteetet 


2at+b+c)+6_ 8 
3 


>S=Jat+b+ibtctieta< = Max § =+ 


© Causes of the mistake: 
at+b=1 
MaxS == 6+ b+c=l => 2(a+b4+c)=3@42=3 = illogical 
cta=l1 
e Estimation of the Point of incidence of Max S: 


Since S is the symmetrical expression for a, b, c Max S often occurs when 


a=b=c 1 2 
© a=b=c=—Satb=b+c=cta== 
a+b+c=1 3 3 


¢ Right solution: (a+b)+ : + 


Yard = sIoard)-2.2 <i. 


4 3 


oe tate 
+4 37-— _ ,]9 2 2 9 a 63 
b+ceH=3/—-3l(b+ 3 . <3 5 
CON ee oa Aa 3 


2.2 
cta)+=+— 
(c +a) Be 


YeranP era 2 rei? 


4 3 
=>S=¥at+b+¥b+ce+¥%ct+a cP Mererors PS ag 


For atb=b+c=cta=2ea=b=c=3, Max S = 3/18 
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a,b,c>0 
Problem 2. Given Find the greatest value of the expression: 
at+b+c=3 


S = s/a(b+2c) + {b(c+2a) + {e(a + 2b) 


Solution 
e Estimation of the Point of incidence of Max S: 
Since S is the symmetrical expression for a, b, c Max S often occurs when 
a=b=c 3a = 3b =3c =3 
a+b+c=3 b+2c=c+2a=a+2b=3 


© Right solution: 


4 Ab Oe Se Sg Gt OSS 3at(b+2c)+3 
v9 V9 3 


9 
+ Yolc+2a) =. {fable +2a).3 s 3b +(c+2a)+3 
1 


Ie, 
9 /9 3 


3e(qa+2b) =~ -3/3c(a4t2b).3< 1 3c+(a+2b)+3 
/9 3 3 


=> S=<Jalbt+ 2c) +4Jb(c+ 2a) +%¥elat2b se ee gy ono 8 
9 9 


w 


Si 


For a=b=c=1, Max S =33/3 


a,b,c>0O 
Problem 3. Given Find the greatest value of the expression: 
2,72, 2 
a +b’ +c° =12 


S=a iP +e2 tbe 4 t+co-Ja +b’ 


Solution 
e Estimation of the Point of incidence of Max S: 
Since S is the symmetrical expression for a, b, c Max S often occurs when 
@=b=e>0 24°39)" 26" 38 
@Sa=b=c=2> 
a’ +b? +c? =12 b? +c? =c* +a’ =a" +b’ =8 


© Right solution: 
2 Beg SD 
Moat) GF +2) ach. Se sate) +8 


a-Yb? +c? =a’ (b? $2) =5 , 
2 2 iad 
Hp ae ay? Lp(a 2) =1 (v7) (+a) asi. +2(c? +a°)4+8 


6 
| 2 3 2 2 24 p? 
c Va? +b? =Vc8 (a? +b) =1. (202) (a? +57) asi a +8 
Se 
+ Seg (4p ie a paeia 2c. aR aie ah te )+24 15 


For a=b=c=2, Max S$ =12 
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Problem 4. Let be given a = 2; b = 6; c 2 12. Find the greatest value of 


_ beva-2 +ca-b-6+ab-%/c-12 


abc 


S 


Solution 


bc be (a—2)+2 abc 
beVa-2= —./(a-2).2 : = 

V2 J2 2 2/2 

ca ca (b-6)+3+3 abc 
ca-Yb-6 = —-3(b-6).3.3 < . — 

V9 V9 2 2.19 


+4+4+4 abc 


ppg = esi oo = 
ab-/c 6a (c ) Wea fi aa 


164 


Lig 1 Ee. abc *) 5 1 


+ + = + 
2/2 8V2 3.49) 8V2 2.2/9 


a-2=2 a=4 


abc 


5 1 
For ;b-6=3 @&<b=9 , Max S =——+—— 
8/2 3.3/9 


c-12=4 c=16 


Problem 5. Prove that: S=1+ 241 + ett +t of Otl ens 
n 


Solution 
k+l 
+(k—-1) 
We have oe L...1 < k =|+ "It follows 
k k—1 factors k k 
1 1 1 1 1 1 1 1 1 
S<1+)1+— /4+/1+— |+..4)1+— |] =n+—54+—1...45 <nt+—+— +...4 —— 
: 3° nr Deo ae n 1x2 2x3 (n—1)xXn 
=n+(t-1)4(L-1) ++ | -Lan+(1-L<n+1 
1 2 2 3 n-l on n 
Problem 6. Prove that: gis Vn +2 Na <2 
n n 
Solution 
Caan 
n dn 
=l1+ 5 
n n 


+ 
Gea 
n n n n 
p-2- 4-4} Led aS ee 
n ib n—I factors n n 
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3. POINT OF FREE INCIDENCE OR HOMOGENEOUS PRINCIPLE IN AM - GM INEQUALITY 


Inequalities mentioned in this section are illustrated by polynomial functions for three 
variables a, b, c > 0, which does not lose either the essence or the generality of the issue. We 
will approach this technique from the simplest problems. 


* Degree of the monomial: The monomial a%b*c" has its degree as (A+B+Y) 


ab co @ Be 

. Bip 3e 635 VO og De 

For example: 3-degree monomials: a ,b’,c’,a°b,b°c,c‘a, eee ere a eae 
bcah ca 


? 


5 45 5 6 6 7 7 7  g gg 8 
a b ‘ 


Thus there are countless 3-degree monomials written by variables a, b, c and generally we 
have countless given k-degree monomials written by three variables a, b, c. 


° Setting the matter: First of all, we will compare F(a, b, c) with G(a, b, c) as polynomials 
of different degrees, in the following representative problem: 


Problem: Prove that: Va, b,c >0Owehave a +5 +0” Sa+b+c (*) 
Analysis: Suppose (*) is true, then let a=b=c>0 we have 
(8) > 3a" > 3a & am” >a 


Since a’ > a is true for a> 1 and a” > a is false for a € (0, 1), it follows 


*Ifa,b,c>0, aor +57 +07" Sa+b+c_ is false 


* If reducing the definite area a, b,c = 1 then 70 > g, 670° > b,c? > c and we will have a 
mediocre inequality 2 4.520 4 6? >g4+b+ce, Va,b,c>1 


2000 2000 2000 
<a,b 


¢ If reducing the definite area a, b, c € (0,1) then a <b,c <c and we will 


also have a mediocre inequality ge ee eat bac Va, b,c € (0, 1) 


¢ Conclusion: We should not compare polynomials of different degrees on the definite area 


IR*. Since there are infinite ways of writing given k-degree monomials, the following 
problems set the matter that compares polynomial functions of same degree with degrees of 
monomials written in different forms. 


* General principle: When applying this technique we need to note that the monomials added 
to use AM —GM Inequality must have the same degrees with the monomials taken from the 
polynomials in the inequality to be proved. This technique will be illustrated more clearly in 
the following problems. 


All inequalities following are generally in the form of fraction. Therefore, the most common 
technique to solve them is eliminating denominators to turn them into the form of 
polynomials. If we choose to eliminate denominators by equivalent transformation, i.e. equalizing 
denominators, the solution will be very lengthy. Here, we will eliminate denominators by 
adding reasonable expressions to use AM — GM inequality. All inequalities in the following 
sections can be generated by the same ideas. However the generating idea is not so special so 
it will be remained for the readers. 
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2 2 2, 


Problem 1. Prove that aa Va,b,c>0 
Cc a 


Proof 


Remark: Both sides are polynomials containing 1-degree monomials 


Using AM —GM Inequality we have 


2 2 
© 4p22,)" .b =2Va? =2a 
b b 
2 2 
eee ae Ap 25), 
Cc Cc 
Cc ce 
—+a>2 Epo 5 
a a 


2 2 2 
2[S+EsS)surprozrarero => (q.e.d.) 
Cc a 


Equality occurs @ a=b=c>0 


3 3 3 
Problem 2. Prove that Sr tpt Geatbee, Va,b,c>0 
Cc a 


Proof 


Remark: Both sides are polynomials containing 1-degree monomials 


Using AM —GM Inequality we have 


3 3 
srt b+b2 3a bb = 3a 
3 3 
+ ae et ay a 
Cc Cc 
3 3 
“tata>33/5-a-a = 3c 
a a 


3 3 3 
2[S+ 2+ |eaarbroawarbes = (q.e.d.) 
a 


2 2 
b Cc 


Equality occurs @ a=b=c>0 
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Problem 3. Prove that “+242 3% 42 45 VWab.c>0 
b & @ b Cc a 
Proof 
st : ee: eo 
¢ 1” solution: Ma Poe Va,b,c>0 
Cc a 
3 a a 
a hae 2 3 a= tf. 
3 3 2 
Application: + P+ b>? eo 
é Ve Z 
c C Cc 
+ +¢22,/—-c =2— 
a Va a 
3 3 3. 2 2 2 2 2 2: 
=(S+4+2)+arpro22 @ Pe) (HP | arose) 
Cc Cc a 


2 
b Cc a 


3 3 3 2 2 
a b a b 
a b Cc 


° 2” solution: * Lemma: x+y? >xy(x+y) Vx,y>0 


x+xety > 3.4) x y? =3x’y 


Proof: + 


y? + y? +x > 3.4 yy =3y’x 


=> 3(x3 + y?)>3xy(x+ aa iy? > xy(x+ y) 


2 
+24 £ | Equality occurs @ a=b=c>0 
a 


Or proof: x+y =(x+y)Qe + y? —xy)> (xt y)(2xy — xy) = xy(x + y) 


Application: a a+b _ab(at+b)_ a 
; +b= = ; = +a 
b b b b 
b3 pone 2 
Ys fees c > belb +c) 6 ees 
2 2 2 
Cc c Cc c 
3 5. 33 2 
eget +a > CUcta) _¢ i 
a a’ a’ a 


Equality occurs @ a=b=c>0 
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3 3 3 
Problema Picvetiak 22 eee ey ew 
bec ca ab 


(Canada MO 2002) 


Proof 


Remark: Both sides are polynomials containing 1-degree monomials 


Using AM —GM Inequality we have 


3 3 
{tb te23 3/2 bc =3a 
be be 
3 3 
+ eee ee eae = 3b 
ca c 
c e 
—+at+b2>3-3/—-a-b =3c 
a a 


3 3 3 
=> OE Oe SO NG Re NSB 4) => (q.e.d) 


be ca ab 


Equality occurs @ a=b=c>0 


3 3 3 
b 


Problem 5. Prove that ; jet he She hewod. Va. bos 0 


Cc a 


Proof 


Remark: Both sides are polynomials containing 2-degree monomials 


Using AM —GM Inequality we have 


Fae a gabe 
—+—+be = 32/—-—-be =3ab 

b Cc bc 

3 3 3 3 
+ PS casi] cu =3be 

C a c a 

3 a? Ce a 
—+—+4+ ab > 33/—-—-ab =3ca 

a b a b 


3 3 3 
=> (ores C+ (ab be 0m > 3(ab + be + ca) 


Cc a 


a b @¢ 
=> —+—+—2Zabt+bct+ca. 
b Cc a 


Equality occurs @ a=b=c>0 
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5 b 5 


Problem 6. Prove that - +=+52 at+bh?+c Va,b,c>0 
Cc a 


Proof 


Remark: Both sides are polynomials containing 2-degree monomials 


Using AM —GM Inequality we have 


5 3 5 > 
att? +B? +b sf ep bb? =5a’ 


ee bP b 
+ tt te te? 25.3)? ee? = 5p” 


Cc Cc Cc oC 
5 5 5 5 
c c 2 2 2 c °¢ Ve ey) 2 
Sette He te 25 aa a = 3C 
a a a a 


i) 5 5 
{5 e <]ealat 40? caste? 48? +e 


ab 2. 
Pe we 


>a’ +b? +c*. Equality occurs @ a=b=c>0 


5 5 
a b Cc a Cc 
Problem 7. Prove that + + > + + , WVa,b,c>0 
b? 3 3 b? Cc a 


Proof 


Remark: Both sides are polynomials containing 2-degree monomials 


Using AM —GM Inequality we have 


a c a’_ob ct 
a Fara kG +b’ veryas( SaaS (1) 
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On the other hand 


4 4 

ie 59 ad =2Va‘t = 2a’ 
b4 b* 

+) +c° 22,J—-c? =2Vb* = 2b° 
Cc Cc 
ct a / 
—+a’>2 —-a’> =2 ct =2c 
a a 


4 4 4 
= [Soe a Sta? abt ety 2 200? 40? +c’) 
Cc a 


4 4 4 
=> tats >a’? +b? +c? (2). From (1) and (2) follows 
Cc a 


5 5 5 4 4 4 
(5+ +S} +b reyza{ Saha |e? +b +c’) 
b cc oa b ca 


5 5 5 4 4 4 
b Cc b Cc 

cs +—+—2 +—+ (q.e.d.). 
b &§ @&@ bw 2 @ 


3 3 3 2 2 2 
Problem 8. Prove that “+ a +o 254 Z + Va,b,c>0 
b Cc a b Cc a 
Proof 


Remark: Both sides are polynomials containing 0-degree monomials 


Using AM —GM Inequality we have 


a> a? : a: a: a 
bb be bP b? 
Cc Cc c 
c c 3 c a Cc? 
eB Sea a eee 
a> a’ a a a’ 


+ 
b 3 3 b 2; a 
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Ge be, ae ee Ag ON A 
Problem 9. Prove that % re ce > a a rec Va,b,c>0 
Cc a Cc a 
Proof 


Remark: Both sides are polynomials containing (—3)-degree monomials 


| a rn ars ra | ee gee ee | 1 
- Soe ae ag ag Bsa 5 iS eee 
Cc Cc Cc b b c c ec b b Cc 
2 2 2 ay ae) 
1 1 1 1 1 
—++5+ td 2sile — — 3 33 =5- 3 
a a a Cc Cc aa a@e ie a 
2 2 2 
a b Cc 1 1 1 1 1 1 
2948+ S)so( fede des S5+5) 
2 2 2 
b 1 1 1 : 
> ttt tt a Equality occurs a=b=c>0 


t+ 4 - 
a+b? +abe b? +c? +abe ce +a t+abc abe 


(USAMO 1998) 


Problem 10. Prove that 


Proof 


Remark: x°* +" =(x+ y)(x? +y* ~ xy) >(x+ y)(2xy -xy)=(x4 y) xy, Vx, y 20 


! < 1 = ! = g 
a+b? +abe. (atb)ab+abc abla+b+c) abclatb+c) 
a ee ee eee eee ee eee ee 
b+c+abe (b+c)bce+abce bclatb+c) abclatb+c) 

< 1 a 1 b 


C+aitabe (c+a)cat+abc ETE) bet bas) 


1 1 1 i DO 


=> z 4 < = 
atb+abe bo +c? +abe ci +a>+abce abclat+b+c) abc 


Problem 11. Prove that —¢-+—2-4-¢_ > 4 4_6 4, _¢  Wabeso 
b+c cta atb at+b b+c cta 


Proof 


Remark: Both sides are polynomials containing 0-degree monomials 


a b Cc ) ( b Cc a 
(pot bot SG ‘ TLE. bee ct+a 


~b+c,cta Athy, foto. cha. a+b _; (1) 


+ 
a+b b+c cta a+b b+c cta 
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a Be et J+( Din ek Oe. ig id )=atb, dtc, cra (2) 
a+b bt+c cta a+b bt+c cta a+b bt+c cta 


From (1) and (2) it follows: 4-4-2 4-¢ >-4 ,_b , ¢ @edg, 
ror yee anne b+c cta atb at+b b+t+c cta (ae-Cs) 


Equality occurs @ a=b=c>0 
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Problem 12. Prove that —4~+—2- 4 —¢— 22, Va,b,c >0 
b+c cta ae 
Proof 
a b Cc b Cc a C a b 
+ “A= + ;B= + 
b+c cta atb b+c cta atb b+c cta atb 


_at+b,b+c,cta 3/atb b+e cta _ 
A+S + + >3- 3 
b+ce cta atb b+c cta atb 


Bes altay,ath DROS As ct+ta ath bte _34 
b+c cta atb b+ce cta atb 


A+Bpueote ycta,atbh_3 
b+c cta ath 


=> 6<(A+S)+(B+S)=(A+ B) +25 =3428 > 3525 > $23 


Problem 13. Prove that (1+ 2) (14 DY C\>24 2(atb+c) (4) (APMO 1998) 
b c a 3labc 
Proof 
(1) 2424 by fp by Cy ann,4 Matbte) (a, b,c}, (by cp a)s arbre) (2) 
bcaao be 3labe bic a be 3labc 
Using AM —GM Inequality we have: 
4,4,b53.3/4,4,b_ 3a bb. 6535.3/0.b.¢ __ 3b 
Teo i ee b bc abc b aab obec 
be Bi CS. a) 0 De. 3d JEG O41 453,3/€ €,a_ 3c 
r ca - ek en ae De bese bbc abe 
c4e 4453.3/€. 6.4 3c €4,4,b53,3/4. 4 b_ 3a 
a b aa b_ abc cc a cc a. Babe 
b a+b+t+c b +b+c 
ae maar c> (3) = ue >4 (4) 
b abc a “5 abc 


From (3) and (4) it follows q.e.d. 
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Problem 14. Prove that a’ +b’ +c!’ >a°b’? +b°c* +c3a’, Va,b,c >0 


Proof 
Using AM —GM Inequality we have: 


7 
ara pal Pal al Sb) 45) Sala! -a'-a’-a’-a'-b!-b! =Ta°b* 


+4 bl 4b +b +b) +b) +0) +0) 27-Nb ob) bb! ob) ec! +e! = Tbe 


GP IRs te Pg ne 7 7 jE ae ey a a a 52 
c +e +c’ +c +c’ +a’ +a 37 Ae -¢--€) °C’ +e 7a’ -a =TC a 


= 71a? +b? +c7)>7(ab? +b°c? +0°a?) = (q.e.d) 


Problem 15. Prove that & +h +e" >(atbte) .Va,b,c>O:neN 


Proof 
Using AM —GM Inequality we have: 


a’ (nV (42#2) a n4 - af n(atbtey™ g 

+ pb e(n-(aeb+e) > n-tfor(atbee)"" y (ate+¢ yo 
3 3 

ct (nD (4484e) on vifet (aebee tel" ee n{atbre ye 


n-l n n 
=(a" +b" +c") 2n(2th+e] (a+b+c)-3(n—1)(4484<) =3(¢+b+c) => (q.e.d) 


Problem 16. Prove that a" +b" +c" > (4426) +(242¢) + (#24) a,b,c >0:ne N 


Proof 


x"+y" $2" _ (xt+ytz)" 
¢ Lemma: wayre' (styte 


5 3 , Vx, y,z>0;nEeN 


¢ Application: Using lemma we have: 


a" +b" +b" >(atb+b)" =(4424)' 
3 ar) 3 


END ie hoe >(2tete)" (b+ 2c)’ 
3 3 3 


c" +a" +a" >(ctata)’ =(2+24)' 
3 - 3 3 


= a" +b" +0" 2(4420) +(242¢) + (424) (q.e.d) 
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Problem 17. Let be given a, b, c, d > 0. Find the minimum value of the expression: 
a b Cc d 
= + + + + 
b+c+d ct+dt+a at+b+b atbt+c 
b+c+d ctat+d d+at+b at+b+c 
+ + + + 
a b Cc d 
Solution 
¢ Common mistake: 
Using AM —GM Inequality directly for eight factors 
528.4 ab dd ted ctdt+a dtatb athte Syl eahges Cag 
b+c+d ctd+a d+atb at+b+t+c a b Cc d 
© Causes of the mistakes: 
a = b+c+d 
b=ct+d+ta 
MinS=8<@ => atb+c+d=3(at+tbt+ct+d) > 123: illogical 
c =d+atb 
d =a+t+b+c 


© Analysis and solutions: 


To find Min S we need to note that S is a symmetric expression for a, b, c, d; thus, Min S 
(or Max S) will occur at the "free point of incidence": a=b=c=d>0. 


Thus let be given a =b=c=d>0 and estimate Min S = 5412-132 


It follows that the estimated condition for equality to occur in all the component inequalities 


is the sub-set of the estimated condition a=b=c=d>0 


¢ Point of incidence Pattern: Let be givena=b=c=d> 0 we have 


a - b a Cc - d 7! 
b+ctd ctdta dt+atb atbt+c 3 1 3 
> -=—> a=9 
b+ctd _ctdta_d+a+b_atb+c_ 3 3 @ 
Qa ab Oc ad Oo 


e Right solution: Transforming and using AM —GM Inequality we have 


a b+c+d 8 b+ct+d 
S= —_ + ———_|+) —.————_-2> 
pa Cres 9a 25 9a 


cyc cyc 


e a b C d b+c+d ct+tdt+a dt+atb at+bt+c 
b+c+d ctd+a d+atba+tb+c 9a 9b 9c Od 


s(2 c dc dada bo aéib “) 
+ +—4+—+4+—+4+—+—+—4+—4+-4+—4+—4+ 
aaabbbecoececddq€ 
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% 88 fh 6 dod adabadbe = BS pues ee ot 
3 9 aaabbbcececcddda 3 9 3. 3) 33 3 


For a=b=c=d>0,Min $= 135 


Problem 18. Let be given a, b, c, d > 0. Find the minimum value of the expression: 


S= [122142 fr (1-2) 
3b 3c 3d 3a 


Solution 


© Common mistake: 


ae cal (i rece |p reel |p pea > 222.2% .2 2.2/4 =F mins = 
3b 3¢ 3d Bui ap N3e N30 “N3a 9 9 


© Causes of the mistake: 


2a 2b 2c 22d 2a+b+ct+d) 2 ; : 
ete A = ——___—_ =— >= illogical 
3b 3c 3d 3a) =ZX(atbt+c+d) 3 


Mins = = | 


© Analysis and solutions: 


Since S is a symmetric expression for a, b, c, d we estimate Min S occurs at Free point of 


_ 625 


4 
incidence: a=b=c=d>0,thenS = [+3] oe 


3 


° Right solution: Using AM —GM Inequality we have 


2 

Db oO ee yd BY els 
sottetee de) (a) 3 

3b 3 3 3 3b 3b 3) \3b b 


3 
Ds Did ows, 8B i (bY _5/(b\s 
+Sactctce eles. a(t} (2) ==(4) 
3c 3 3 3 3c 3c 3 3c 3\e 


1+ 


2 

+2at htc, eos fl) (cl) 23 /e) 
3d 3 3 3 3d 3d 3 3 3\d 

2 

3 2 = 

14 Palatal Ss S591) (4) ==(4)° 
3a 3 3 3 3a 3a 3 3a 3\a 


2 
Ra fee ca eal aren mast | peed aN can cc 
J" Be)" 3d) 3a) 81 be da) 8 


For a=b=¢=d>0, Min $= > 
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a,b,c>0 


3 


3 3 
Problem 1. Given . Prove that a b e 
at+b+c=3 (a+b)(a+c) ae ea)” (c+a)(c+b) 


> 
4 


Solution 


We can transform the above inequality to the 1-degree homogeneous inequality as follows: 


a° b> C > atbte 


GEbGte - Gia@ea) (c+a\lc+b) 4 
Using AM — GM inequality, we have: 
3 


= G0 a Darr >3.3/_a-_ a+b ate 3a 
(a+b)(at+c) 8 8 (a+b)(at+c) 8 4 


b+as3.3 b° b+e b+a _3b 
. (b+ec 


b? b+ce 
+ + 
(b+c)(b+a) 8 8 


\ib+a) 8 8 4 


c +ota, cts | yaa ee oo ot eee 
(c+a)(c+b) 8 (ap ca) 8 8 4 


3 3 fo 
a b atb+c_3 
=> —— po GET OTE .e.d 
iG Goo GHG ~4 ae 
a,b,c >0 3 D3 3 
Problem 2. Given . Prove that a + + e >1 
poe eee b(2c+a) c(2a+b) a(2b+c) 
Solution 


We can transform the above inequality to the 1-degree homogeneous inequality as follows: 


3 3 3 
PGgED) + oh + aon 2 atbte % Using AM —- GM Inequality we have: 


3 
_ 9a" 435 4 (2¢ 4g) 23-3|— 98 . 3b (2e +a) =9a 
b(2c +a) b(2c +a) 


3 3 
i) DDT 6 P36 5g 4h \S33|— 2 — eda) Op 
c(2a+b) c(2a+b) 


3 
0 = dae NOR eae | 3a(2b-+0) =9¢ 
a(2b+c) a(2b+c) 


=>9 


3 3 3 
a oa +—£ ]+6la+o+e)29a+b+0) 
b(2c+a) c(2a+b) a(2b+c) 


3 3 3 

a b C atb+c 

=> + + > =1 (q.e.d 
b(2c+a) c(2a+b) a(2b+c) 3 con 
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a,b,c>0 


3 3 
Problem 3. Given Prove that -@_+—2_4_¢ _>1 
Paes 5 ee | b+2c ct+2a at+2b 3 


Solution 
We can transform the above inequality to the 2-degree homogeneous inequality as follows: 
a° b? oa 5a +b? +c° 
b+2c c+2a at+2b- 3 


Using AM — GM Inequality we have: 


9a° 9a° 2 
74 4 4(b4+2c)>2 -a(b+2c) =6 
b : a( c)= (; 7% a( c) a 


PL Obe: + b(c+2a)>2,|-22 9b" —-b(c + 2a) = 6b? 
c+2a c+2 


9c3 [me 2 
+ +2b)>2,/—-—_.- +2b)=6 
ray cla ) rea: cla ) =6c 


3 3 3 
a b Cc 2 2 2 
+ + + b+bcet > +bhr + 
> of on 2D =) 3(a Cc ca) >6(a Cc ) 


3 3 3 
1G) 2G > BT psc \23 2 4h? He? 
ss c+2a at+2b (a : ) 


a> 2 b> 4 (oa ya? +b? +c? 1 
b+2c ct2a at+2b 3 3 
a,b,c>0 1 1 9 
Problem 4. Given . Prove that ———- + ———__ + ———_ >= 
PB Ebeerde 4 alat+b) blb+c) clet+a) 2 
Solution 


We can transform the above inequality to the 0-degree homogeneous inequality as follows: 


clat+tb)+ab . alb+c)+be b(c+a)+ca,9 
a(a+b) b(b+c) c(lc+a) 2 


a,b c} b C a ] 9 
+545) + + + > 
= (¢ c oa a+b b+c cta! 2 


ath, bte cea), a ae a\>15 (1) 


+ 
a+b bt+c cta 


@(4 Cc a 


+ + 
4b 4c 4a a+b bt+c cta 4\ b Cc a 


6fatb | ore. cta b_ cia 3/2 3/a bic malo: 
ae, (ir 4a atb b+e 2 +3(3 Vb c 43) 2 


We have: LHS (1) = 242 ,2+c,cta, b,c , a +3(aeb, bre ota 
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a,b,c>0 b 9 
Problem 5. Given . Prove that a 5 +—?— ++ >= 
at+b+c=l (b+c) (c+a) (a+b) 4, 
Solution 
e Lemma: aes b po eS 3. Va,b,c >0 


b+c cta atb 2 


yy te > (x+y+z),Vxy,zeR 


Bole 


¢ Application: 
We can transform the above inequality to the 0-degree homogeneous inequality as follows: 
alat+tb+c) " blat+b+t+c) qe cla+b+c) a9 
(b+c)” (c+a) (a+b) 4 
2 2 2 
=| a +(—) +( c joe 5 Dt Ei) 


cta a+b b+c cta atb 4 


2 2 
We have: LHS (1) > 4 Gi Doh ot gps oth = IBY oo 21/3) +3=2 = (qed) 


3\b+c cta atb b+c cta atb 3\2 
a,b,c >0 bb 
Problem 6. Given . Prove that #2 + 2©+ “4>3 (1) 
a+b? +c* =3 a 2 
(France Pre-MO 2005) 
Solution 


2 2,2 2.2 2,2 
(1) <> (224.2¢464) sop 4 GO We Ca 1 9(92 452 462) 33(a2 +52 +c?) 
oe 2 ae 2 ie b2 


>a? +b +c’. Using AM — GM Inequality we have: 


242 2.2 ay an ae 
= +b¢ S30 ee — 2p 
Cc a Cc a 
rs bc? god: >2 bc? a a = 9,02 
2 2 | 2 2 
a b a b 


+ >a° +b? +c? => (q.e.d) 
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a,b,c>0 3 b3 3 3 
Problem 7. Given . Prove that ad + + 2 > 
abe=1 (1+b)U+c) U+e)Ut+a) (t+a)+b) 4 
(IMO Shortlist 1998) 
Solution 


Using AM — GM Inequality we have: 


3 


ae ,l+b ltcs33 a (1+b l+c _3a 
(+b)(+c) 8 8 VU+b)U+e) 8 8 4 
b° plbe ress 3 b? te l+a _ 3b 
(i+c)Q+a) 8 8 VG4+cQ+a) 8 8 4 
oa l+a,1+b,3, c lta 1+b _3c 


(<0en 8 &. \G+a)G+5) 8 8 4 


as a 4 b° i c patbt+c 3,3-Vabe _3_3 
(a+b)latc) (b+c)(b+a) (c+a)le+b) — 2 4—- 2 4 4 
a,b,c>0 I 1 1 3 
Problem 8. Given . Prove that ; aber Laer > (1) 
abc =1 a(b+c) b(ct+a) cilat+b) 2 
(IMO 1995) 


Solution 


We can transform the above inequality to a stronger homogeneous one as follows: 


abc 2 abc i abc at(1 1,1 
3 3 3 = 
a(b+c) b’(ct+a) cel(at+b) 2\a 


Letting vot yal al for x,y,z>0, xyz=1. 
a b c 


2 2 2 
(2) *~—+ a ee (x+ y+z). Using AM — GM Inequality we have: 
yz zZt+x x+y 2 


2 +Z 2 +Z 
x 42 ae ee ed = 


y+z 4 — Vytc Ai 
42 / 424X509. y ZtX ay 
ztx 4 Vz a 4 
2 2 
ES ESS a ee 
x+y 4 \Vxt+y 4 


2 2 2 
Meni 1 
ytzr zZtx x+y 2 2 


+3. 3xyz =3 (q.e.d) 
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a,b,c>0 b a 
Problem 9. Let . Prove that a S + Ee <1 


+ 
abc=1 a+b>+ab bo +c? +be ci +a°t+ca 


(IMO Shortlist 1996) 


Solution 
*Lemma: x°+y2x°y4+x°y=x'y? (x+y), Vx, y>0 


¢ Application: Using Lemma we have 


ab < ab = 1 2 abc = C 
a+b +ab a*b?(a+b)+ab ab(at+b)+1 ablatb)+abe atbte 


iS et ———a ee eat ——— ————————— 
b> +c0+be b’c*(b+c)+be hehe hap celcahe.- atb+c 


ca 2 ca = 1 = abc See 
Otatea cear(c+a)tca calct+ta)t+1 calc+a)tabe atb+c 


- 7 +— we + ca <atbtc_) 
atb+ab bP+c0+be Ct+aet+ca atbte 


=> 


a,b,c >0 2 2 2 
Problem 10. Given Pive tine e OPO), 20 CPG) te Merb) oy 5 
abc=1 bVb + 2eVe cvc + 2aVa ava + bb 


Solution 


a’ (b+c) > a*.2/be 3 2aVa me 


bib+2eJe bib +2ele bib tele y+2z a>0 
b(cta) . b?2Vea _ 2b _ ty . ,., |y=bvb>0 
Pe eS ee in which 
eve +2aVva cNce+2aVa cNe+2aVa 2% +2x ere ree) 
c(at+b) , c? .2Jab _ 2cVe _ 2 oe 


ee ee ea ee Gebp  X¥2y 


2 2 2 
a’ (b+c) b* (c+a) c (a+b) , 2x i 2y 4 2z -T 


=>S=H 2 
bb +2cJe c¥e+2ava avatbVb yt2z2 7+2x x+2y 
4n+ p-—2m 
y+2z=m (a ard 
4p+m-2 4 2 4 —2n 4m+n-2 
Letting 4z+2x=n > | SE Eg Ba Ee See One 2) 
9 9 m n p 
x+2y=p _4m+n—2p 
9 


-2)4(2 rm 2)e [Zrmes )- 62am om. 2 a[Pm.n 6) 224362 
9 m p n m np 9 mpn mn p 9 


Equality occurs @ m=n=p & x=y=z=1 © a=b=c=1 
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5. NON - SYMMETRIC POINT OF INCIDENCE IN AM - GM INEQUALITY 

The following problems express essence of the term “point of incidence” correctly; means 
that we can find any “point of incidence” and build up an inequality that reaches it extremum 
at this point. Since these point are not symmetric so the readers must speculate the point of 


incidence base on the condition and expression structure given. 


a,b,c >0 3 9 A 
Problem 1. Given . Prove that S = a+b+c+—+—+4+-213 
a+2b+3c > 20 a 2b c¢ 


Proof 
Predict S = 1 at the point: a= 2, b=3,c =4 
Applying AM — GM inequality, we have: 


a+4>2/a-4=4 “(a+4)>2 453 
a a 4 al 4 


Cc Cc 4 Cc 4 
=> —at—b+—ct+—+ : Paes (1) 
a 2b oc 


We have a+2b+ 3c = 20 = tats 4c35 (2) 


Aad) sha) SSS ake ee ek 
a Cc 


Problem 2. Given a, b, c > 0. Prove that 


3 
= a0respeye 2’ 


1 1 1 
+ 36( +—-+ J> 84 
ab bc ca 


Proof 
Predict S = 84 at the point: a=1,b=2,c=3 
Using AM — GM inequality, we have: 


b* 2 b2(2\? 2 
ty sale ty ne (2) 2 b2 4 
at + = 5-3la Tater 5 9 2a+ + > 45 
; : ae Gea 6 2 3 
PaO o6 Sou) (< (£) Se ee ae 
4 27 be 4 27) \be 4 a7 he 
a 3 3 
Lea ry tas Pana We -a(3] =7 a <+30+2) > 28 
ca 27 ca 2 ca 


3 
= 30a +35? += +36(2 rar 1] 245411428284 
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a,b,c >0 
Problem 3. Given . Prove that S = (a+b+e)+2/ : + : 4 eases 
ac >12;bc>8 ab be ca} abe 2 
Proof 
‘ 121 : 
Predict S = oor at the point: a=3,b=2,c=4 
Using AM — GM inequality, we have: 
as 6 3.3/4.2 6 _3 [$4245 )23 
3 ab \3 2 ab 3.2 ab 
DEO Brag ion ene +(3+543 Jaz 
DO -A bes NO as the 2 4 be 
6G 2. see 12, 1(£+$+2)oa 
4 3 ca V4 3 ca 4 3 ca 
a bc, Mi, lab © 24 1(S+b45a 2) a4 
3.2 4 abe \3 2 4 abc 3.2 4 abc 
ac 212 
3(a+bt+c)+ e of Orne ces >40. Also therefore ele pee 
ab be ca_ abc bce>8 ac be 
1 1 1 1 
Hence 40<35S + 26:-—+78-— $38 + 26-—+78-— 
bc ca 8 12 
363 121 
— $38 —<S (q.e.d 
5 5 (q.e.d) 
Problem 4. Let be given a,b,c>0 satisfying a+b+c=1. Prove that 
S= a’b+b’c+clas =e 
3125 
Proof 
WLOG, supposing a= Max {a,b,c} => b*c<atbe and cla<c’a’ <ca’‘. 
‘ 3c _¢ ; 
Since re =F then transform the expression S we have 
4 4 4 23 3 
S=a'b+b'c+ - +" sa'b+a’be ++ 2 =a°b(a te) +S (a+e)=a' (a +e)(b+S} 


=> S=a'b+bict+cla<a (a+c)(o+£)<a° (a+c)(o+3¢} 


2 
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5 
aaa aE + (5+ 3¢) 


+ 
sa 4 22 OTE 5 4 3c) ca! = A 
AAA dt a 5 
5 
= 4* caidas oh 8 => S=a'bt+bictctas zal 
2 aaa bs, 3125 
at+tb+c=1l;c=0 
Equality occurs (corresponding to a = Max (a, b, c)) & a_atc aie 3c a ==:b ==: c=0 
4 4 4 


In the general case the inequality becomes equality <= (a, b, c) is the permutation (4.4. 0) 


108 


Problem 5. Given 0<a<b<c<1. Prove that: a’(b—c)+b’(c—b) +c’ (1-c)< aa 


Proof 


Transforming and using AM — GM Inequality we have 


a? (b-0) +b*(€~b) +°(1=€) 50+ [bb (2c - 2)] +e°(1=6) 


3 
Z y (ee) rei-dae{S-ert-e}-e(1- 3c] 


*2 5 2 
54)" (23 \(23 23 54)" (1) _ 108 
= Cc -c|/ 1-—-c]s = 
23) \54 54 27 23 3 529 
Equality occurs @ a=0,b= oe c= ae 
23 23 


Problem 6. Let x, y, z, t €[0, 1]. Find the minimum value of 


S= x? yty z+ z27ttt?x—xy’ — yz” —2t7 —tx? 


Solution 
WLOG suppose x= Max {x, y, z,t} . Then we have 


S=y(x? =z? + yz—ay) ¢4(2? ~x? +xt-2t)=y(x-2)(x4+z-y)¢t(z—x) (x4 2-2) 


y+(x—z)+(x+z-y)] a ae ee 
ae? eS 


<y(x—z)(x+z- +os| < 
Wee ray) 27 2] 27 
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Problem 7. Let be given a,b,c 20 satisfying a+b+c=3. Prove that 


(a? —ab+b*)(b? —be +c? (ce? —ca ta?) <12 (1) 


Proof 


O0<b* —be+c* <b? 
WLOG supposing a2=b2c20 => => (b? —be +c? )(c? —cat+a’)<a’b? 
O<c* —cat+a’ <a’ 


LHS (1) <a2b? (a? —ab +b?) =4. 348. 3ab (g? _ gh +p?) <4 


On 2 2: 9 


3 
| ( Sab 3ab ae 2 ) 
E mts +(a* —ab+b*) 


es) 3 
fal a a{ loeb eo | _4 (atb+o) _4 3° 4 pity 


9 3 ~9 3 9 33 9 3 


Equality occurs © SP aa —ab+b° c=00a=2,b=1c=0 


a=7;5a +7b2=70 
Problem 8. Given . Find the minimum value of S = a? +b? +c? 
10a +14b+4+ 35c =210 


Solution 


3 3 2 


3 2 3 
+y+ +y+ +y+ 
= Pty ee sof Tt242) >3(x+y+2)(22*2) erty en3(t2*4) 


° Application: 


sa av ecaa() (3) 5) Joel (5) 5) nls) 


3 a b 3 
— + — aes 
>8]3 =. +117] 2 a +2192) >8x3+117X2+218 =476 


With a=7,b=5,c =2 we have Min S = 476 
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6. METHOD OF EQUALIZING COEFFICIENTS: 


In five sections above, we can predict the point of incidence of inequalities based on the 
conditions given in the assumption and mathematical features in the expressions. However, if 
the point of incidence is not that easy to be predicted, it is necessary to find out a method that 
can help define the exact point. This is also the content of balancing coefficient technique. 


Problem 1. Let x € [0, 1]. Find the maximum value of S= 13) x? ax 49 x? +x" 


Solution 


For a,B >0, using AM — GM inequality we have: 


ease 213, 2? (12) 13, ox + 1-2’) 13(0? -1) x7 +13 
a 


2 20 
+ 
#97 2) 9(B* +1)x? +9 
Ox? 4x4 =2 Bix? (143°) <8 os a )_ (B oo 
2 2 
= sale ox tot aa <| Blo MBP) 2 13, 9 


a 2 
ax” =1-x 

Equality occurs = © (0? +1) x? =(p? ~1)x? =1 
Bx? =1+2%7 


a? +1=fR? -1 


1 3 13%. <9 
Ch a,pb>0 h that a=—=;B==. Then § <—+—=16 
Bose Per Vestn 13(a?-1) , 9(B? +1) _, pier ge THEMIS 5 Ton 
20 2p 
Equality occurs © (a2? +)x?=1le 23 nl x28, Thus Max S = 16 
Problem 2. Let be given a>0O and x* + y?> +27 +Zoaysa’, 


Find the maximum value of S =xy+ yz+ zx 


Solution 


For ae€ (0;1), using AM — GM inequality we have: 


a(x? + y?) > 20.xy 


2 2 
a (1-a)x* + 4-22 (1-0) x? -4- 2 J/2(1-a).xz 


rf 


2 2, 
(1-a) y’ nee (l1-a) y* Te 2(-«a).yz 


=> x ty? +27 220.2 + J2(1- a) (xz t+ yz) > a? > (2042) y+ 20) (22+ yz) 
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Choose ae (0;1) such that 20+ =\2(1-a) ea tWSaIT 


= 2 
Then we have ie SA po cne cs > S=xytyctaus 4a _ 4(3y5 +2) 2 
# 3/5 2 41 
=> Maxs = 443N5 +2) 7 
4] 
L 4a 49 ~12,/5 
49-125 _ {49-125 _ _ 2 x= y=—4 = [Sg 
ao ea Joo-12/5. (90-125 
Equality occurs = eS 
ty te? + taysa’ pa —4a — 49-125 
90-125 \ 90-125 
ab,c=0 
Problem 3. Given Find the minimum value of S = 2a* + 3b° + 4c° 
a’ + 2b? +3c’ =1 


Solution 


Supposing o,B,y20 and using AM — GM inequality, we have: 


ae+a>+a°>>3aa’ 
4. S(b° +b? +B°)25Bb" 


2(c3 ie +93) >6yc? 


=> 2a +3b? +4c3 +03 +3B° + 2y° > 30.07 + 28-267 + 2y- 3c? 
a=0,b=B,c=y 


Equality occurs & 
a’ + 2b? +3c? =1 


30=2B=2y=k20 [3%=GB=2¥=k>0 
Choose «,8,y such that 4 S 
is pae aua 1, 32 3)i? =1 
a” + 2B° +3y° =1 [4+243 
3 3 3 ee 9 _\ 
Then we have: 2a° + 3b” + 4c” + +=) —=—]| +2) ——]| 2 
) (s) se) 407 


> 2a? +3b? +4c3 +O > 18 6 29? 4303 +: 403 > 2 
J407 407 


8 we have Min S = 


6 9 
° b —  ] Cc = 2 
J407° 407° 407 407 


For a= 
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a,b,c 20 
Problem 4. Given . Find the maximum value of S = 4ab+8bc + 6ca 
at+b+c=3 


Solution 


Assume that S$ =ma(b+c)+nb(c+a)+ pce(a+b)=(m+n)ab+(n+ p)bc+(p+m)ca 


m+n=4 m=1 
=> n+ p=8 @4n=3 => S=4ab+8be + 6ca=alb+c)+3bl(e+a)+5cla+b) 


p+m=6 p=5 =a(3-a)+3b(3—b)+5c(3-c) 
=81-[(o- 3) +9fo-3)' +s(e-3)) 

= s-8-|(0-3 gee a ae 

Take v=la—3]sy=[b—Sh2=]e—3] ~ xtytezlarbte-a]=3 


Then: sah (x? $3y? +5x7) ox? $3y? 5x’ =8l-s. With o, B, y> 0 we have 
x +07 22x70? =20x 
+43y? +38? >6,/y?B? =6By => (St-s]+(a? +98? +5y*) =2(cur+3By+5) 


52° +5y 210) zy" =10yy 


Choose a=3B =5y 


=> s<8h4 (a? + 3p? +57?) —2a(x+y+2)<8h4(a? +38? +5y?)-3a 


Max $= 5) + (0? +36" +5y°)-3a0 = x=a;y=B:z=yva xty+z2=3 


SxtytcaatB+yaat 2+ 2-35 0=2:p=Piy=F. Hence: 
Max $ = 814 (a? +38? +5y?)—30=81 4 230° —3q = 432 

The equality occurs = a-3=0=43;5-3 =B=15,|e-3|=y=2 
fea felipe foee Bae tieod 


Problem 5. Let a,b,c,m>0 be satisfying ab+bc+ca=1. 


Find the minimum value of S$ =m(a? +b?) +e? according to m 
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Solution 


With a€(0;m), using inequality AM — GM applied to two positive numbers, we have: 


“9 
aa? +52 2 |% ac 
% phi => 2,/% be 


(m—a)la? +b? Ne hes 


=> ma +b?)4+e? > 2,|% (ac-+ be) +2(m—a)ab 


Choose a€(0;m) such that {= m-ae {f= alee sake . Then we have: 
-1+v1+8m 
2 


—-1+ V1+8m 


(ab+bc+ca)= 5) 


S=m(la +b )+e? > 


1 -1+¥V1+8m 


Equality occurs @ a=b= @z Thus Min S = —l+vl+8m 


4h+8m > 8m 7 2 


Problem 6. Let a,b,c,m,n>0 be satisfying ab+bc+ca=1. 


Find the minimum value of S =ma* + nb? +c? according to m, n 


Solution 


Supposing x,y,z>0 such that m—x,n—- y,1—z>0. Using AM — GM inequality we have: 


eu yb = 2,/xyab 
+ (m—-x)a? + zc? >2/(m—x) zac 
(n—y)b? +(1—z)c? 22,/(n—- y)(1—z) be 


=> S=ma* +nb? +c? >2./xy ab+ 2V(m— x) zac+2,(n- y)A—2z) be 
xa’ = yb? 


Equality occurs & 4(m-—x)a* = zc? we 
(n—y)b* =(-z)c? 


(n— y)xz=(1-z)(m—-x) y 


Choose x, y,z such that Jay =V(m—x) z=, |(n- y) (1-2) =k >0 => (n—-y)xz=(-z)(m-x) y=k? 
We have: mn =[x+(m—x)]| y+(n—y) |[z+U- 2] =k? (m+n41) 42k? 


Letting f(k) = 2k° +k? (m4+n+D—mn => f'(k) = f'(k) =6k? +2(m4n4+Dk>0,Vk >0 
= f(k) is increasing on (0;+c) = The equation f(k) = 0 has unique positive root k, >0 


=> S=ma’ +nb? +c? >2k(ab+be+ca)=2k, > MinS =2k, 
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Problem 7. Let be given a,b,c satisfy a +b? +c’ =1. Find the maximum value of 


P=(a—b)(a-c)(b-c)(at+b+c) (IMO 2006) 


Solution 
Wehave: (SG2 20822) = Gi GOO 2 Gate | 
>8\(a—c)(b-c)||2(a—b)? +(a+b+0)° |216V2(a—c)(b-c)(a—b)(at+b+c)|>16V2 P 
V3 +V6.,_ V6... N6-3V3 thus Max P=—9 


> P< 


Go. edo | ee 162° 


. Equality occurs @ a= 


Problem 8. (Phan Thanh Viet) Let a,,a,,...,a, 20 be satisfying a,+a,+...+a, =1. 


Prove that S =(a, +a,)(a, +a, +4;).....(@, +4) +..+4,,)24" aa, ...a 


n 


Proof 


Witt X35 dk, 20 and: 5S =k 4, VRS Ln, using AM — GM inequality we have: 


ale 22: He 

a a a a, \Sk { a, )Sk a, \Sk 
a, +d, t...44, =X,-t4+x,-S+..44,:- 42 (x ee os i 2 eid ae 
Xx, Xx, x, x x x 


k 


It follows: S=(a, +a,)(a, +a, ds). xc(ay Pacha, ila +..+4,)° ue Od ay? aa 


2 % Me oe = 2x Re a 

CS Se Ge tc ee Oe ee es 

S, S19, S; Si. Sa S, bi aaa a 

6. Sa lh =o ee 1 1 eee | 
Choose x,=——; x = pitt Vk=2,n so S, = 5m + 5m + an +...+ ame nck 
=> C= (2"7 423 +..424 21; Sag +2" 14424051, Vk=2,n-1 
1 Ql 2 (n—2)42Un—-D) 4 ef 
C, Saget C= Bhan aD) =4°". Thus $24" aa, ...a, (q.e.d) 

Equality occurs & a, = ! 5 Ay =—|_ vy =O 7 


gnti-k ? 


gr 


Problem 9. Letting that x,,x,,...,x, are n real numbers satisfying x, +x, +...+x, =0 and 


|x,|+|x,|+...+ 


x, |=1. Find the maximum value of P= I] 


Isis j<n 


seer 


Solution 


Case 1: For n=2, the condition becomes x, + x, =0; 


x|+|x,|=1 


=> x api => or x, =- y= => P=|x, —x,|=1 


a 
2 
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Case 2: For n=3, WLOG supposing x, <x, <x,. We have = (x5 x,) 5 (x; 5) 
X,—X : 
3 
Using AM— GM : Pe (2, — a) + 5) = (% 95) (a4) <1 gual 
— : Ss) = —§$—$——<—<—— s- oS <— 
sing we have: ~ 3 5 3 4 
Apa tae HO tial 
— 
2 
Equality occurs & bi] +P2|+Ps|=1 = 4x,=0 . Thus max P= 4 
xX,—-X _1 
pe eo ee 5 Sa a 3 


Case 3: For n=4, WLOG supposing x, <x, $x, <x,, then we can predict Max P can be 
obtained when x, =-x,;%, =-x%, > % —% =x, —-%,. Letting x, — x, =a(x, —x,), P reaches 
Max when the variables are satisfied with the conditions: 


Xy -X,=xX%,-%=— =——_ = = F 
2 : ¢ 2 a a+l atl a+2 


Ny Oy, OS ye ay 


From these, we come to this solution: WLOG supposing x, $x, $x, <x, 
=> PH (xy — m1) (%5 — %) (44 — Hy) (5 — Hy) (4 — 2) (44 — 5) 


P (x, Gaia Ga et AG, 


Hence 7 =X - 
al(a+2)(a+l1) 


6 
, 1 1 1 1 1 
It follows: PsA (x —9)(14+ +} + (t+ +lls-9)| 


Choose a such that (1+ ! + ! J=(4+ ! +-1)  a=y2-1, 
at+l a+2 a atl 


Now (1+ 1,1 J=(4+ 1 +-1)=22 
a+l a+2 a 2 


= (Va+(5-0(2) pst 


Equality occurs 


Xi tty hae =O 


= 


is 1» %_ +x, +x, =[x,|+|x,]+]x5|4+]x,]=1 


ee eS oe aes ee X, =X, = 


(x, —%,)=(44-43)= Joy ae a SI ga 


Conclusion: Max P= a (occurs when variables are satisfying the condition (1)) 
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Case 4: n=5: With such assumption x, $x, $x, x, <x;, referring to the solutions to case 1 


and 2, we can predict P reaches Max when x, =—x,,%, =—X,,x, =0 
=> XX, HX — Hy Xzy — Ny =Xy — Xz 
Letting x, —x, =a(x,—x,), then P reaches Max when variables are satisfying the condition: 


Xy — Xp Xy— Xz Xy—Xy MG HXy ye — Hy Ng XQ Xp —M _X—Hy _ X5 Hy 


1 a a wel. Fee de ae POaRL - Bao 1 


From such analysis, the solution to the problem in which n=5 will be as follows: 


WLOG supposing x, $x, $x, Sx, <x;. Now we have: 


P=(x, =4,)b4 —%)( x4 — %) (+5 = 9) (3 — X;)(%, — X,)(%5 — X,) (4% — X_)(%5 = Kz) 


P 


Consider the expression: Q =—_______ 
4a? (a+1) (2a +1) 


. Transform Q in the form: 
TH X37 Xe T Hy X37 AzTXQ Myr Hy As THQ Ay THz As 7Xy X57 Xy 


ae ; 
Q= 1 al. 2a4T Dard a 2a 2a+1 a a+l1 1 


Using AM — GM applied to 10 non-negative numbers, we have: 


1 at+l 2at+l1 2a+2 a 


10 
It follows: Q< \ ‘ ; 
ee Gal Gersvaerst J %+4%5)t\-l+ 50+ ( 2 +n)| (2) 


3 1 -| 34 \- fh ay 8 
Ch >0 such that prams Obes eta s meg ee 
Bee Petter Ges 2a+1 } OG Sad eo 


10 
P 1 |5 1 1 27_ 27 
It foll =~_. Now: O< =(-—x,-x,+x,+ = — P<——=+==— 
ollows Q a7) ow: Q 108 |S Apa ay x.) | cs 


Equality occurs = 
x, =0 
X, +X, +43 +x, +x; =0 


XX +X, +X + Xs =|x,|+]x.|+|a5|+|x4|+|25|=1 


(x eg mee i oa a ace oh ae pty _% 7% _%5 7% _ x5 7% 
oper BD 2 3 1/2 1 3 1/2 3/2 1 
SX =—Xs =-3 Xy Sox, S$ =0 (3) 


Conclusion: Max P = = (occurs when variables are satisfying the condition (3)) 


Remarks. In general cases (n 26) the solution of the problem is still an open question 
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7. APPLYING AM - GM TO INEQUALITY OF DIFFERENT DEGREE 


The un-homogeneous inequalities considering in positive real set: 
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Problem 1. (Tran Phuong) Let be given a, b, c > 0. Prove that 


be, ca, ab pe b! c! 1 

aah oe OO ae are ae aoe 

a Cc bec ca ab a°b’c 
Proof 


Transfer and using AM — GM Inequality we have 


be | b? og? 1 if bp? . ¢ 1 
= 3 . , < + ae 
a’ ac? a’b? a*b?c? 3\ ac? a?b?~—a*b*c? 


a 1 os ca 1 
b? ba? b’c? a?b?c? 3\ ba?) 2c? a’? b*-c? 


+ + 
2 b? C2 bc? 2 52: a’b2 a’b*c2 


Problem 2. (Tran Phuong) Let be given a, b, c > 0. Prove that 


9 9 9 
Cie ag ree ae ee (1) 
be ca ab = abc 


Proof 


9 9 
Db” + abe > 25: + abe 2205 
ca ab 


9 
Using AM — GM Inequality we have: re +abc=2a°; 
c 


9 9 
5 OW 59g 4b) 40°) sabe oo th 4 £3-Vabe —3abe 
bc ca ab 


Therefore, to prove inequality (1), we have to prove: 


3-¥Ja*b*c> —3abe + 2-2 2 @ 31° — 31° + 422 (for t= Jabe >0) 
abc t 


(t—1)° (34° + 6t9 + 6t* + 6f2 +. 6r2 +41 4 2) 


be 


S 20 (is always true) => (q.e.d.) 


Equality occurs @ a=b=c=1 


Problem 3. (Tran Phuong) Let be given a, b, c > 0. Prove that 


9 9 9 
a b C 3 4 4 4 

+ + + 2a +b'+c' +3 (1 
be ca ab abc . c (1) 


Proof 
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Using AM — GM Inequality we have: 


9 9 
£ + abe+a*23a*,? 


9 
2 4 abe +b? >3b*,—+4+abce+c’ >3c* 
C ca ab 


Statlea T+ deb Ste 2c? > Flat +b% +4) +3207 +b? $07 
9 9 9 

From (2) > 4 ra x >5(a4 +54 +.04)—3abc—-2 2 a4 +b4 +04 42-Yath4e4 Bape 
be ca ab 2 2 2 2, 


Therefore, to prove inequality (1), we only have to prove: 


9 3f 4,4 4 3 3 9 4 3 53 aD 3 
2. - -24—2 > 2.¢* —3¢° +22 (for t=%ab 
5 a-b’c* —3abc a oe 3e@ 5 3 B95 (for abc >0) 


S $0-17 (+1) (304 +03 4.40? +274+2)20 (is always true) > (q.e.d.) 


Equality occurs @ a=b=c=1 


Problem 4. (Tran Nam Dung) Let be given a, b, c = 0. Prove that 


2(a2 +b? +c?) +abc+8>5(atbtc) (1) 


Solution 


¢ Lemma: (Schur inequality) 

x+y tz? +3xyz>xy(xt y)+xy(y +z) + axlztx) , Vx, y,220 (*) 
¢ Proof: WLOG supposing x2 y2z20. We have: 
LHS (*) — RHS (*) = x(x-y)° +2z(y-z) +(z+x-y)(x-y)(y-z)20 
¢ Application: Using AM — GM inequality and Schur inequality we have: 
6.[LHS (1) — RHS (1)] =12(a? +b? +c?) + 6abe + 48-30(a +b +c) 


=12(a? +b? +c7)4+3(2abe +1) +. 45—5-2-3(atb+4+c) 


>12(a2 +b? +c2)+9-4(abe)? +45-5| (a+b+c)° +9| 


= ae 3 (Gh see?) 6 (op bpoeen) 4 Ol Gb Se) ean) | 
adc 


w 


\o 


2 


w 


abc +3(a? +b? £6?) ~6lab+be tea) > 2 4 Be hb ecy —12(ab+bce+ca) 
abc a+b+c 
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= 3 = logpes Ga pace) 4 GpebePea a HPES) | 
at+tb+c 


oe ee +b>+03 +3abce —ab(a +b) —be(b+c) —calc+a)]>0 => (q.e.d.) 
at+b+c 


Equality occurs @ a=b=c=1 
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Problem 5. (Darij Grinberg) Let be given a, b, c > 0. Prove that 


a’ +b? +c? +2abc +1>2(ab+be+ca) 


Proof 


Using AM — GM Inequality and Schur inequality we have: 


2. 22) 2: 
a’ +b? +c? +2abc+1—-2(ab+be+ca)>a’? +b? +c? +3a3b3c3 —2(ab+be+ca) 


2 2f 2 2 g 2/2 2 2 2/2 2 
Saye (ga tap?) Chae) aes laeet galas Ba 2) <Olap eee) 


© a ete a eee +) 
=a a> —b3} +b3c3 \b3 —c3) +c3a3 \c3 —a3) 20 


Equality occurs @ a=b=c=1 


Problem 6. (APMO 2004) Let be given a, b, c > 0. Prove that 


(a? +2)(b? +2)(c? +2)>9(ab+be+ca) (1) 


Proof 


Using AM — GM Inequality we have: 


LHS (1) — RHS (1) = (a? +2) (b? +2)(c? +2) —9(ab + be + ca) 
=4(a? +b? +07)+2[(a2b? +1 +(b2c? +1) +(e72a? +1) | + (0252? +1)+1-9(ab+be+ca) 
>4(a? +b? +c2)+44(ab +bc+ca) + 2abce +1—9(ab + bc +ca) 


>a? +b? +c? +2abc +1—-2(ab+be+ca) 


Using the results of problem 5 we have (q.e.d.). Equality occurs @ a=b=c=1 


Problem 7. Let be given a, b, c, d > 0. Prove that 


Lytylyt)(_ 1 1 \_)>16Max{—+_;_1_} 
Pee Gb One ead ata ed ee 
Solution 
Using AM — GM Inequality we have: 
Las(1)=(141) a+b c+d | a+b a+b c+d c+d 
ab cd! |ab(c+d) cd(lat+b)| ab(d+a) abl(b+c) cd(b+c) cd(d+a) 
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> 4 at+b at+b ct+d ctd 
Jabcd ab(d+a) ablb+c) cd(b+c) cd(d+a) 


Similarly we have: 


LHS (1)> 4. +—8te ,_bte ,_atd ,_atd__ & follows: 
abcd bcelatb) bc(c+d) adlat+b) ad(c+d) 


2- LHS (1)= 


8 +| at+b dh at+d ital at+b n bt+c 
Jabcd |ab(d+a) ad(a+b) ab(b+c) bcla+b) 


+ ctd 4 bt+c ital ct+d 4 at+d 
cd(b+c) bc(c+d) cd(d+a) ad(c+d) 


em: Ree eee “a ree Cae ae ee ee eee 8 +2(Li1), 2 
Vabed abd bac cVbd = dvac  Vabed bd \a 


8 4 4 16 8 
> + + — => LHS (1) 2 
a abcd sf abcd abcd a abcd abcd 


On the other hand, using AM — GM Inequality we have: 


gets Vabed 224 °4 > Vabcd => abcd < 


Min {1+ abcd ;ac + bd} 
2 


=> LHS (1)> 16 =16 Max | 1 : ! .e.d. 
Min {1+ abcd ; ac +bd} 1+abcd  ac+bd q ) 


Problem 8. (Le Trung Kien) 


Prove that a° +b? 4+c°+4(a+b+c)+9abc>8(ab+bce+ca), Va,b,c>0 (1) 


Solution 


Lemma: a* +b* +c* +abce(a+b+c)> abla’? +b?) +be(b? +07) +cale? +a’) (1) 
Proof: WLOG supposing a2b2c. We have: 

eoe— (p? +¢c° ~a’)(b-c)’ +(¢? +a° —~b?)(c-a)’ +(a? +b? ~c?)(a—b)’ 20 
2c? (b-c) Age (a—b) le? +a’ —~b?)(a—b)(b-c)=0 (is always true) 
Application: Using AM — GM inequality we have: 


A(ab +be+ca) 


>8(ab+bc+ca) 
atb+c 


4(a+b+c)+ 


A(ab +be+ca) 


So it suffices to prove that: a’ +b? +c* + 9abc= 
a+b+t+c 


@ a't+bts+ct +abc(atb+c) +abla? +b?) +bclb? +c?) +cale? +47) >4(a2b? +b2c? +07a?) (*) 
Using lemma we have: 
LHS (*) > 2 ab(a? +b?)+bc(b? +07) +cale? ta?) |>4(a2p? +b?c24+c7a?) > (q.e.d) 


Equality occurs @& a=b=c=1 or (a,b,c) ~ (2;2;0) 
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8. SPECIALIZATION IN INEQUALITY OF DIFFERENT DEGREE 


a,b,c>0 1 1 1 
Problem 1. Given . Prove that ot oa ae 
a+b+c=3abc a b Cc 


IV 
io) 
“—~ 
— 
WY 


Proof 


atb+ce=3abem> 1414123, Using AM — GM Inequality we have: 


ab be ca 


1,1,1 1,1 1,1 i een | 1,1,1 
2) —+—+— |+3=| —4+—41]/+}| =4+—-—+1]/4+| —-+—+41 a3(L +14 1)—o .e.d 
& b = & b> Ge (oan e a ) ab be ca poured) 


a,b,c >0 


6 6 6 
Problem 2. Given } . Prove that {+2 4£->3 (1) 
afb +o [ere [e=3 Be 
Cc a 


Proof 
Using AM — GM Inequality we have: 


Cae ear Cant 


6 6 
= 2 a+ 84S e122 186 4242 33 Ged) 
b> c¢ a b Cc a 
a,b,c,d >0 3 3 3 3 
Problem 3. Given Prove that —@ +9 4c 4 4 >1 1) 
ab he tea est bt+ct+td ctd+a dtatb atb+c 3 
(IMO Shortlist 1990) 
Proof 
Using AM — GM inequality we have: 
3 3 
Feng tilbtetd)+6a+324.4/- 208 2(b+e+d)-6a-3 = 2a 
3 3 
_36b" 4 2(c-4+d+a)4+6b432>4-4| 30) .2(c-4+d+a)-6b-3 = 24b 
ct+tdta Vct+td+ta 
+ 
_36¢" _ 4 9(g4a-+b)4604+32 4-4] 306" _.9(d 4a4+b)-60-3 = 2Ac 
d+atb Vdt+a+tb 
3 3 
36d” 49 (ge be ee 6d 43> atl 208 9 Geb e0)6d-2 224d 
at+b+c Vatb+c 
eh oe Og gt et 
b+ct+td ct+tdta dt+atb atbte 3 3 


On the other hand, (a+b+c+d) >4(ab+bce+cd+da)=4>a+b+c+d>2 


=> LHS (1) > qibectd >< 


1 
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9. BEST SOLUTIONS TO FOUR TRIGONOMETRIC INEQUALITIES 


Let ABC be a triangle. Prove that 


ei a ee : T, = cosA+cosB+cosC <> 
2 2 2 2 2, 
Pues : Tipe eee eee. Pe < — na 
2 2 2 2 
Proof 


_A . B.C _A . B A B .A.B8B 
T, = sin—+sin—+sin— =| sin—+sin— }|.1+cos—cos— — sin —sin 
2 2 2 2 2 2 2 2 2 


(sin mn) : L( JA 7) os ne Se 
< sin +sin +1 +—] cos” —+cos sin sin 
2 5 2 m) 2 2 ee 


cos A+cosB+cosC =(cos A+cos B).1+sin Asin B—cos Acos B 


To 


7 


5 [(c0s 4 +008 8)? +1? ]+ + Sli? A+sin? B) ~cos Acos B<= 


T3= z 2. sina 8 Meg Gap 5). (Se con B+ SEE cos 


Re V3 
seg 
, (sin’ A+3)+/ sin? B+ 3]. 8) mn A +cos? 8} 4{ iB +c0s" )/-2 


2 


[ cos? 4 cos? B 
< “Z| [cost 443) 0s 2.3) 8 | 2 + sin? B + 2 +sin? g _3N3 
3 2 4 2 4 2 3 2 3 2 ) 


Comment: In my colleagues’ opinions, the common solutions to the four above problems are 
the most unprecedented and the shortest among what have ever demonstrated in the world. In 


all other publications, these inequalities are proved based on graphs of Jensen Inequality but 
the above solutions originally apply a simple inequality 2xy<x* + y* and the concept "point 
of incidence", which will be referred to in detail in the book. These solutions were published 


in the other books in Viet Nam, also written by the author in 2000. 


Trivial classical method: 


: ; Z ae = Fi + 
e sin x + sin y=2sin——* cos——= < 2sin 3 Vx, ye (0,7) 


i F : : _ x+ x- se eel y mae f . xt Zt+t 
* sinx+sin y+sin z+sint=2sin > 00s y 42sin ; cos 5 <2sin y 


2 


xty+zt+t  x+y-z-t _ xtyt+ztt 
ee gg ag 


+2sin 


=4sin ; Vx, y, z,t € (0;70) 


¢ Take x=A,y=B,z=C,t= => sinA+sinB+sinC <3sin 


A+B+C A+B+C 
3 3 


n_ 3V3 
2. 


=3s] = 
Ry 


Diamonds in mathematical inequalities 


10. SELECTIVE PROBLEMS IN USING POINT OF INCIDENCE FOR AM - GM 
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Problem 1. (Tran Phuong) Let be given AABC with the lengths of the sides a, b, c. 


2 2 2 
Prove that: 3 a +3 eS] +3 Sig 2 : -¥45 (1) 
3b+3c-—a 3c +3a—b 3a+3b-—c 5 


Proof 
3a me . so + 36- a Pees eo 
3b+3c-a x 3a 3 a 
3b 1 3c+3a—b 4 atbte 
Let —__ — i -—-a y = ——_ > y+—=— 
3c+3a-—b y 3b 3 b 
3c 1 geo hobs pee me 
3a+3b—c z 3c 3 c 
-l -l -l 
=> + M+ Last 2(++3] (+9) +(2+4) =1 
ae at+Dd+Cc 
cae ya Z 3 
1 1 1 3 
1) —~ 4+ + = 45. 
(1) 3] 4.2 fy? 2 5 3145 
Using AM —GM Inequality for 9 terms we have: 
= 9 9 9 
4 4 4 
4 s(x+4) 9 +2 5 += 
ae 5 z a] -(3) iE 1 “oe 3). 7 | 
3 L 9 3 3 3 3 
= 9 9 9 
4 4 4 
a 5 - dae] _ 5 ape S <2). Be 
3) L 9 3 3 3 3 
9 9 9 
a a s{z+4 
aif), fitsz)] ey ay (3) FE 3 
3 9 3 3 3 3 
4 3 4 = ae 2 
x44 
an 1 3 a 1 >3 9 3 
xS> 2 2 V5 3 
3 x 5 3 x 
9 -9 =O; 
4\5 ANS: fais 
o) 295 se e113 = ee ee ze 
yA3 a y 5 3 fy? 25 3 
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Using AM —GM Inequality for 6 terms we have: 


6 6 6 6 6 


5.(3m) 5+1=(3m) 5+ (3m) 5+ (3m) 5+ (3m) 5+ (3m) 


6 
>+1218m 


6 6 6 6 6 


6 
*) 5.(3n) 5+1=(3n) 5+ (3n) 5+ (3n) 5+ (3n) 5+ (3n) 541218 


6 6 6 6 6 6 
5.(3p) °+1=(3p) + (3p) >+(3p) °+ (3p) 5+ (3p) 5+1218p 


re ee ee [(3m)5 +(3n)5 +(3p)s Jaf | Serene) 8 | as 


et af? i fy? a7? 25 5 


Equality occurs @& a=b=c>0 


Problem 2. (Tran Phuong) Let be given a, b, c > 0. Prove that 


3 3 3 3 3 3 2 2 2 2 2 2 
i! +b + +¢ +f +a > 25 i +b + +¢ +f +a 
C a b> ce ae b? 


Proof 


a+b se ey 


e Lemma: ' 
2 2 


(It is for you to prove it) 


¢ Application: Using AM —-— GM Inequality and the lemma we have 


Diamonds in mathematical inequalities 


2 722 aged P4520 
=8 ie a + = ff a +3. It follows 
2c 2a 2b 
3,73 3, 3 3, 3 2, p2 Qs 52 ee) 
ie ay +f ae +f a 26 ay + ae +f ie qed) 
2c 2a 2b 2c 2a 2b 


Equality occurs @ a=b=c>0 
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Problem 3. (Vo Quoc Ba Can) Let be given a, b, c > 0. Prove that 


yar 4 fbr tn +S tab. 9: Vab (1) 


b? +e? c* +a’ a pe wea 


Proof 


Using AM —GM Inequality we have: 


alb? +c?) +b(c? +47) +cla? +b?) _alb? +07) sas abc(b? +c?) 


a’ +be a’ +be a’ +be 


3/a°> +be = 3(a? +be)- Yfabe 
b> +c? alb? +0?) 4+b(c? +42) +cla? +b?) 


=> 


=> LHS (i) = Ysa the » Sa? +0? ve? +ab+ be ea) Habe (9) 


BE be t+c? alb? 4c?) 4b(c2 +42) 4+cla? +07) 


Using Schur Inequality we have: 
(atb+c)la? +b? +c? +ab+bc+ca)—3[ alb? +02) +b(c? +42) +cla? +b?) | 
=a? +b? +c? +3abc —ab(a+b)—bel(b+c)-cale+a)20 


3(a2 +b? +c? +ab+bce+ca) > 9 (3) 
alb? +c7)4+b(c2 +a*)+cla2 +b?) at+bte 


3 
From (2) and (3) follow LHS (1)>2-*%© (q.e.4.) 
a+tb+c 


Equality occurs @& a=b=c2>0 


Problem 4. Let be given a, b, c > 0. Prove that 


ja(b+c) b(c+a) jc(a+b) oA. de ge 
a’ +be ‘ b> +ca * Cc? +ab : (a +b +Ve)( Ja+ ot 


(Ne [x fe a(b+c) 


oe > +be 


aed) (Va Vb +e) a+ + 


2 Lepte say [atlerdoee <34 by ee 


cyc a + be cyc a’ +bc)(b? +ca) cyc Vbe 
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a(b+c) ab(a+c)(b+c) bt+c 
42 EN EN 3<0 (2 
ag are + be ae ? + be) (b? +ca) 2 Te 


Using AM —GM Inequality we have: Si ate +o) < alb+e) sy Bite 
cyc a + be cyc 2 a’be cyc 2Jbe 


On the other hand, (a? +be)(b? +ca)—-ab(a+c)(b+c)=cla—b) (a+b)=0 


= ab(at+c)(b+c) <1 22 eee <3 


(a? +bc)(b? +ca) ~ real 7 +bc)(b? +ca) 


2¥ ee _yobote _2_ _b+c)__ (Jove). 
EOS ge Ds =>! aaE)= oie <0 


cyc cyc cyc 


=> (2) is true => (q.e.d.). Equality occurs = a=b=c>0 


Problem 5. Let be given a, b, c, d > 0. Prove that 


1 1 1 1 1 1 243 
+ + + + + 2 1) 
a+b a@t+c? at+d? b+e? B+d? etd? 2a4+db+c4+d) 
Proof 
3 3 3 
WLOG supposing a=b=c=d20> a+b s(a+4) +(o+4) ;a+d?< <(a+4] 
A, = as 1 1 1 
aps 3 3 = 3 
ees Og 
= 1 lit 1 
re a 3 3 3 3 = 3 
> ia +c («+4 +(c+4 >)b +d (0 4) 
3 3 3 
| 1 I 4 1 
3 = 3 3 3 ar 3 
OP eey PO eg 
=> LHS(1)> 1 Ho SL for x2a4- 4, yan 422044 
ecw - or x=a 3 y 3 Z=C 3 
We need to prove > aa oie 15 7 2 re ad Le =}? = 
cyc X a od ees cyc x ey x y (x+ y+z) 
Using AM - GM Inequality we have — 2 ik L + L 23-3 a 2. A 
ey ay xy (x+y?) 


=3-3 2 >3.- 
(xy)? (x? ay t y?)(x4-y) 


4 3 
Bxy +x? —xyty? (x+y) 
& ; yry (x+y) 
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2 1 1 1 3 
= Pee So) a | a 
pa re x ) Lay (x+ y)(ytz)(c+x) 
. iP -=72, 5 _ 243 
oe ae 


=> (q.e.d.) 
[2(x+y+z)] (xty+z)’ 
3 


Equality occurs & (a,b,c,d) is a permutation of (1; 1; 1; 0) 
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Problem 6. Let be given a, b, c > 0 satisfying the condition a+b+c=1 


Find the maximum value of S=—“—+ Dent, Vabe 
a+bc b+ca ctab 
Solution 
oi, Bt DEY 2 1 ee 1 , Nable 
at+bc b+ca ctab 142 1464 144 
a b Cc 


Taking “tan? 5; tan? 5 a2. for O<A,B<1t 
a 


Then 1= atb+e= je. foes + [P: jes (ct i 


A B 
1- tan —- tan = A,B,C >0 
It follows a” = 2 2 =cor( 4+ 8} c for 
Cc A B 


= tan — 
tan “+ tan“ 2 2 A+B+C=T 
C 
tan = 
S= J + } 2 008" Sige fe ae (cos A+ cos B + sin C) 
1l+tan°— I1+tan 1+ tan? = : : 
=] AL{ B cos 4+ .cos 8+ (VBsin A.cosB + V3 sin B.cos 
Ree er 2 5.13 
L-|(3 a)+(3 *)|+—1_[Gsin’ 2p) 4 (3sin2 2 4) | 
<1+——]||=+cos* A]+|~+cos* B] | +— =| \3sin* A+cos~ B)+\3sin° B+cos* A 
23 L\4 4 43 
=14 3.43 (cos? A+sin° A) +3.(cos? B+sin’ B) )=14 58 
T 2m 
Equality occurs = A= Boe? Cee 


o> [be = fo = tan =2- V3, [ie = tan = V3 @ a=b=2V3 -3,c=7-4y3 
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§4.18. INEQUALITY PROOF BY ANALYSIS OF SUM OF SQUARES (S.O.S) 
I. Express non-negative polynomial in terms of sum of squares 


1, Definition: Polynomial F (Gis@isand 


n 


) is an n-variable function (a) Gis Giinstesnc | 

and SIF (a,,d),....d,) is sum of n! expressions coming from F(a,,d),....a,) by all permutations 
of all variables (a) =(a,,d),....4,) - 

* Polynomial F (a,,a,,...,4, ) is an m-degree homogeneous function 

> FE (tG ta et NSE OP (a Osa) 

* Polynomial F (a,,a5,...,d,)20 Va,,d5,...d,€D = F(a,,d),...,4, ) is called as non-negative in 


domain D. 


2. Identity Hurwitz — Muirhead and inequality AM —GM (Cauchy) 


Consider the special case: F (a,,a,....4,)=a;a5?...a% for a, 20,a, 20 
Let [el =|enj,.055 o.,J=< DF Distt y jscstl )= 2 Vial as?....age 
ay Ht 
Specially, [1,0,0,..0] = ta, +a, +..+a,)= ate tt % _ 4(a): Arithmetic Mean (AM) 
n! 


dE ol: a 
E , ! ieee |= Manas a" =%/a,a,...a, =g (a): Geometric Mean (GM) 


nn n 


P+ayt+..dta" 
Consider transformation: A(a”)— gla" ) PEs eece oe Ady... = [n,0, 0,...0] - 1181 
n 


=[n,0,0,...0]-[n-1,1 0....,0]+[n-1,1,0,...,0]-[n-2,1,1,0,...,0]+ 


+[n-2,1,1,0,...,0]—[n—3,1,1,1,0,...,0]+...+[3,11,...,1,0,0]—[2,1,1,...,1,0]+[2,1,1,...,1,0]—[1, 1,1,..., 1] 
=s5[dilart -a —a, )+ ar ay a) —a, a; +> 31(al a; 2) | —a,) ad, +... 
As (a, -a,)(a’,—a’)20 Va,,a,20 so Ala")-gla") 20 
Let a, =o ed i and (bisPirvaigky,) as a permutation of (1, 2,..n). Then we have: 


n| Ala") = g(a" )}=(a" +a" +...ta")—na,a,...a, = x2" +...+ 42" — nx x2...x? = 


= [Det 2) (8 HDi alg a ad + Dd gabe 


Besides, 
2 
et ae es —x? jaar, a(x —x? ) aoe +a ae oe +... as saci Fee 
Y I y 1g 13 kal q 19 q 13 k+l 
—k n—-k 
2} ey a 2 
-k-j. j-l -k-j. j-l 
= (x; — x? ) ) (x? aXe. ) ti = (x? — x? lay i nae Se 
1 12 y iD) 13 k+l y 12 y 17 13 Tk+1 
j=l j=l 


= n[ A(a")-g(a")]=s2 +52 +...452 >0 => Ala")> g(a") > Ala)> g(a) 
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3. Special cases: *n=2: x) +x5 —2x,x) =(x,—x,) 


en=3: xf xf +x$ ~Bapadad <1 (x? +29 +3) [(x? -x9)° + (x3 -22) + (x3 -27)'| 


2 2 2: 
i? 4 4 4 4 _ (52 2 
en=4: x, +x4+x4 +x} —4x, x,x,x, = (2) — x?) +(x? x7) +2(x,x, — x5%,) 


ae 10 10 10 10 10 _ fy ee ee Gee a 
Wo My eas PR OE Ee SON a eta ee = 


= sel Dlg 8+ Doh) fs “DU alg sd DU] 
24! 5 Dalls-x ae “De ee 's eDEe-) 2 PI | (8-9) ue 


2 2 2 
on = 6: xp 4x8 +8 4x9 4.28 $218 — 6x, 15.1, XyX5%o =1(x2 +3 +x))|(x?-x4) +(x3 —x3) +(x? —x?) | 


2 2 


A(xfaag tag) (dg) +(x x2)" (08-22) J+ 302m —me%) 


4. Theorem and examples: 
4.1. Theorem Hilbert 1: 


If polynomial F (a,,a,,...,a,) is homogeneous and non-negative in domain D, i.e.: 


F (a,,d),....4, ) 20 Va,,d,....4, € D then it is possible to express 


F (a,,4),...4,)= py; + p; +...+ pin which p, is a certain real rational function. 
4.2. Theorem Hilbert 2: If polynomial F (a,,a,,...,a,) is non-homogeneous and non-negative 


in domain a, 20,a, 20,...a, 20,a, +a, +...+a, <1 then 


= Oy M2 o ee tas Ont 
MasGs.30.) => Ge a5?...a" (l-a, —a) -...-a, ) 


in which Q,,...0,,0,,,, are non-negative integers and c, > 0. 


w 
4.3. Comment: The Theorems Hilbert 1 & 2 are qualitative, helping us believe that there 
exists a way to prove a polynomial as non-negative by analysis of sum of squares (as for 
homogeneous functions) or into sum of non-negative quantities (as for non-homogeneous 
functions). It is, however, due to this obscure existence that it has little value in effect of 
proof of elementary math inequalities. Take 3 extreme examples below to show that the 
analysis into of squares would be actually difficult without belief in the existence of the 
analysis. Examples 1&2 have short solutions but lack naturalness, so to find solutions would 


be nothing more than words puzzle in which only a result is a meaningful word. 
Example 1: a* +b*+c* +ab> +be> +ca*? >2asbt+bic+cia) Va.b,ce j 
Proof: 2[ a’ +b4+c++ab> +be? +ca? —2(a3b +b3c4+c3a) | = 


= (raabeaene) £0 Shea baswey the? 24 EORSP) SO 
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Example 2: (a2 +b? +2) >3(a3b+b3c+c3a) Va,b,cej; (C) 
1” proof: 
(1) at tht +c442(ab? +b?c? +0°a?)>3ab+b°c+c8a) & Yat +25. a°b? 235 a°b 


cyc cyc cyc 


eS= (Ze eee eae a 0 


cyc cyc cyc cyc cyc cyc 
Transform: eas -—>ia’*b? = sL@ =f)? sere Le) a 5 Dla +ac—2bc)’ 
cyc cyc cyc cyc cyc cyc 
ee - a) = a ee -¥ iad =-3) be(a? —b*) 
cyc cyc cyc cyc cyc 


=-3)"be(a* —b*) + >) (ab + be +ca)(a* —b*) = ¥\(a* —b* (ab + ac — 2bce) 


cyc cyc cyc 


_ 1 2 2\2,1 2 2 2 
Then S = >)i(a —b’) +5), (ab + ac — 2bc) —>) (a? —b’ (ab + ac — 2be) 


cye cye cye 


= sL@ —b* —~ab—ac+2bc)* 20 = (q.e.d) 


cye 
2” proof: Ma? +b? +c? - debe ea) | G2 +b? 402) Uh eR oan)! = 
=|(a3 +53 +03) -5(a2b + b2c + c2a) +4 (ab? + be? 56g?) + 
+3| (a3 +b3+c3)—(a2b+b2c+c2a)—2(ab? + bc? eee ee Gane | 20 
Il. METHOD OF ANALYZING SUM OF SQUARES (S.0O.S.) 


1. Introduction: To prove a homogeneous polynomial F(a,,q,,....a,)20, according to 


theorem Hilbert there exists an expression F (a,,d),...,a,)=P; + p; +...+ p., in which p, is a 


certain real rational function, but to specify a certain expression would be very difficult. The 


following method of analyzing sum of squares helps us surmount the abstraction of theorem 
Hilbert, particularly to symmetrical functions F (a,b,c). In Vietnam, this method was studied 


and then stated by Tran Phuong, Tran Tuan Anh and Anh Cuong in August, 2004. In 2006, 
Pham Kim Hung gave it the official name of S.O.S. 


2. About S.O.S. 


Let consider inequality A = B in which A, B are expressions of variables a,b,c. 


Supposing we can turn the inequality A — B = 0 into: 
S=A-B=S, (b—c) +8; (c-a)* +S (a—b)° 20 (1). Considers the following propositions: 
2.1. Proposition 1: If S, 20;S, 20;S. 20 then S=S_ (b—c)’ Bere (c—a)’ BS. (a—b)’ >0 


(1) is obviously true in this case. Therefore, we hereinafter consider other conditions. 
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2.2. Proposition 2: Letting that a,b,c,S,,S,,S, are real numbers satisfying 2 conditions: 


i) S, +S, 20;8,+5, 20;S8,+S, 20. 

ii) If a<b<c or azb2c then S, 20 
Then we have S=S (b-c)” +5; (c-a)” +S. (a—b)’ >0 (1) 
Proof 
WLOG suppose a<b<c, then S, 20 and 
(1) & S,[(c-b)+(b-a)]’ +8, (b-c)’ +8, (a—b)’ 20 

2 (S, +5S,)(b-c)” +(S, +S. )(a—b)’ +28, (c-b)(b—a)=0 (is always true) 

2.3. Proposition 3: Letting that a,b,c,S,,S,,S, are real numbers satisfying condition: 
If a<bsc or az2b2c then S, 20,8. 20 and $,+2S, 20;S.+2S, 20 
Then we have S=S , (b-c) PS 5 (c-a)’ Fos (a-b)’ >0 (1) 


Proof 
WLOG suppose a<b<c and S,20,S,20 ; S,+2S, 20;S,+25S, 20 


If S, 20 then (1) is always true. 
If S, <0 then S=(S,+5,)(c—b)’ +(S, +S, )(b-a)’ +25, (c—b)(b—-a) 
>(S,+S,)(c-b)’ +(S, +8,)(b-a)’ +8, (e—b) +(b-a)” | 
=(S, +28, )(c—b)’ +(S, +25,)(b-a)’ 20 
2.4. Proposition 4: Letting that a,b,c,S,,S,,S, are real numbers satisfying condition: 
If a<b<c then S$, >0,S, >0 and b?S, +c’S, >0 
Then we have S=S_, (b—c) +5; (c-a)? +S. (a-b)’ >0 (1) 


Proof 
WLOG suppose a<b<c and S$, >0,5, 20; b’?S, +c’S, 20 


S=S,(b-c)’ +(b-a)” s,(e=2)" +s, fs, (b—c)° +(o-a)'],| 


+5, 


=| 


2 
=S(b-c)’ +(c?S, +b?s,)(2=4) >0 


2.5. Proposition 5: Letting that a,b,c,S,,S,,S, are real numbers satisfying 2 conditions: 


i S,+S,>0v S,+S,>0v S.+8,>0 
ii) S/S,+5,5.+5 8,20 


Then we have S=S_, (b—c)’ +S, (c-a)’ +S. (a—b)? 20 (1) 
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Proof 
WLOG supposing S, +S, >0. Letting u=b-—a;v=c—b, then: 


S = S,(b-c)’ +8,[(c-b) +(b-a)] +58, (a-b) 


= (S,+S,)(a-b)’ +25, (c-b)(b-a) +(S, +S,)(b-c) 


2 
S, ie SiS, + 5,8, + 5.84 -y? >0 => (q.e.d) 


=(s5+8.)[nt ss 5,45, 


2.6. Proposition 6: Letting that a,b,c,S,,S,,S, are real numbers satisfying conditions: 
Das<b<corazbec 
ii) There exist & > 0 such that S, +a°S, +(a+1) S, 20 
la—bl>alc—b| lc -—b|>ala—bdl 
iii) 4S.+5S, 20 viS,+8, 20 


S +2tts, 20 g,+%4ts, 20 


Then we have: S, (b-c)’ eS: (c-a)? aS. (a—b)° 20 (1) 


Proof 
WLOG suppose a <b < c and la—bl>alc—5| 


Ja > 0 such that S,+a7S.+(a+1)°S,2>0 and 4S, +S,>0 


a+] 
Consider following possibilities: 5, + OL 5, 20 


° If b=c then (1) & (S, +S. )(a—c)” 20@S,+8, 20 (is always true) 


2 2 
°Ifb#c then (1) © s,+8,(2=4+1) +5,(2=4) =U 


© f(t)=S,+S, (t+) +8,t? 20 for p= 2-820 


We have: f (t)- f(a) =(r-@)| S,(t+2+0)+S, (t+a)| 


=(t-a)|(S, +S, )t+S, 1+0)+S.a4S, ]>(¢-o)[(S, +5, )a+5,1+0)+5.0+5, | 
=2(r-a)[S.a+S, (1+0)]=2— 5, +atls, )>0, Vt>a>0 


It follows: f (t)> f(a)=S, +a7A, +(a+1)’ S, 20 


ne ewe 
Equality occurs = eS 


S,+a°A,+(a+1)’S,=0 |S,+a7A,+(a+1) S, =0 
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Consequence: Letting that a,b,c,S,,S,,S, are real numbers satisfying conditions: 
Das<bs<corazbec 
ii) S,+S,+4S, 20 
la—bl>|c—b| lc—bl>la—b| 
iii) +S.+5,20 v5S,+8S, 20 
S,.+2S, 20 S, +28, 20 


Then we have: S, (b—c)” soe. (c-a)’ PSs (a—b)’ >0 


3. Theorem on the expression of S.O.S. 

3.1. Theorem: 

Supposing that two homogeneous permutation polynomials A, B have the same degree and 
the same number of variables. If so, the difference of these two polynomials can be written in 
the form of S.O.S., that is: 


2 
ae aa —SaPial? abs = PAO —a,) 


cyc cyc 


In which o, +...+0, =B, +..+B, =m and a= {a, y . In this case, A and B are also said to 
have S.O.S relation. 
Proof 


First of all, we prove the following lemma 


Lemma: Supposing a= {a, bie and @,+Q,+...+Q0, =m, then: 


i=l 


Qa, a 
Sar -Dasias ate =P P, (a)(a,—a,)° 


cyc cyc 
Proof: We will proof the lemma by inducing based on k, which is the number of elements 


except O belonging to the set {o.;}" (n,m are constant). 
‘= 


If k =1, the theorem is obviously true. 


If k =2, we have to prove the existence of the expression yar -Yiaias et => P; (ala, - y 


cyc cyc 
This can be proved with notice that: ta” +(m—t)b” —ma'b™" = P(a,b)\(a—b)* 


Indeed, it is first of all worth noticing that the equation f(x) =x" +(m—t)-—mx' =0 has one 


double root which is 1, because f(1)=f’(1)=0. Therefore, f(x) can be expressed in the 
form Q(x)(x-1)?,deg(Q)=m-2 


Letting x=", then we have: b” f(4)= ta™ +(m—t)b™ —ma'b™! =b”™” o(4)(a- b). 
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However, o”o(4] is a polynomial having 2 variables a,b because Q is a (n—2)-degree 


polynomial. Supposing that our proposition is already true with k , the number of the elements 


except for O in the set {0} 3 with k+1, we can transform this into the case of k as follows: 


Oa MFO? 4 jas? (a, +O glare lq 2 
Oy Oe ! 1? 3 OH 
ay ase Ay = Ax” Aga) 
OQ, +O, 
a ota,  %3 a a +0, a a 
—— Gor fe el fo as! aire sei 
OQ, +O, 1,1, 


Ga. od. es ( 0. Oa. a. 


Note that with k =2: s =H, (a)(a, -a,)’, we have: 


a, +A, 
or o 2 a ata, %3 o a Ot, Oo o 
a, ta A, ft! =Q,, (a)(a, —a,) Sener a Ge = Ge ele tee Giggs eae 
1 1 2 
OKs 
Therefore, ye - Yam as. A 
cyc cye 
= m A) 4+H, 03 k+1 quite. k+l 
=-) Q,,(a)(a, -a ee +) a, -—)4, Ax? yy + a, a; nr 
cyc cyc 0 eure cye 10 ae. cyc 
m Oy OKs 
4 ee, eagae| 
cyc cyc 
Oy Hoy 03 kt y -yat +09 k+l] 
=-)'0,, (ana, =a) + — rae ae O° ++ Aya a; a Aya 
cyc a, + cyc cyc vo, 1, +04, Q, cyc cyc 
+ Qa k4+1 + Qa k+l 
On the other hand, two expressions }\a)" —)\af*?a$?...af)) and ial" -Yay ase ae 
cyc cyc cyc cyc 


can be written in the form of S.O.S, from which we have De a - aS a a, ae can also 


cyc cyc 
be written in the form of S.O.S. 


According to the induction principle, the theorem has been proved. 


Application: Using the lemma and following inequality, we get q.e.d. 
Way a, te -Yiajta Po a Pn =( er Gata stearate a arenes) 
cyc cyc cyc cyc cyc cyc 
3.2. Comment: Generally speaking, most symmetrical or permutation inequalities with 
polynomials (or fractions) of the same degree and having 3 variables can all be transformed 
into 3-variable homogeneous permutation polynomials, i.e. can be written in the form of 
S.0.S. Therefore, the method of S.O.S can be used to solve nearly all the 3-variable 
homogeneous inequalities. The next question is: “How can we transform them into typical 
form of S.O.S?”. Naturally, the algorism mentioned above is a useful suggestion to 
transforming a polynomial into the typical form of S.O.S. However, what about other 


algebraic form? To answer this question, let’s consider the following definition: 
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Two polynomials A and B are considered to have a “close” S.O.S relationship if expression 


(A-B) can be written directly in the form of S.O.S without using intermediary expressions. 
In this case, we can alter the expressions to clarify the S.O.S relationship via “close” 


intermediary relationship. 

Below are some common types of expressions: 

i) P(a,b,c)A(a,b,c) —Q(a,b,c)B(a,b,c) , in which A and B, P and Q are “close” to each other. To transform 
the given expression into S.O.S form, we will use the intermediary quantity Q(a,b,c)A(a,b,c) 
P(a,b,c)A(a,b,c) — Q(a,b,c)A(a,b,c) + Q(a,b,c)A(a,b,c) — Q(a,b,c)B(a,b,c) 

= A(a,b,c)|P(a,b,c) — O(a,b,c)]+ O(a,b,c)[A(a,b,c) — B(a,b,c)| 

ii) Or in the fractional form: 


A(a,b,c) _ B(a.b,c) _ A(a,b,c)~ Bla,b,c) , B(a,b,)[Q(a,b,0) - P(a,b,0)| 
P(a,b,c) Q(a,b,c) 7 P(a,b,c) P(a,b,c)Q(a,b,c) 


ii) In root form: 


[A(a,b,c)P(a,b,c) —.{B(a,b,c)O(a,b,c) = _ A(a,b,c)P(a,b,c) — Ba, b,c) O(a, b,c) _ 


JA(a,b,c)P(a,b,c) +.{B(a,b,c)Q(a,b,c) 


iv) Specially cases: 


(a-—b)* +(b-c)? +(c-a)’ 
2 


a> +b? +c? -—ab-ac—bc= 


a +b +69 ~3abe = FF OF (ag — py? +(b-c)? +(c-a)? | 


pO GSOl sO)? He Sa): 
3 


a*b+b*c+c’a—ab* —bc* —ca 


Z (2a+b)(a—b)* +(2b+c\(b—c)* + (2c +.aN(c — a)’ 
3 


ao+b? +c? -a’b—b’c-c’a 
a eb $e aw bb eae a 


_ (Ba? + 2ab +b* (a —b)* + Bb? + 2be +c? (b—c)? + Bc” +2ca+a*a-c)* 
4 
a*b+b%c+cia—ab? — bc} - ca? = ST b-0) + (c-—b)? +(a —c)? | 
_ (a-b)’* (a+b) +(b-c)*(b +0)" +(c-a)’(e+.a)* 
2 


4 4,44 222 2.9 2.9 
a’ +b’ +c" -a‘b° —b‘c’ -c“a 
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4. Illustrative Problems 


Problem 1. Prove that (ab + bc + ca) : >t } =+ : 5 Se eG (1) 
(a+b) (b+c) (c+a) 4 


(Iranian Mathematical Olympiad 1996) 


Proof 
WLOG supposing c2b2a>0. 


b+c=2x a=-xXt+ty+zZ 

Letting j;c+a=2y@ )b=x-y+z => x,y,z are the length of sides of a triangle. 
atb=2z c=x+y-Zz 

Since c2b2a>0, x2 y2z>0. The inequality (1) becomes: 


9 
Qxy + 2yzt+2ex-x? -y*—z? oa ay oe eee z— 
(2ay +2y . ae Aye Ae 


> (2xy + 2yz+2zx—- x7? - y? -2)(eate+ i }eo — Le-w?(2-4)z0 (4) 
x z 


cyc 


y 
Letting S. eee Sica, Bee 
Yo Xo = &X y xy 


The inequality (4) = S,(y—x) +S,(2-x)° +8 (@-y)’ 20 (5) 

As x2 y2z>0 and y+z>x,so S20 and S, 20 

We will prove y'S,+2°S, 206 yterexnz © (y+x)(y? +2? - yz) > xyz (6) 
We have y+z>x and y’?+z?-—yz2yz => (6) is true > y'S,+z°S,20 


Using Proposition 4 we have q.e.d. 


Problem 2. Given a,b,c >0 be satisfying min{a,b,c} > Emax {a,b,c}. Prove that 


1 1 1 9, 1w(a-b)y’ 
b+b i Sale 1 
(ab + naa ea 1 16 2 aay? (1) 


Proof 
b+c=2x a=-xt+tytz 
WLOG supposing c2b2a24c>0. Letting cta=2y@asyb=x-yrtz 
at+b=2z c=x+y-Z 
=> x,y,z are the length of sides of a triangle. 


As c2b2az40>0, so x2 y2z>0 and 4-x+ y+z)2x+y-z>3y+4+5z25x 
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The inequality (1) & (2xy +2yz+2zx—-x? — y* —z’) es en ! Fee yucca y)” 
4x? Ay? 42? aa 16 


cyc z? 
1 1 
> (2xy + 2yz +2zx—x? —y? 2’) ieee we 29+ aos S yy’ = > (x- y) ‘(2-e 
x y Zz Oe cyc 4z 
Letine OS oS ee 
Vee cdg ee dy oh ay Ag 


We have to prove S,(y-2)? +8, (z—x)? +S (x- y)* 20 
As x2 y2z>0 and 3y+5z25x,so S, >0 and 8y25x > S, 20 


2y" Qe? 5 


We will prove y'S,+2°S, 206 —— —2>e4(y? +z 3) > 5xyz 


XZ 
We have 3y +5z2>5x, it is suffices to prove that 4(y? + z*7)>(y4+5z)yz 


© (y—z)(4y? + yz—4z7) 20 (is always true). Thus y’S, +2°S. >0 
We have x-z>>(x-y) 20. Hence, S,(y—2)" +S, (@—x)° +8 (x—y)? 2S, (Z— 2)" +8 (x- yy? 
: 


(x- y)*(y?S, +2°S.) 


2 
z 


2 
>S 2 (x-y)? +8,(¢-y)? = >0 > qe.d. 
* *% 


Equality occurs @& x=y=z or yara2n 


Problem 3. Given 3 positive real numbers a, b, c are satisfying abc =1. Prove that 


Poe Le grate . 
5 2 a) os 2 yh 5 2 720 
ao+b- +c b> +c’ +a cota t+b 


(IMO 45 — 2005) 


Proof 


AE oly an gh Oe OC. 1s Deb abe. 3 — c2abe 
ai+(b24+c2)abe bb +(e24+a2) abe 05 +a? +b?) abe 


=> — a <4 *be > 2a* — a? (b? +c?) 
pea +b? +07)be Se 2a* +(b? +07)” 


2x? — + 2 972 — i 
Letting x=a*,y=b*,z=c" een ee 


2x? +(y+z)° 2y2 +(ztx)° 222 +(x+y) 


“LeMay 2 : 7}-Ze-F hed Tye EY) 


ae (y+z) 2y? +(z4+x) an [2x2 +(y+z) |l2y2+(c+x)7] 


Equality occurs @ x=y=z@a=b=c 


68 Inequality Proof by Analysis of Sum of Squares (S.O.S) 


Problem 4. Find the maximum coefficient k (k > 0) such that 


a if b + Cc ees , wv ib, >0 1 
b+c cta atb a? +b? + 2 ia a. 


Solution 


By a general correspondence: (1) & >» (; ‘ - 1) >k (1 - ab+be xed) (2) 
c a~ +b’ +c 


cyc 


(a—b)+(a-c) sf 1 (a=b) 
We have: oS faves 1) . pa Bae 7D f4 Dit = 2 bea) 


Oe +c)(c+a) 
(a—b) 2(a? +b? +c? —ab—be-ca) (a—b) (a- by 
ead Cuca a+b +c “las pir 7 +b +e" 
(a-b) _,_(a-by | 7 [aise te 7 
i eres eae, i 2 aR ie ate 2 e) (b+c)lc+a) eae 


The necessary condition: 


2 2 2 2 
Taking c= b #a into (3) > (a—b) — > k< 2420" _ (a,b) 
2b(a+b) 


We have: u(a,b) = Just? +2 f(t)=r? —2ut+2-—2u=0 


v3 -1 
2 


u € the domain of the function = f(t) = 0 has root = A’ =u? +2u-220 > ua 
The sufficient condition: 


3-1 


We will prove k cer amas Minu(a,b) is the best coefficient of inequality (1) 


ae 2 2, 2 
Indeed, with pov! we have: (1) © Yi (a-by | CHP -4]20 (4) 


cyc (b+c)(c+a 
2 2 2 2 2 2 
Letting S, DUET k:S Re ik i Ca es 
: (c+a)(b+a) > (a+b)(c +b) © (b+c)(atc) 


WLOG supposing azb2c > S,SS,<S. 


j : : ( 2 4b? 407? )(atb+2c) 
Consider SAG PE gy ca NG si 
a"? (ce+all(b+a) (atb)(c+b) (a+b)(b+c)(c+a) 
(a+b) ] 
wee NOPE IG) ar a 
Letting pee. => en, (2v +c to) 2-2 +c _ og 
2 2Wvlb+c)(c+a) [ore es] viv +c) 


2; 2 
=> 5, +5, 22( 24+ 4] =2[u(ve) c)—k]20 (since u(v,c)2 =k ) 


2viv+ce 
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As SSS, <8, and S,+8S, 20,so S,20;8,+S,20;S.+5, 20 


V¥3-1 
2 


From Proposition 2 it follows: with k= then (4) is true Va, b, c> 0. 


31 
2 


Conclusion: k = is the maximum coefficient to make the inequality (1) is true Va, b, c > 0. 


Problem 5. (Pham Kim Hung) Given a,b,c =0. Determine the best constant for the 


following inequality: (a+b+0)(4 gilli: +k GE TEES Soy eas 
GO <C a+b? +c? 
Solution 
We use the following change: 
2 2 2 
(a+bee(Letyt)o-Poo tena) tanh) 
a bce bc ca ab 
i ab+bc+ca _(b-c)” +(c-a) +(a—b)’ 
at+b* +c 2(a? +b? +c?) 
Then the inequality (1) becomes: Spat 9 206 ys, (b-c) >0 (2) 
cyc be Ua +b +C ) cyc 


In which: S, =2a(a? +b? +c?) —kabe,S,, =2b(a? +b? +c?) —kabe,S, =2c(a* +b? +c?) —kabe 


Now, it is given that b=c, then (2) becomes: 
2 
S, 20 2(a? + 2b?) — kab>0 & 2(a-V2b) +(4V2-k) ab>0 
Taking a=J/2b then k <4 2. We shall prove the inequality (2) with k=4V2. 


Supposing azb2c>S, 28, 28.. On the other hand: 


2 
S, +8, =2(b+c)(a? +b? +c?) -8V2abe > 4Vbc.(a? + 2be) - 8V2abe = 4Vbc (a — V2bc) > 0 
Using the proposition 2, we got the q.e.d. 


Conclusion: k =4V2 is the best constant of the inequality. 


Problem 6. (Pham Kim Hung) Given a,b,c =0. Determine the best constant for the 


be ca ab 3 
(1) 


following inequality: + + < 
‘ 4 y Bee ka eer ae Oe ke OS 


Solution 


Given that a=3,b=2,c=2, it follows: k <3. We shall prove the inequality when k =3. 
Indeed, WLOG, supposing a>b>c and a* +b’ +c? =1. We use the following change: 


2(b2 +c? +3a2) -10be =5(b—c)’ +3(a? —b? +42 —c?) 
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2 2 2 2 2 
Thus the inequality (1) © yen ta ee 0 S sS (b-c)’ 20 
cyc + 2a cyc 


In which: S, =5(1+2b?)(1+2c?)-6(b +c)" (142a”) ; 


S, =5(14+2c?)(1+2a?)-6(c+a)* (142b7) ; S, =5(14+2a7) (14+ 2b?)-6(atb)* (14+2c?) 


2 2 
Let x=," - . Obviously, S, >0 and (a+c)’ (142b?) +(b+c)” 1+2a?) <2(x +0)" (14+2x7) 


We shall prove S$, +S, 20. Indeed: 
S,+58, >10(1+ 2c?) (14 2x7) -6(x 4c)” (14 2x7) 20 (2x-3c)” 20 (true) 


Next we shall prove S, 20. Indeed: S, =5(1+2c?)(1+2a?)-6(c +a)’ (1+ 2b?) 20 


3a? +b? +0? 6(atc)” 2(a?-b?) | a? +12ac —5b? -9c? 
eS 2 eS 2 

3b? +c° +a>— 5(3c? +a? +b?) = 3b? +07 +a” — 5(3c? +a? +”) 
This is obviously true as: 2(a? —b*) >a? +12ac — 5b? — 9c”, 3b? +c? +a? <5(3c? +a? +b?) 
Using the proposition 2, we got the q.e.d. 


Conclusion: k = 3 is the best constant of the inequality. 


a,b,c>0 232 ny) 2219. 
Problem 7. Given -Prove that L+ab ,lebe  l¥ea 55 (1) 
ab+bce+ca=1 (a+b) (b+c) (c+a) 2 


Proof 


2 2p2 
The inequality (1) = > (ab + be ae ast = (ab + bc +ca) 
cyc (a+b) 2 


ex 25" 2ab(ab + bc+ca) +(be+ca)” 


5 >5(ab+bc+ca) 
cyc (a +b) 


9 Aab+be+ca)] ab ae be reas a x [+ 2(a? +b? +02) 25(ab+ be + ca) 
(a+b) (b+c) (c+a) 


9 (ub-+be+ca)] dab 4 4be 5 4ca -3]+2(a? +b? +62 ~ab—be-ca) 20 
(a+b) (b+c) (c+a) 


2 


es (ab be) (= hed) fe |ala-b) +000) +1e-a)" 20 


(a +b) (b +e) (c+ a)” 


seas j-ab+betca Glas joo ed (ise poebebe rca (Hy So 
(a+b) b+c) ct+a) 


Hse ttin S 5 a im OO 0 oy 8b DO eg ay aid be hea 
(b+c) (c +a) (a+b) 
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WLOG supposingas<b<c> S_258, 2S, 


2 
We have: 5, =1- ab+be+ca _a° +late)le-b) 9 5 35, 50 
(c+a) (c+a) 


On the other hand, b?A, +7A, =b?|1- G2 tbe + ea | 4 (2 1_ab+betca | _ 
(a+b) (c+a) 


=p. -4(a+b)(b- te ee b? + Gr |+te-oy (oe | 
(a+b) (c+a) (a+b) (c+a) atc atb 


_ 2 b? ag _2)2._ab+bc+ca 
si fan are ah m GG) 


Using Proposition 4 we have (q.e.d). Equality occurs @ a=b=c= al 


V3 


Problem 8. Letting that ae Vb.ve be length of sides of a triangle. Prove that 


3Min{4 bye bie, t>(a+b+o)(L+141) (1) 
bc aa as c abe 
Proof 
WLOG supposing Min{ 4 +24 ee bye ed € | then we have: 
bc aaeob cheb eceoa 


(ye 3(4 +8 + £)>(a+b+o(L+4+4) > 3(a2c +b?at+c7b) >(a+b+c)(ab +be + ca) 


© 2(a? ct+b-atc? b)> (a -b+b?c+c? a) + 3abc 

© 2[ (+03 +c3)—(a2e4+b2a+c2b) | <(a2 +b? +c3)-(a2b+b2c+0c7a) +(a? +b3 +c?) —3abe (2) 
2b> + a> —3b?a=(b —a)(2b? —ba—a?) =(b—a)’ (2b +a) 

We have: +) 2c? +b? ~3¢*b =(c —b) (2c? ~ch—b*)=(c-b)” (2c +b) 


2a? +03 —3a2c =(a—c) (2a? —ac—c?) =(a—c)’ (2a +c) 


> 3[ (a3 +b° +03)-(a@e4+b2a4+e2b) |=(a—b) (2b+.a)+(b-c)’ (20 +b) +(c-a)’ (2a +e) 
Similarly, 3 (a +b° +03) -(a2b+b?c+c7a) |=(a—b)’ (2a+b) +(b—c)° (2b +c) +(c-a)’ (2c +a) 


On the other hand, a? +b? +c° -3abe=4(a+b+e)|(a-b)" +(b-c) +(c—a)* | 


It follows: (2) = 25) (2b+a)(a- b)? See b)” +3 Dlatb+e)a- b)” 


cyc cyc 


= Y(a-b)"| $0a+b)+ Matb+0)-2(2b+a) [204 (e+a-b)(a-b) 20 


cyc cyc 


S (c+a—b)(a—b) +(at+b-—c)(b-c)’ +(b+e-a)(c—a)’ 20 (3) 


72 Inequality Proof by Analysis of Sum of Squares (S.O.S) 


Letting S, =a+b-—c;8,=b+c-a;S,=c+a-—b 

=> $,+S, =2b>0;8,+S, =2c>0;8,+S, =2a>0. Beside, we have: 

SS, +5,S8. +88, =(a+b-c)(b+c-a)+(b+c-a)\le+a—b)+(ct+a-—b)(a+b-c) 
= a? -(b-c)” +b? -(c-a)’ +c? —(a—b)’ =2(ab + be + ca) - (a? +b? +7) 

= 4ab—(at+b—c)’ =(2Vab +a4+b—c)(2Vab —a—b +c) 

= (Va + Vb + Ve)(Va + vo - ve) (Vb + Ve - Va) (Ve + Va - vo) 

Since Ja,Vb,Vc are length of sides of a triangle, it follows S,S,+85,S.+5.S,>0. 


Using Proposition 5 we have (3) is true => (2) is true > (1) is true. 


Problem 9. (Vasile Cirtoaje) Letting that a, b, c are the length of 3 sides of a triangle. 


Prove that 3(44+24£)>2(24642)43 (1) 
b cioa c boa 


Proof 


The inequality (1) = 3(a2ce+b?atc7b) >2(b2c+c7a t+ a2b) + 3abce 
S 3[ (a? +b +0) -(ae+b2a+c2b) |<2[ (a +b +0) -(2b4+b2c+c?a) |+(a +b? +c?) —3abe 


= ¥)(2b+a)(a-b)’ <2) (2a+b)(a—b)" +5 (arb +e)a—b)" 


ae ae =a 
© (a—b)° (5a—5b + 3c) +(b—c)’ (5b — Se +3a) +(c —a)” (Se —5a +3b) 0 

Letting S, =5b—5c+3a;S8, =5c—5a+3b;S, =S5a—5b+3c 

WLOG suppose M in{a,b,c} <b < Max{a,b,c}. Consider 2 following possibilities: 
*c2b2a: We have S, =5c—5a+3b>0;S, +8, =8b-2a20;S8, +S, =8c—-2b20 
Using Proposition 2 we have q.e.d. 

*a>b>c: We have S,+S, +48, =18c+12b—-12a>12(c+b—a)>0 

+If ja—bl>|c—b| then c>a-—b>b-c 20>2c>b 

=> S,+S, =8c-2b>4b-2b=2b>0 > S, +28, >S,+2b=5(c-a+b)>0 

+ If |lc—b|>la—b| thenb-c>a-—b>0>2bz2a+c>a 

=> S,+S,=8b-2a>4a-2a=2a>0 > S, +28, >S, +2a=5c-3a+3b>3(c-atb)>0 


Using Proposition 6 with @ = 1 we have q.e.d. 


Problem 10. Given x, y,z>0. Prove that 


ety ter tayt yet cx2v2 (xy? +2 +yVz74+x° tax ty?) (1) 


Proof 


ox 2x2 + y? + 22) —Aay + yet 2x) 222 (my? + 2? t yz? 4x? tex? + y?)—40y + ye +2) 
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= )i(x-y)’ 29) (x 20” +27) ~x(y+2)) 


cyc cyc 


2 2 
Sy Gag Sy =a @ Y-y)?22> ey) 


cye cye JUy? +27) +y4+z cye cye Jn? + y*)+txty 


_— yy)? a) 
Using Cauchy-Schwarz inequality, we have: 255 z= ¥) < a(x y) 


eye eae & x+y 


many 
So it is suffices to prove that: Yi(x-y)? 5 a =X! ; Je- y)? 20 (2) 
x+y xT y 


cyc cyc cyc 


Letting S,=1-—~_,$, =1->, 5, =1-_, then (2) © S,(y-2) +5, (2-2)? +8,(a-y)? 20 


yee? che F x+y 


WLOG supposing x2 y2z>0, then Lene >0 


2 2 
We have x’S ey Sar by a oS og ty? 230 
y x+Z ytz 


Using Proposition 4 we have q.e.d. Equality occurs @ x=y=z. 


Problem 11. (Komal) Letting that a,b,c > 0 are satisfying abc =1. Prove that 


oe a oa [a+ a+ 4) (1) 
a bc atbte \a Bb Ja? +b? +c? 
Proof 


2 2p? b2 2 22 
The inequality (1) <> ab + be +ca-—-WE_ a Aa? 4 c 40a) 
Be ARG ln 1 
Qabe_ . 2a*b* +b*c* +c*a*) babe 


© ab+bce+ca- > ; : 5 
at+b+c a +b*+c a+b+c 


_ py2 _— b\2 6,2 = 
op y G5 Ma ete ca 709) 0 ca —b)(a? +b? +2ab—be—ca) 20 (2) 
oc atbt+ce F(a’ +b? +c’\atbtc) eye 


Letting S, =a(b? +c* +2be —ca-—ab) ; S, =b(c* +a” + 2ca—ab-—be) ; 

S.=c(a* +b? + 2ab—be-ca). Then (2) & S,(b-c)* +S,(c-a)’? +S,(a—b)* 20 
WLOG supposing a2b2c, it easily see that S,,S, 20. 

We have a’S, +b’S, =ab| (a—b)?(at+b) + 2c(a? +b? —ab)+c(a? +b?) |>0 


Using Proposition 4 we have q.e.d. 


Problem 12. (Vo Quoc Ba Can) 


2 2, 2 
Given x,y,z satisfy xy+yzt+zx=1. Prove that ~-+2- +5 -2(x? + y?+z7)> 3-2 (1) 
y VG x 
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Proof 
2 2 2 
The inequality (1) = [apt snyne|eetyte Vea eyes 
y z x 
25 Gamay es iia © Y(x-y)? ee 1 -~1/>0 (2) 
cyc y ae x+yt+zt+v3 cyc cyc y 2(x+ y+z+3) 
1 1 1 1 1 1 
Letting S$, =—+——————__ - 1; S, =— + ——————__- 1; S, =— + —————_-- 1 
z 2(x+ y+z+3) ae: 2(x+ y+z+3) ate 2(x+y+z+3) 


Now, the inequality (2) = S,(y—z)? +S, (z-x)? +S (x-y)? 20 


We have 5-38, 48 oo eee 3 3 


x Y & 2(x+ y+z+v3) 


xy + Zt 2X 3 1 3 
= =o = =o 
xXYs 2(x+y+z+3) xXYS 2(x+y+z+~3) 
ae ee ee ee a 
(xy + yet zx)? 2(x+y+z+3) 2(x+y+z+3) 
: 1 
Letting f= , we have: 
2(x+y+z+3) 
SS, +S, S_+S_S =(1+4-1) fe hata (pp Let (:+4-1)+(r+4-1)(r+4-1) 
x~y yz bares x y y Zz Zz x 
=377+2(L+tet slr +4 af lala t yes 
x y z xy VZ ZX x yo -Z 
>—+—+ +—=+ 


1 1 = 3 1 p [rg Att 
XY YS xX z XYZ 


x+y+z+3xyz-2 


We will prove 2O0@eaxt+ yt+z4+3xyz-220 (3) 


XYZ 


If x+y+z22 then (3) is obviously true. 


If x+ y+z<2, letting p=xt+y+z> 2> p23. 
: ; ; 4p- a 
Now using Schur inequality, we have: xyz = eager Pe Hence: 


4p-p* _-p*+7p-6 _(2-pip~I(p +3) 
3 3 3 
Sa eS 
Thus we have , SO S(y-2z)” +5 (2x) +S (x-y)? 20 => (q.e.d) 
S Sy ts, 5,455. >0 


pt+3xyz-22p-24+ >0 => (3) is true 


Equality occurs @ x=y=zZ= 1 


3 
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Problem 13. (Nguyen Van Thach) 


2 2 2 4 4 4 
Given a,b,c >0. Prove that Aree rips [eee (1) 
b Cc a a’ +b*+c 


Proof 


4 4 

: : a a*b > Xa" +b’ +e ) 

The inequality (1)= >) —+42 ———oe 
‘ 2 2 ire Cc be 


oS (S40 20" }+25(£2 +He—20b» [ae re fe eee a2) 


cyc cye +b? + c cyc cyc cyc 


3) \(a—b)*(a+b)” 


2 
2b, cyc 
2 ia- ny'(S+ i +2>)(c-a)* ~#——.——- + }}(a-b)’ & YS, (a-b)* 20 
cyc cyc a + b ate c cyc cyc 
2 2 2 2 
pie ae oe 2 ee 
Cc c b a+b +c a a c a°t+b*+t+e 


a’ 2a 2c 3(at+b)* 
= 
be 8b a gh Het 


Obviously, we just need to consider inequality in case a=b2c>0 


* Case 1. b—c2=a-—b © 2(b-c) 2za-c & 2b=atc. We have: 


a’ b> 4a 2b 2 3(a+b)? +3(b+c)’ 
+ + 4 4 


S +S. =— 
UAE) A cane | a’ +b? +c? 
2 2; 2 2 
obey g fb Seth sore 
De reap a a’ +b? +c 
519 3a tb)? +340)? _ Ta? + 4b? + 7c? —6ab-6be , 9 
a’ +b? +7 ab te 
2 2 
S oe ee es a ae ee 


Cc Cc b oa a Cc a+b? +c? 


(atc)? +340)? _3L@a- b)? +(b- Zee 
a’ +b? +c? a? +b? +¢7) 


Ac? 1 2a b? 3(b+c)? +12 2 
a ee i = ae, 

a a ecb e¢ a’ +b°+c 

4de_,, 8c 5a... 5° 2a 3b+e)* +12a+e)’ 


2=——1+—+—+5+ oso 
a a c Cc b a’ +b°+c 


3(b+c)? +12(atc)’ _ 10a* +19b? + 7c* —24ac —6be 


2 22—- 2 2 2 2 
a +b°+c GLb ee 


20 
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de” 10c , 10b 4a b*  a®  3(b+e)" +12(a +c)" +3(a +b)’ 


a’ a Cc bi oe © hy? a+b? +c? 


_ 3(b+c)? +12(atc)* +3(a +b)” 


> 26 
a+b? +c? 


_ lla* + 20b* +1 1c? — 24ab Li 
ah +e? 7 
If S, 20 then we have )’S(a—b)* >(S,+S,)(a-b)’ 20 


cye 


If S,<0,S,20 then 5°S(a—b)’ >(S,+4S,)(b-c)” 20 


cyc 


If S,,S,<0 then )°S,(a—b)’ >(S,+48,+S,)(b-c)* 20 


cyc 


* Case 2. a~b2b-—c. We will prove S, 20 


2 2 
Indeed, consider the function f(c)=S, = —_ + ee + ae a ees 
b b a a-+b*+t+c 


Clearly, this function is increasing with C, so 


2a_3(a+b)” ._ 3(a+b)* _ Sa” +5b* -6ab, | 
b a+b? a> +b? a’ +b° 


2 
+If 2b<a,wehave: f(c)> f(0)= - + 


2 2 
+If 2b>a, we have: Mo)? fQb-a) = 254 BS pee Co 


boa 2a? +5b? —4ab — 


Thus S,,S. 20.Soif S, 20 then we right have q.e.d. 
Consider case S, <0, we have: 


9 os 22 gt ee Oat bao) 


a a cc b ah ee 
2 2 2 2 
Re apt ay ee eS) sete) Sip ee) ewe) >0 
a c b a +b°+c a +b’ +c 


2 ‘ - : 
S.+2S, eee 4 ee Le Ca 
a a oc bb a” +b +c 


2/2 +6)c 2 2 2 2 
lf 274 0g 4g Gt 9 +3(a+b) > 13,6 —- 0 t9) +3(a+b) 


>0 
a cb ai +b? +c? a’ +b? +c? 


=> >'S.(a—b)’ 2 (S,+25,)(b-c)’ +(S, +25, )(a-b)” 20 


cyc 


The inequality is proven. Equality occurs @ a=b=c. 
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Problem 14. (Nguyen Van Thach) 


ab @ a’ —-ab+b? b?-be+c? Cc? -cat+a’ 
22 + + 


Prove that + + 
b a+b bt+c cta 


, Va,b,c>0 (1) 
Cc a 


Proof 


2 2 5 
—ab+b b 
The inequality (1) = ES -resoea| Ds a ~ ett) 
at 


cyc cyc 


(a—b)” 3 —(a-b)” ee ee 
oe b 252 +b oo a | saan)? 


Letting ee eee ees ee 
c 2b+c) a 2(ct+a) —  b 2atb) 


WLOG we just need to consider the case d2b2c. Then we have S,,S, 20. 
So if S, 20 then we right have q.e.d. 


3 1 3 3 3 3 3 
+—— > - +—- > 
atc c 2(b+c) atc atc 4c 2(b+c) 


Consider S, <0, we have: S$, +25, = an 
a 


i OG ge a, 8 
. a b ate 2at+b) 


+ Case 1. b—c2>a-b & 2W%(b-c)2z=a-c eS 2bzat+c 


Welnen ate =e >2(441)4- Beis 
ac ate 2Abtce) 3\a cl 3a 3¢ ate at3c 


2 2 
+1 
2-9 AG J. . 


~ 3(a+c) at3c at+c at+3c 


>0.Then )'S(a—b)* 2(S, +48, )(b-c)? 20 


cyc 

* Case 2. b-cSa-—b@a+c22b. Letting f(c)=S,+28S,. Clearly, f(c) is increasing, so 
2B Min 9 Gab 9 2a SUED" 

b 2at+b) ab 2atb) 2ab(a+b) 


Hip hse hen OS fOpad sos as . as 2 =0 
a 2b b 2at+b) a a 22at+a 


+ If 2b<a then f(c)= f(0)= 


Thus f(c) = 0, so we have: )°S,(a—b)* 2(S, +25, )(b-c)? +(S, +28, (a—b)’ = 0 


The inequality is proven. Equality occurs @ a=b=c. 

Comment: We can see the use of S.O.S principle in solving three variables inequality, but 
what about multi-variable ones? In fact, S.O.S proves to have little help, but we still can 
apply it in many cases, and it is usually accompanied by the induction principle and mixing 


variables technique. Let’s consider some examples to clarify this problem. 
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Problem 15 (Vasile Cirtoaje) 


Giving n positive real numbers a,,qa,,...,a, Satisfying a,+a,+...ta, =n. Prove that: 


m(z il eye 12 An Day? bay? aka) mn—2)" (1) 
a 


n 


Proof 


We will prove the inequality by induction. And here we just consider the most complex part, 
that is proving the inequality with n+1 numbers when we already knew that it is true with n 


or less than n numbers. 


Firstly, notice that the inequality is equivalent to: 


n?(—+—+...4+ 1 n(n)? (a,t+..ta,)° 24(n-Dn?(a,’ +...44,”) 
a 


n 


So if the inequality is true for a, +...+a, =n then it is also true for a, +...+a, <n. 
Letting f (a,,a,,...a,)= LHS — RHS . 


WLOG supposing a, = MAK { a, 455054, }. We have: 


2 
=n [da 1 = n2 re, 
a, a, a,t..+a, er 
: (a,-a,)? Gare 
E oo ae aaa -4°(a, -a,) (2) 


iGo sca) aa, = aa, 


However, we have already had the inequality is true with n variables: 


Marra) A(n-2)(a,? +...44,7) + (n—-1(n-3)? 
a, a 


n 


y? 
e(n py a — Ya, a,)° aS i)’ J a) >4) (a, -a,) 
Ry 


(a, =a): 


aa. 
red 


Clearl n ad so ne ». -4)\(a =a.) 20 
i : fe 


-1 n—-2 n-l 
Therefore, we only have to prove that f(a,d,..,d)20,a+(n-Id=n. This is not so 


difficult and you can easily find out the answers. The application technique is also the 


performance of S.O.S. 
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Problem 16 (Vasile Cirtoaje) 


Given n positive real numbers a,,d,,...,a,,. Prove that 


n n | ere | 1 
a," +..ta,"+n(n-I)a,...a, 2 4a,...a,(a,+...+a,)| —+—F+...4 
a, a, a 


Proof 


The proof below uses Suranyi inequality: 


1 1 
(n-1(a} +...ta")- >a, (ar aka, )2a? +...44" —na,...a 


n 


We will again prove the inequality by induction. And here we just consider the most complex 
part, that is proving the inequality with n+1 numbers when we already knew that it is true 


with n or less than n numbers. 


The inequality = (a? +..4+a" —na,a,...a,) 2 ,..d, C tatay(Lebeneh)-n| 


© (a) +...+a" —na,a,...a,)2 d;..8 ; 


Now, we will transform the expression a; Peck —na,...a, into the form of S.O.S. This can 


n-l 


be easily carried out via intermediary expression via, (a? seat a”) . We have: 
n n 
(n4-D(@/ +s.4G, —nG 45.0.) 


=(n-I1)(a} +..4a")- aay" +..4a" +>) a, [ a? teach a ~(n-Na)....4, | 


(a,-a ) 
i 
2a," +..+a," —na,..a, +(n —2)>°a,...4, a 
mi 
(a; =a,)" 


n n 
>a, +..+a, —nd,da,..d, >) 4...4, 
aa, 


=,4,...4,, [ nas az ee +L] (q.e.d) 
a a, 


1 
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ABSTRACT CONCRETENESS METHOD 


I. The basis of ABC method 


When using derivative to prove multi-variable inequality, there is one notable technique that 
is to investigate the function with one variable while the others are considered as parameters. 
However, if difficulties raised when we apply this technique to the symmetrical three-variable 
a, b, c, we should transform it into f(a,b,c) which only contains a+b+c, ab+bc+ca and abc. 
Then, we investigate the function with variable abc and 2 parameters a+b+c and ab+bc+ca 
follow variable abc with 2 parameters a+tb+c and ab+bc+ca. This is the basis of ABC 
method. First of all, we will find the domain of abc in the following statements: 


1. Clause 1. Assume me | -co, -3 | U| V3, +2 | and real numbers a, b, c satisfying 


. . (6-2m?) xX, +m (6-2m?) xX, +m 
. Then the domain of abc is ; 


ab+bc+ca=1 
9 9 


at+b+c=m 


2. Clause 2. Assume me bai, oo | and nonnegative real numbers a, b, c satisfying 


Se tm 


then the domain of abc is Mx fo 9 : 9 


ab+bc+ca=1 

‘ +b+c=m 
Proof 

Consider the equation: X 3 _mX? +X -—abce=0 (1) 

Then two request from two clauses < Find the condition of abc such that 


i) Clause 1: Equation (1) has three real roots. 


ii) Clause 2: Equation (1) has three nonnegative roots. 


Take f(X)=X?—mX?4+X-abe => f’(X)=3X? -2mxX +1 


2 2 
We have: f’'(X)=06 ee rn Sey aap las = => Variation table 
xX —oo Xx, Xx, ++ co 
f'(X® + 0 — 0 + 
f(X,)20 mm —(2m? -6) x m—(2m? —6) X 
i) (1) has three real roots = S 2 <abce< LQ) 
f(X,)<0 ° : 


: : (6-2m?)X, +m (6-2m?) X,+m 
So the domain of abc is ; : 5 
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ii) Notice that if abc 2>0,a+b+c20, ab+bc+caz=0 then a,b,c=0. 


Hence (1) has three nonnegative real numbers <— abc must satisfy (2) and abc 2 0. 


m—(2m? —6)X, 
9 


m—(2m? -6) X, 
ee an <abc< 


<= Max fo 


. é (6-2m?)X,+m (6—2m?) X,+m 
And the domain of abc is | Max ———95- ._——<—9-——* 
Note: « Assume that a+b+c=me | -co, -/3 ] U| V3, +00 | are constructed from the equality 


ab+bc+ca=1 and the inequality (a+ b+ c) >3(ab+bce+ca)=3 or can be explained from 


the condition f(x) has three real roots then f’(X)=3X 7 —2mX +1=0 should have solutions, 


or A’=m? -320 © me | -,-v3 | U[V3, + | 


¢ From clause 1 we can find out a important result is that instead of using the set (a,b,c) with 


a,b,c€; to represent every expression in ; °* satisfying ab+bc+ca=1, we can use the set 


(a+b+c,ab+bc+ca,abc) with the condition 


a+b+c=me ee aioe and abce 


> 


ee ees See 
9 9 


* From clause | we can find out a important result is that instead of using the set (a,b,c) with 


3 


a,b,cé j; to represent every expression in j satisfying ab+bc+ca=1, we can use the set 


(a+b+c,ab+bc+ca,abc) with the condition 


(6-2m?) x (6-2m*) x 
avd LOLS] aie wae, a Mo 


3. Clause 3. For every set (agsbise,) ej; ° there exist (Baskoedo )senstotey es > such that 
Ghd, FO e aX ERE 5 = Sy eo eG 
G06 FD Cy ARC ay = XX PKG Me tT Vo ke:= 2 so Satan tose 
XpXyVq SApdo lg FZ Zolo 
The equality occurs if and only if (a, —b,) (by ~C,) (co ~ay) =0. 
Proof 


Firstly we will prove the clause for all real set (a).b .€o) satisfy a, +b) +c, =m 


and d by) + bycy + Coa) =1. According to clause 1 we have: 


(6-2m?)X, +m 
eer = Sadyboey 


(6-2m?)X, +m _ 
9 
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We will consider when a,b,c, get its edge then what is the shape of a),b),c,y ? 


Assume that a,b c) = s. Consider the equation f (X)=X?-mx?4+X-s=0 (1) 


= Poi fe 0 
We have: f’(X)=3X* —2mX +1 has two solutions: x,=" x a eed > 3 


In the other hands, f(%) =0, f'(X,)=0 then the equation f (xX) =0 must have double roots X,, 
we will call the double roots is x,,x,) and another root is yy. 

Ay Pky Pata ay Hb 
Using Viet Theorem we have: 4 x,xX) +X9¥q + VoXp =lL=Aydy +g Cy + Cpa 

Khe VecHs SA gh Ca 
¢ When a,b,c. =S, apply the same argument we can prove the existing of (25 2at, 
So we have proved the clause in the case that a) +b, +c) =m and dyby + bycy + Cay = 1. 
Using the same ideas, the reader can have a proof for the existing in the case: a, +b, +c) =m 
and dyby + boc y +C)4) =—1. Now let assume that a)+b,+c)=M and dyby + bycy +eyay = tN , 


we will prove the existing of the set (xe Ve) and Canara) . Indeed, 


b, CLO er 


= , . “9 satisfying 
vinl Vint vin | 


ae 
vinl 


consider the numbers (a,,),,c,) -( 
a,b, +b,c,+c,a, =+1 


As the proof above (Cepeere Naor are exist , then we choose 


(9,999) =(viMlx,,viN lex, vINly, } and (<9. ost) =(ViMlz,,vIN Iz, ). Then: 
M 
Ap hay t= INI (x, me +z, )=vIMI(z, Ee PE ja 25 Peg hty = |NI-—=M =a, +b, +c, 
VIN 
XXq + XyVo + Vo% =|NICyH +41, + YX) = ZoZo + Zoto +to% =INI(z,z, + 2yt, +4,2,) =4IN| SEN 


3 


XoXo Vo =( IN) xx <( INI) a,b,c, =Ayboy =( inl) a,b,c, <( inl) ZZ 10) = ZZ lo 


oa 


3 . 
4. Clause 4. For every set (as,bo¢5 \e ; > we can find two sets (xyes Viz szase ve i 
3. 
or (0.25590 \3( Ze Z53ts) ; * such that 
Get Dy Ey = Ny EAG EN kg eg eto 
Ones Dy DiC Cia = akg Me oot Dake = coke Sore 1 tee 
XX yVo SAyd yey S ZZ olo 


The equality occurs if and only if (a, —b,) (by ~¢,) (Co ~ay) =0. 
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Gp Ogee, = OFX eg — 25 eye y 
OF VG 5D yt Dp ey City = Kos — Saco t Sole + bok 

OS a dol€y SZ yZolo 
The equality occurs if and only if a,b cy =0 . 
Comments: Clauses 3, 4 are not trivial and they are also the roots of ABC method. From these 
clauses we can deduce that every symmetric expression f (a,b,c) with variables a,b,c can be 
represented as g(A,B,C) through these three quantities: A=a+b+c; B=ab+bc+ca; C=abc. 
Hence reduce the number of variables, we can fix A,B and let C free. We hope that the function 
g achieves global optima when C reaches its boundary. However we will not need to know 


exactly when C reach its edges, we just need to know abstractly what is the shape of a,b,c ? 


This sounds like we can find optima of a one variable function without solve its derivative. 


Clauses 3, 4 will let us know about that shape of a, b, c when C reach its edge. 
5. Clause 5: 


Every symmetric polynomial f with variables a,b,c can be represented in the form of 


polynomial @ with variables abc,ab+bc+ca,at+b+c and deg @(abc) < Fdeg f. 


Remarks: The readers may understand the degrees of a polynomial with variable abc such that: 
Assume that f (a,b,c)=(a+b+c)abc+ab+bc+ca are a 4-degree polynomial with variables 
a,b,c. However when we consider it as a polynomial with variable abc, we consider a+b+c 
and ab+bc+ca are constant, say m and n. Then our polynomial can be rewritten: 


f (a,b,c) = (abc) =mabe +n which is a linear polynomial with variable abc. 


Proof 


Since every symmetric three variables polynomial a, b, c can be represented as sum of 


basic expression P(n),Q(m,n),R(m,n, p), we only need to prove the representation for 


P(n),Q(m,n),R(m,n, p). 
P(n)=a" +b" +c" 
Q(m,n)=a™b" tab + bc" +0"b" +0"a" +a"c" (m2n=p=0) 
R(m,n, p)=a"b"c? +a™bec" +b ac? +b "arc" +0" a"b? +c" arb" 

However, notice that: 

* R can be represented by Q and abc: R=(abc)’ Q(m-— p,n- p) 


* Q can be represent by P through the equality: Q = P(m) P(n)— P(m+n) 
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Therefore we only need to prove that P can be represented by abc,ab+bc+ca,a+b+c. 
We will prove this using induction: 


For n=0;n=1, the clause are trivially correct. 


Assume that we proved that P(k) can be represented as a polynomial form with variables 


abc,ab+bc+ca,atb+c,Vk <h-1. Notice that this also valid for Q(m,n) and 


R(m,n, p) Vm>n=> p2=0:m+n<h-1. Now we need to prove the representation for P(h) 
We have: P(h) = (a +b+c)P(h-1)-Q(h-1,1) 

Also: Q(h-1,1) =(ab+be+ca) P(h—2)-R(h-2,1,1). 

Hence: P(h) = (a+b+c)P(h-1)—(ab+be+ca)P(h-2)+R(h-2,11). 

On the other hand, using induction supposition, all expressions P(h—1), P(h—2), R(h—2,1,1) 
can be represented by variables abc,ab+bc+ca,a+b+t+c. 

This means that our clause also correct for k =h. 


In conclusion, our clause has been proved completely using induction. 


Property deg g(abe) < + deg f was deduced trivially, because the quantity abc has three 


degrees with variables a, b, c. Hence when we consider abc as a first degree variable then the 


degree of abc are not greater than ; the degrees of the polynomial with variables a,b,c. 


ll. ABC THEOREM 


Through two previous problems, we have enough backgrounds to take an adventure in ABC 
World, Abstract Concreteness. 


Consider f(abc,ab+bc+ca,a+b+c) asa one variable function with variable abc on jor j * 


1. First Theorem: If the function f(abc,ab +bce+ca,a+b+c) is a monotonous function 


then it gets the maximum and minimum values on ; in case (a—b)(b—c)(c—a)=0 , and on 
; * incase (a—b)(b—c)(c—a)=0 or abc=0 . 

2. Second Theorem: If the function f(abc,ab+bc+ca,a+b+c) is a convex function then 
it gets the maximum values on ; in case (a—b)(b—c)(c—a)=0, and on j; * in case 
(a—b)(b—c)(c—a)=0 or abc=0. 

3. Third Theorem: If the function f(abc,ab + bc + ca,a+b+c) is a concave function then it 
gets the minimum values on j in case (a—b)(b—c)(c—a)=0, and on j; * in case 
(a-—b)(b-—c)(c—a)=0 or abc=0. 


Remark: All of three theorems can be proved using the third and forth clauses . 
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4. Proof for the Theorems: 

We will prove the first theorem using Contradiction Proof Method. Consider 

f (abc,ab + bc +ca,a+b+c) as a monotonous function on ;_ with the only variable abc. 
WLOG we will only prove for the case f increase and get maximum value. Assume that f get 
the maximum point at (G5;Bos€p) where a,,b),c, pair-wise distinct and obtain M as 


maximum value. However there exists and triple (zis Zoot) satisfying: 
M=f (a doCy> 49% +byCo + Cy, 4yD Co ) 
< f (Zp Zoty» 4qbo +P yeg + 6y%q24 + By +Ey) =F (ZoZoto»Zo%Z + Zolo + Zalo» Zo +%Z tty) 


This contradiction is enough for us to conclude that maximum value occur only in case 


(a—b)(b-—c)(c —a) =0. Consider f (abc, ab+bc+ca,atb+ c) as a monotonous function on 


; * with the only variable abc. 


In case f increases and we must find the maximums value then it is very similar to the above 
proof. In case f increase and we must find the minimum value. Assume that f obtain the 
minimum as m at the point (acd Gs) where d,,b,,Cy pair-wise distinct and there are no 0 


value. Then at least one of two below cases happens: 
m= f (ay dy Co +490 +B, +6 Gye Gp Paces) 

>f (4% pV 222s HDC ess Gat Dy +5) =f (25 Mose th Evo Newpata taketh Yo) 
m= f (aD, C5itshp EAC rt Cty 2605) 

> f (0,ayb, pCa Cas d5D, Pea l= S(O xey ih Pt) 
This contradiction is enough for us to conclude that maximum value occur only in case 
(a—b)(b-—c)(c—a)=0 or abc =0. 
¢ The proofs for the second and the third theorem are almost similar. A reminder is that 
convex function get maximum, concave function get minimum when variable reach the edge 
5. Consequences: We can have some useful consequences from three theorems above: 
5.1. First consequence: Assume that f(a+b+c,ab+bc+ca,abc) is a linear function with 
variable abc, then f get maximum, minimum on ;_ if and only if (a—b)(b-—c)(c—a) =0, on 


; > if and only if (a—b)\(b—c)\(c—a)=0 orabc =0. 


5.2. Second consequence: Assume that f(a+b+c,ab+be+ ca,abc) is a quadratic trinomial 
with variable abc, then f get maximum on ;_ if and only if (a—b)(b—c)(c—a) =0, on j * if 
and only if (a—b)(b—c)(c—a)=0 orabc =0. 

5.3. Third consequence: All symmetric three variables polynomial which degrees less than or 
equal to 5 get maximum, minimum on ;_ if and only if (a—b)(b—c)(c—a) =0, on j * if and 
only if (a—b)(b-—c)(c— a) =0 orabc =0. 
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5.4. Fourth consequence: All symmetric three variables polynomial which degrees less than 
or equal to 8 with the nonnegative coefficient of a°b*c’ in the representation form 
f(abc,ab + bc +ca,at+b+c) get maximum, on ; if and only if (a—b)\(b—c)(c—a)=0, on 


; > if and only if (a—b)(b—c)(c—a)=0 or abc =0. 


Proof 


5.1. First consequence: Linear polynomial mx+y is a monotonic function. Therefore 


according to the first theorem, the linear function f(a+b+c,ab+bc+ca,abc) ,which is 
also a monotonous function is a linear polynomial get maximum, minimum on ;_ if and only 


if (a—b)(b-c)(c—a) =0, on ; * if and only if (a—b)(b-c)(c—a) =0 orabc =0. 


5.2. 2” consequence: Quadratic trinomial with non-negative coefficient mx? +nx+p isa 
convex function on a continuous region. Therefore according to the second theorem, the 
function f(a+b+c,ab+bc+ca,abc) is a quadratic trinomial with variable abc with the 
non-negative coefficient also a convex function get maximum on j if and only if 
(a—b)(b—c)(c—a) =0, on ; * if and only if (a—b)\(b-c)(c—a) =0 orabc =0. 

5.3. 3’ consequence: According to the fifth clause, symmetric polynomial with three 
variables a,b,c whose degree are less than or equal to 5 can be represented as a polynomial 


f(a+b+c,ab+be+ca,abc) which is 1-degree polynomial with variable abc (since 


deg g(abe) < + deg f =2 then deg @(abc)=1). Therefore according to the first consequence, 


the polynomial gets maximum, minimum on ;_ if and only if (a—b)(b—c)\(c—a) =0, on j * 
if and only if (a—b)(b—c)(c—a)=0 or abc=0. 

5.4. 4" consequence: According to the fifth clause, symmetric polynomial with three 
variables a,b,c of which degree are less than or equal to 8 can be represented as a quadratic 
trinomial f(a+b+c,ab+be+ ca,abc) with variable abc (since deg @(abc)< 5 deg fe =¢ 


then deg @(abc)=2). Otherwise the coefficient of a’b’c’ is nonnegative then according to 


the second consequence , the polynomial get maximum on j if and only if 


(a—b)(b—c)(c—a) =0, on ; * if and only if (a—b)\(b-c)(c—a) =0 orabc =0. 


6. Remarks: Almost inequalities can be represented as a symmetric three variables 
polynomial; therefore four consequences above are really useful in many cases. 


7. Some addition equalities and bonus conditions 


Take a=x+y+z,b=xy+ yz+xz,c = xyz. Then we have: 
TA. x? +y? +77 =a’-2b 


7.2. xt+yi+z% =a? —3ab+3c 


Diamonds in mathematical inequalities 87 


7.3. xi +y*4+z4 =a‘' —4a7b+ 2b? + 4ac 
7.4. e+y?+2> =a? —5a°b+5ab* +5a’c—5be 
7.5. x°+y°+z° =a° —6a‘b+6a°c+9a’b’ —12abe +3c? —2b° 


76. x'+y'+z' =a’ —7a°b+14a*b? + Ta*c? —Tb2a—21a*be + 7cb* +7ac? 


7.7. (xy) +(yz) + (zx) =b? -2ac 

7.8. (xy) +(yz)’? + (zx)? =b? —3abe + 3c? 

7.9. (xy)* +(yz)* + (zx)* = b* —4b?ac + 2a7c? +4c7b 

7.10. (xy) +(yz)’ +(zx) = b> —Sab*c+5a7bc? +5b°c? —Sac* 


( 
TAL. xy(x+ y)+ ye(y t+. z)+ 2x(z +x) = ab-3c 


7.12. xy(x? + y?)+ yzly? +27)+ x2? +27) = ab - 2b? -ac 
TAS AX y(x? +y?)+ ye(y? +. 2°) + 2x(z? +x°) = a*b—-3ab’ —a’c +5be 
7.14. xy? (x+ y)ty?2?(y+z)427x?(z+x) = ab? —2a°c —be 


7.15. x y*(x+ y)t y223(y + z)4 22x3(z+ x) = ab? —3a°be + 5ac? — cb? 


7.16. 


3 


(x?y4y 24-27 x\lxy? tye +zr)= 9c? + (a? -6ab)e +b° 

7.7. (byt yizt 2x) (xy? + yz3 + x3) =7a2c? + (a> —5a3b + ab? )co+b* 
( 
( 


7.18. (x? y? + y%z74+.273x 2Vx2y3 4 yz 4 22x3) sate? +.a7be? +7b2c? +b* —5bac 


xtyty*c+z'x)(xyt + yet t+ ex*)= 


7.19. 
=b° —12ab*c -16a*be* + 13b*c* + ca’ —Tca°b + 14ca*b* + Ta*c? 
7.20. The 3-degree equation u* —au* +bu—c=0 has real roots x, y,z 
> -27c? + (18ab- 4a*)c+a7b? —4b>>0 (1) 


7.21. The 3-degree equation u* — au” +bu—c=0 has positive real roots x,y,z >0 


Jie +(18ab — 4a3)c+a?b? ~4b? >0 
SS 
a>0,b>0,c>0 


7.22. The 3-degree equation u* — au” +bu—c=0 has roots x, y,z which are length of sides of 
-27c? + (18ab- 4a3)c +a*b? —4b3 20 
a triangle = )a*—4ab+8c>0. 


a>0,b>0,c>0 
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Now we will go through some specifies examples: 


Problem 1 [Nguyen Anh Cuong] Give a,b,c > 0. Prove that: 


2 
3 3 3 2 2 2 
1. wid : 28 eee (1) 2,2 +b> +c rta(¢ +b + (2) 
a t+b>+c 3 a +b’ +c 4abc 4 ab+act+bce 
Solution 


Ls P=abe(a* +b? +07) +2(a’ +b? +e) —(a? +b* +0*)(ab + be + ca) 20 


P has third degrees so it will get the minimum values when (a—b)(b—c)(c—a)=0 or abc =0. 


¢ In case (a—b)(b—c)(c—a) =0, assume that a=c , the inequality is equivalent to: 


*b 2_ a?’ +2ab 1 2atb 
OP pip FFP 2 (a-p)’ a? —/>0 (a—b)* (a+b) 20. 
2a’ +b 3. 2a +b 


2a° +b? 3(2a3 +55) 
¢ In case abc =0, assume that c=0, the inequality is equivalent to: 


25 ab 


525 ar a’ +b? +3(a—b) 20. 
ait 


2. Notice that we can transform (2) to a 7-degree symmetric polynomial with variables a, b, c but 
it is only a 1-degree polynomial with variable abc, therefore according to the 1% consequence, 
we just need to consider two cases: 


¢ In the case (a—b)(b—c)(c—a) =0, assume that a =c the inequality is equivalent to: 
373 eS 2G a3 Pagans 
2a* +b +22 (24 +b o(% +b -2)2(24 +b of 
4a“b 4 \a° +2ab 4a°b 4 a’ +2ab 
(a—b)° (2a +b) — (a—b)’ (3a? +b? + 2ab) 
ot 2 2 2 
4a“b (a? +2ab) 


¢ In the case abc =0, the inequality is trivially correct. 


= (a-b)’|((2b-a)? +a?) |>0 


(a+b) (b+c)” (ct+a)?| 4 
(Iran Olympiad 1996) 


Problem 2. Give a,b,c > 0. Prove that: (ab+be-+ea)| a le (1) 


Solution 


Transform (1) to a 6-degrees symmetric polynomial with a, b, c and a 2-degrees polynomial 
with variable abc and positive coefficient: 


f(at+tb+c,ab+bc+ca,abc) = 
9[(a+b)(b+c)(c+a)]’ —4(ab+bc+ca)| (a+b)? (b+)? +(b4+c)’(e4+a)’ +(c+a)* (a+b) | 
=m(abc)* +nabc + p(m20)<0 


in which m,n, p are quantities containing constant or a+b+c,ab+bc+ca which we also consider 


as constant. 
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We can give more detail for this as following: (a+b)(b+c)(c+a) has the form mabc+n so 


9[(a+b\(b+c\(c +a)]” has the form m?(abc)* +nabe+ p. 


4(ab+be+ca)| (a+b)? (b+c) +(b+ce)’(c+a) +(e+a)" (a+b)? |=4mA where m=ab+bc+ca 


are considered as constant, A is a 4 degrees polynomial so its form is also mabc+n. 
Therefore the expression (*) has the mentioned form. 


Then the LHS function gets the maximum value only in the case (a—b)(b—c)(c—a) =0 or abc=0 


¢ In the case (a—b)(b—c)(c—a) =0, assume that a =c the inequality is equivalent to 


(a? +24b)/ _ e |ppata-o"| eae : 7204 dla-Hy" 20 
4a (a+b) 4 2a(a+b) (a+b) 


¢ In the case abc =0, assume that c = 0, the inequality is equivalent to 


ol i >t 4 i] geote-t)"| Et] zea 0)" (4a? +? +7ab) 20 
(a+b) ab 4 ab 4(a+b) 


Following is some another example that we can not use ABC Theorem or its consequences 


directly until we have some algebraic transformation. 


Problem 3. Given a,b,c > 0 satisfying a7 +b* +c’ =1. Prove that: 


a b Cc 
3 3 3 
a t+tbc b> +ac c>+ab 


>3 1) 


(Russia Olympiad 2005) 


Solution 
Comments: If we transform (1) to a symmetric polynomial then we will obtain a nine degrees 
polynomial with variable a, b, c; and third degrees with variable abc. These cases are not in 


our consequences. 


Therefore we should have some algebraic transformation before think of ABC. 


b 1 1 1 
pie pee as de anes t ns >3 (2) 
a b Cc xXy+Z yeotrx wty 


Transform (2) to a second degrees polynomial with variable xyz with the coefficient for xyz’ 


is non-negative. We just need to consider two cases as usual. 


Case 1: x=z. Then (2)@ >3 then Ixy +x? =1. 


oe 
wha oo ey 


1-x? 


Replace y by 


then we must prove that! ————— + ———~ 33, Vxe [0;1]. 


This is no longer too difficult with Fermat Theorem. 
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Case 2: z= 0. Then (2) & area where xy=1. 


XV XY 


Wetiwe 2 j j ee z 


[2 
> > —+-+—2—4+ = 
x y xy wo x y xy shy 


Problem 4 [Nguyen Anh Cuong] Give positive real numbers x, y, z. Prove that 


| x'ty*+z4 Pees 
a 


xy ee +27x 


>14+ 2 (1) 


x+y? +z 


Solution 
For this problem, thinking about transform it to a polynomial is really a problem. 
In this case we should forget about the consequences and apply theorems for it. 


As usual denote that a=x+ y+z,b=xy+ yz+ zx,c = xyz, use the equality mentioned on 


4 2 2 
—2a°b+2b° +4 | 2b 
previous part to transform our inequality to : i: go Lan mae 2>1+V2 
Ac 


b? —2ac 


The function with variable c is simple a monotonous one. According to the first theorem, its 


minimum occurs only in cases (a—b)(b—c)(c—a)=0 or abc=0 . 


bx? + y* a 42 
Case 1: x=z. Then (1) |"? — + (! ) x14 (2) 
x” +2x"y 2x°+y 


We can assume that x =1 because of its homogeneous property, then 


Qe y' +2 -1> a PO). (y (y?-1)° > v2(y-1) 
2y? +1 5 ee en +14 y(y4 +2)(2y? +1) y? 4 2+y(y? +2)(2y+1) 


Notice some evaluation: 


(v4 +2)(2y? +1) <V2y? +2 >2y’ +14 (94 £2) (Dy? #1) S 2y* 41 dy? 442 


(v2 +2)(2y +1) 2 y+V2 => y? +24 (y? +2)(2y+1) zy? +y4+24+V2 


So it suffices to prove that: 


(y+1)° V2 4,23 2 
oT i eS ey hy? + G42) lb oy) 20 
J2y ey? +4241. yo? tye en? ( ) 


4 4 
2 
Case 2: 2=0. Then (1) [== + | 214+ V2 (2) 
x y XxX +y 
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Dons Ace 
x” + + 
We have: at yt Et) 59,252 => {27% 


2 2 
+ 

ax2y? a y >1, therefore: 

xy xy 


4,4 2,2 
LHS (2) >(V2 -1) | A ory salar ae SIDA) ale ee Siceds 
2x7 y 2xy x+y 2xy 


Problem 5. Given a,b,ce; and a? +b? +c? =2. Prove that: la? +b° +c? —abe|<2V2 


(Mongolia MO 1991) 


Proof 


The expression given is not a normal polynomial. We have two choices in this case; prove 
two inequalities or take its square. In this part I will square it since it is still valid for ABC 
Theorem. Indeed the polynomial obtained after squaring is a six degrees polynomial with 


positive coefficient for a°b*c*” and we must find its maximum. According to ABC, we refer 
to two cases: 


Case 1: (a—b)(b-—c)(c—a)=0 
Given x, y: x? +2y? =2. Prove that: |x? +2y? — xy?|<2V2 (1) 
2 3 
We have (1) = (x° +2y?-xy*) <(x?+2y?)° (2) 
If y=0 then we have the equality. 
orks < 6 x 3 2 2 3 
When y #0, divide two sides for y’ and replace = by ¢, then (2) & (Pp ogro) 2th 49) 
y 
2 2 3 
We have: (#3 -14+2) <(#?42) =1° +402 4+2<1° +.6¢4 +1217 +8=(1? +2) 


Case 2: abc =0 


Give x, y: x° + y’ =2. Prove that: \x° + y?|<2V2 


Indeed, we have: Ix? +y le i(x4 +y*) (ae +y") < (x? +y7) 


Problem 6 [Nguyen Anh Cuong] 


Given non-negative numbers a,b,c satisfying a+b+c=2. Prove that: 


O0< Va2b+b?c+c2a +Vab? +bce? +ca* <2 


Solution 
These are no longer polynomial, and to transform it to polynomial is really a problem. 


There are no better way in mind, square it and see: 


a’b+b*c+c’atab’ +bc? +ca* 4 2f(a2b + b2c + 2a) (ab? +bce* +ca?) <4 (1) 
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Still not a polynomial, we can transform to a polynomial in the next square step but our 


polynomial has too big degrees already. 


Try to transform it with A=a+b+c=2,B=ab+bc+ca,C=abc: 


(1) <> 2B-3C +29C? + (8—-12B)C + B? <4 @ 2,/9C? + (8-12B)C + B <4—-2B43C 


= 4(9C? +(8-12B)C + B*)<(4-2B+3C)° =9C” + 6(4-2B)C + (4-2B)’ 
€ 27C’ + (8—36B)C +4B* —(4-2B)’ <0 


Not it is very nice to apply ABC already, the function with variable C is convex and we are 


finding its maximum value. As usual consider two cases: 

Case 1: (a—b)(b—c)(c—a)=0 

Given x,y 20 satisfying 2x+ y=2. Prove that 2x?+x°?y+xy* <2 
o> x3 4x7 (2-2x)4+x(2-2x)’ <1, Vre [0;1] 

© (x -1) (3x? —3x+1) <0, Vre [0:1] 3x? —3x 4120, Vxe [0:1] 
Case 2: abc =0 


Given x,y20 satisfying: x+ y=2. Prove that: jx 3 + «J XY" <2 


We have: Ux?y + ry? = vay (Ve + fy) s 2(x+y)=2 


Proposed Problem 


Problem 7. Give non-negative numbers a, b, c satisfying: xy + yz+zx=1. 
Prove that: xy + JfyztvVax< 2+ 2x2 


Problem 8. Give positive numbers a,b,c. Prove that: 


1 1 1 6 
2 og are 25 2 2 
2a°+be 2b°+ca 2c’ +ab ao t+b’+co +ab+bct+ca 


Problem 9. [Darij Grinberg- Old and New Inequality] 


Give a,b,c as positive numbers. Prove that: 


a b Cc 9 
ras at a 
(b+c) (c+a) (a+b) 4(at+tb+c) 
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Problem 10. [Mircea Lascu — Old and New Inequality] 


Give a,b,c as positive numbers. Prove that: 


b+c,cta,atbsy ay b 4_€ 
a b C b+c cta atb 


Problem 11. [Vietnam TST, 1996] 


Prove this inequality for all real numbers a,b,c 
(a+b)? +(b+c)* +(c+a)" 2 F(a" +b*+c*) 


Problem 12. [Nguyen Anh Cuong] Give positive a,b,c . Prove that 


>V64+2 


jo? b+c cta (ees 
+ + +2 


Cc a b @ eh? he 


Problem 13. [Russia MO] Assume that x, y,z are positive numbers of which sum is 3. 
Prove that: x+y +vz2ayt yet 
Problem 14. [Vasile Cirtoaje] Give a, b,c >0 and a* +b* +c? =3. Prove that: 
(2-ab)(2—be)(2-ca) 21 


Problem 15. [Nguyen Anh Cuong] 


Give non-negative numbers x,y,z: x+ y+z=2. Prove that: 


O< Je ytyizt cox tfxy? + yz? rae? 29 
Problem 16. [Nguyen Anh Cuong] Give a,b,c2>0 anda’ +b’ +c’ =1. 


be ca ab > 5 


Prove that: ot. rok ; 
a-a b-b c-c 2 
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Ill. ABC EXTRA 
As you have seen in previous part, almost the evaluation of ABC based on abc. Therefore if 
the problems come with a condition with abc then it is really a problem with ABC. We will 


consider some problems having this condition and try to solve it with ABC. 


A trick we might use is that we can destroy the condition in many ways and refer to a 


homogeneous inequality. And then we can think of using ABC, specified in this problems. 


Problem 1 (Vasile Cirtoaje, MS, 2006) 


Given positive numbers a,b,c satisfying abc =1. Prove that: 


a? +b? +07 +622 atb+ct+tytyl) (1) 
2 a boc 


Proof 


The inequality (1) a’ +b? +c’ +623 (a+b +c+ab+be +ca) 


> 2atbt+c) +12>3(at+b+c)+7(ab+bet+ca) (2) 


2 2 2 
There exits positive numbers x, y,z such that a= es b= y C= 4 ; 
ye gx xy 

+yee3 2 3(x3 + y3 +23) y+ yeh 4 23x) 

Then (2) <> 2) —————|_ +122 —____—_ +7 .—>_~—_, 
Aye XYZ Cah ae 


2 
S 2(x? + a + z°) +12x? y*z? >3(x? + y? +2) xyz+7(x3y? + yz? 42x) (3) 
Because of homogeneous property (3), we can assume that x+ y+ z=lxy+yz+w=v,xyz=w 
We have: x? + y?4+z?=1-3v4+3w; xy? +y%z34+23x3 =v? —30w4+3w? 
Then (3) <> 2(1—3v+3w)” +12w? >3(1—3v + 3w) w+7(v3 —3vw+ 3w?) 
© 2(1-3v)? +9(1-3v) w+7(v3 —3vw) 20 

The first degrees polynomial with variable w, good condition for ABC - Theorem for (3). 
Case 1: z=0,y=1 

. ‘ * : 3 2 3 3 7 3 
The inequality (3) is equivalent to: 2(x3 +1) 27x? © 2(x3-1) +720 
Case 2: y=z=1 

‘ a ‘ * 3 2 2 3 3 
The inequality (3) is equivalent to: 2(x3 +2) 412x? >3(x? +.2)x4+7(2x7 +1) 


> 2x —3x4 — 6x3 412x? —6x 41206 (2x4 +43 43x? —4x 41) (x-1) 20 
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Problem 2. Given a,b,c = 0 satisfying: ab+bc+ca+abc=4. 


Prove that: Aili lsgspse (1) 
abe 
Proof 
There exits x, y,z such that: a= ae b= 2y ,c= Zs 
y+z x+2Zz x+y 


+ + + 
Then (1) becomes: x La sere: f54 cs + y + ss 
z y x ytz x+zZ x+y 


Because of homogeneous property we can assume that x+ y+z=lLxy+ yz+2x=v, xyz =W 


and rewrite inequality as: a Fe eT ae eee ee Sees 
Zz y x l-x I-y 1-z 
| xy -z)+xz(1-y) + yz(1- x) || -x)(1- y)G-2) | 
> Axyz| x(1- y)(l-z)+ y-z)-x)+z(1-x)(1-y) | 
© (v-3w)(v—w) = 4w(— 20 +3w) 6 Ow? +4(1-v) w-v? <0 
We can apply ABC now, consider two cases: 
In case z = 0, the inequality is trivially correct. 


In case y=z=1 (we can consider them as one because of homogeneous property): 


2x41) + 234(24 2) eo rule 4 2x4 28x 20-1)? >0 
x 2 xt 


Problem 3. Given a, b, c satisfying a=1,b21,c21 and a+b+c+2=abc. 


Prove that: atb+c+326(L+t41) (1) 
a be 


Proof 


yt+z x+z x+y 
b= C= 


x y z 


There exits positive numbers x, y,z such that a= 


where x, y,z are length of sides of a triangle. 


ir rep x ¥ Z 
1 +yt+z)} —+—+—]26) ——+——+—_ | 2 
motes a(; ! A [ a | (2) 


Because of homogeneous property, we can assume that x+ y+ z=Layt+ yzt+w=n,xyz=p 


(2) = (x+y+z) 


DTS of x Ve 2 


+ 
XYZ l-x l-y 1-z 
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yt yetery 6 x(l-y)O—2)+ yO x) + 2a) (1 y) 


© (xt+y+tz) ae (1-x)(1- y)(-z) 


ay + ZH eK x+ytz—-2(xy t+ yet zx) + 3xyz 
ie esa (ee PZ) aye te 


@(x+y+z) 


es fi OUR EID) a3 
P n—p 


(n—- p)=6(1-2n)p+3p’ 3p’ +(6-I11n) p—n’ <0 


Since x, y,z are length of sides of a triangle then we can take x=V+w,y=ut+w,zZ=Uutv. 
We have: at+b+c=Autvt+w),xyt+yzt+ z=uvt+vwt+wut(utv+w)? and 
xyz=(u+v+w)(uv+vw+wu)—uvw then the expression (1) with variables u,v,w still be a 


2-degree polynomial with variable uvw and positive coefficient for (uvw)” and we must find 


maximum value. We can apply ABC now, consider two cases: 


Case 1: w=0 > z=x+y.Wecanassume y=1. 


: 1 1 x 1 
I lity (2) b “2 1 (4 1 J> | i 
nequality (2) becomes: 2(x +1) ae ier 6 ae ern fad 


2 2: 2 
22(3++1)}26] 2x° +2x+2 +1] poe +1, 3G ae 
(x + 2)(2x + 1) 2x 2x° +5x+2 


o (x-1)" (=) 


2 € (x—1)’ (2x7 +3x+2)20 (is always true) > (q.e.d) 
2x 2x° +5x+2 


Case 2: v=w=> y=z.Wecanassume y=zZ=I1,x <2 


142)>6(2+2 | 
x 2 x+4il 


Inequality (2) becomes © (x+2)( 
> (xt Ix t 2)(2x +1) 23x(x? +.x4+4) —& (2—x)(x-1)’ 20 (is always true) > (q.e.d) 
The problem was solved. 


However in many cases, we can not destroy condition and refer the old problem to a 


homogeneous problem, and ABC extra was born for these problems. 


ABC - EXTRA 


i) Given a,b,c are all real numbers or positive real numbers. If we fix abc,a+b+c 


(consider it as constant) then ab+bc+ca have its maximum value or minimum value only 


when (a—b)(b-—c)(c—a)=0. 


ii) Given a,b,c are all positive real numbers. If we fix abc,a+b+c (consider it as constant) 


then a+b+c have its minimum value only when (a—b)(b—c)(c—a)=0. 
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Proof 


i) Assume that a+b+c=1 andabc=™m (the case a+b+c =n can be refer to this cases 
through a algebraic transformation) 


We will prove that ab+bc+ca can obtain maximum and minimum value only when 


(a—b)(b—c)(c—a) =0 in both cases a,b,cej; and a,b,cej * 


Assume that ab+bc+ca=S. Again we refer to the third degrees equation which have 


a,b,c as its roots: 
Take f(X)=X°-—X°4+SX—m. We have: f’(X)=3X"-2X+4+S. 


Equation f’(X)=0 has two solutions X, =1VIESSy, =1oVIn8s 


The equation has three roots if and only if ee ) 20, f(X, ) <0. 
We have: 


f(X, ) 206 (6S - 2)X +S —9m 20, assume that its solution range is Ry, 
f(X, )<s0e (S- 2)x, +S—9m <0, assume that its solution range is Ry 


Firstly we prove our theorem for the case a,b,cej . 


Assume that S$ 


min ? max 


S are minimum and maximum values in the set Ry I Ry, (the union of 


these two ranges are not null or f(X)=0 has no solution for all values of S$). Notice that 


S ain 9 are two solution of (6S —2)X +S —-9m=0 or (65 — 2)X: +s—9m=0 ( these 


min ? ~ max 
value surely exits or f(X)=0 has solutions when S reaches infinity values), then we have 


Sin &S LS Sina, Now let consider a,b,c when S' reaches these two values . 


The first point we can see is that f(X)=0 still have three solutions since S_. SER x,ER 


min’ ~ max Xo° 


The second point, because S,_,,S are solutions of (6S—2)X,+S-9m=0_ or 


min ? “ max 


(6S —2)X,+s-9m=0, therefore FOQ= 0, or f(X,)=0. In this case the equation 
f(X)=0 has double root, or in the other hands, the shape of (a,b,c) is (x,x,y). 


Now we prove our theorem for the case a,b,cej; *. At first we must have m>0. Notice that 


O¢€ Ry ‘a Ry, because there are no- real number a,b,c such that 
a+b+c=l,ab+bc+ca=0,abc 20. This means we can separate Ry ‘al Ry, in smalls 


Es y; | such chat x,y, >0.Let R, are the setof Ry Ry ignored the negative ranges. And 


let S Snax aCe Minimum and maximum values in the set R, . We have: S,., <S<S,,, - 


Using the same argument as above we also can obtain the result that S reach its edge if and 
only if (a—b)(b-—c)(c—a)=0. 
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ii) The readers can ready use the same arguments to prove the ABC Extra Theorem 2. 


However in the case for a+b+c, we can not limit the upper bound for a+b+c when a, b, c 2 0. 


Therefore in this case we can only have S,,,,. And we will come out with the result at+b+c 


get minimum value if and only if (a—b)(b-—c)(c—a)=0. 


Let see some example to know how this theorem can help us in a lot of cases: 


Problem 4 [Hojoo Lee] Give positive numbers a,b,c satisfying abc 21. 


1 1 1 


Prove that: 1> + + 
Ilt+atb 1+b+c lt+cta 


Proof 


Notice that the LHS function decrease when a increase. Therefore it is enough to prove the 


inequality when abc =1 (for the case abc =k 21, we have: 


1 1 1 A 1 x 1 n 1 <1) 


+ + < 
lt+atb 1+b+c l+cta I+ +b 1+bt+c Ite+ 


The inequality (1) = 
f(ab,c)=U+a+b)(1+b+c)(+e+a)-U+at+b)(1+b+ce)-—(+b4+e)(1+ce+a)-—(+c+a)(1+a+b) 20 


Notice that the degrees of ab+bc+ca in f(a,b,c) in only one (f (a,b,c) is only a third 
degrees polynomial with variables a,b,c ). Therefore when we fix a+b+c then f (a,b,c) has 


its minimum value when ab+bc+ca has its minimum value, then (a—b)(b—c)(c—a)=0. We 


refer to this problem: 


Given x,y > 0 satisfying xy =1. Prove that: ———- <1 (2) 
14+2x l+xt+y 
I “aye 
Replace y with — into (2) we have: : es op -22 GtD  2g 
x + 2x lex¢t (14+ 2x) (x3 +x? +1) 
Xx 


Hence the proof is completed. 


Problem 5 [Bui Viet Anh] Give three positive numbers a,b,c . Prove that: 


a a. b 4 Cc abc > 
b+c cta atb (at+b)\(b+c)(c+a) 


2 (1) 


Solution 


For this problem, even when we fix abc,ab+bc+ca or a+b+c we can not obtain a nice 
function (means monotony, concave or convex). However we can see some relation between 


ae b +—“_ and ae , they are sum and product of Lae b —, 
beG Ce: (a0 (a+b\(b+c\(c+a) De eta a+b 
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a b c 
Therefore we take x= y= Z= , the problem is that how to connect x, y,Z. 


b+e’ cta’ bt+a 


Here I will give a condition for x,y,z, and with this condition we can convert x,y,z to 


a,b,c again. And then we will come out with the equivalent problem: 


Give x,y,z 20 satisfying: fe ee ae ee eo eee een 
1 l+y 1+z 


Prove that: x+ y+ z+2,/xyz 22. 
So we will fix xyz and xy+ yz+ zx and refer to the problem: 


Give a,b>0 and 2a*b +a’ +2ab=1. Find the minimum of: 2a+b+2avb. 


2 
- 1- _ 

Replace b= — =" (a<1), we need to prove 2a+1=44.J2a(i—a) 22 (2) 

2a°+2a 2a 2a 
incised “the inegualy | a so g)  e | s 

l-a 2a l-a 
In the other hands ae = v2a 2 v2a >2V/2a. 
l-a J(l-aa Il-ata 
2 

1 2a 1 1 i 
Therefore: —+ >— +2V2a>2,,—2V2 a =2-4/222. 

2a l-a 2a 2a 
The proof is end here. 
Problem 6. Give positive numbers x, y,z. Prove that 

eee? 
= tie 7 
x-y° ty z +2°x 3 x°+y> +z 
Proof 
Take a=2<,b=~* c=, the inequality (1) @ z As 
x y Z atb+c 3 ab+bc+ca 


where a,b,c are positive numbers satisfying abc =1. 


After this algebraic transformation, the problem is quite trivial with ABC — extra. 
We refer to the only case: 


ee 


Give positive numbers x,y: ty =1. Prove that: a a 
2xty 3 x° +2xy 


100 Abstract Concreteness Method 


2 
as as 2 -1<S a ae Es 
2x44 By gibi Be 2x°+1 3 x°4+2 
x xX 


(x+2)(x-1)’ : 2(x+1)(x-1)7 


; > o> (4x4 +10x9 —x+2)(x-1)" 20 
a£2 3(2x3 +1) 


The readers might try this problems with ABC — Theorem, and you might see the efficient of 
ABC — extra. 


Proposed Problems 
Problem 7. Given a,b,c > 0. Prove that: ae 3) xyZ >= (Vin + Jyz + Vx) 


Problem 8. Give positive numbers a,b,c of which product is 1. Prove that 


a’ +b? +c? +32atb+ct+abt+ber+ca 
Problem 9. Prove this inequality for non-negative numbers a,b,c: 

a’ +b* +c° + 2abe +12 2(ab + be + ca) 
Problem 10. Give positive numbers a,b,c of which product is 1. 


2 2 
+ 
Il+a 1+b Il+ce 


Prove that at+tb+c2= 


Problem 11. [Vietnam MO 1996] 

Given a,b,c = 0 satisfying a+b+c+abc=4. Prove that a+b+c2ab+bc+ca 
Problem 12 [Le Trung Kien, Vo Quoc Ba Can] 

Given a,b,c 20 satisfying ab+bc+ca+6abc =9. Prove that: a+b+c+3abc 26 
Problem 13. Give positive numbers x, y,z satisfying: xyz 21. Prove that 


Fase piel a 
2+x 2+y 2+2z 


Problem 14. Give positive numbers a,b,c of which product is 1. Prove that 


3°(a? +1)(b? +1) (c? +1) <8(a+b+c)° 
Problem 15 [Nguyen Anh Cuong] 


Give positive numbers a,b,c satisfying: (a+b)(b+c)(c+a)=8. 


Find the maximum and minimum values of: P= Vabc + Va +bt+c 


Problem 16. Given a,b,c satisfy tepei=3 . Prove that atb+e-3<2(abe-1) 
a c 
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IV. ABC — OPEN THE WINDOW 


In this part, we will again consider a class of problem that the old ABC can not handle. That 
is the class in which variables are bounded in close sets. For these problems, there are some 
classic ideas to solve that I will introduce again in this part, and later is a new convention in 
ABC to handle this close set 


Problem: Give x,,x,,....x, € [a,b]. Prove that f (x,,x,,....x,)2C 


Where a,b,C are constant given. 


In these cases, the equality of inequality usually occurs when variables reach theirs edge, 


means a or D. In these cases, we will try to prove that 
pes) = BUD Sf (Gok, Nl (peak ). At last we will obtain the minimum value 


for our function, occurring when some variables are equal to a, and the rest get b as their 


values . We will consider some example to make this idea clearer: 


Problem 1. Give a,b,ce [0,1]. Find the maximum value of: f (a,b,c)=a+b+c-—ab—bce-ca 


Solution 
We will prove that f (a,b,c) <max{f (0,b,c), f (1.b,c)} (*). 
Following is a direct proof using algebraic only: 
| f (a,b,c) — f (0,b,c) || f (a,b,c) - f (1.b,c) | =c(c-1)(1-a-b)’ < 0, from here we have (*) 


Or using a bit more advance view, we can find out the result faster with a notice that 
f (a,b,c) is a monotonic function when we only consider variable a. Then we can find out 


(*) immediately. 

Apply the same thing for the rest variables b,c, we will find out this property : 
f(a,b,c) max { f (0,0,0); f (0,0,1); f (0,11); f (11.1)} : 

From here we can conclude that the maximum value of f(a, b, c) is 1. 


The inequality occurs , for example, when: a=b=0,c=1. 


Problem 2 [Nguyen Anh Cuong] 


b Cc 
+ + 


b+c cta atb 


Given a,b,cé [1,2] . Find the maximum value of 


Solution 


We will consider b,c as constant, and a is variable: ¢”(a,b,c) ae ey ee 0 


(c+a)’ (b+a)° 
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Therefore g is a convex with variable a on ; *, ie. g will get its maximum value when a 


reaches its edges. 

From here we can deduce what we hope: g (a,b,c) < max {g (1,b,c), g(2,b,c)}. 

Apply the same thing for the rest variables b,c, we will find out a property: 

g (a,b,c) < max{g (11,1); g (2,11); g (25251); g (2,2,2)}. 

From here we can conclude that the maximum value of g is > , occurs when (a,b,c) = (2,2,1) 


Through two examples above, the readers may have some familiar feeling when meet the kind of 


problems again. Now I will represent another method to kill these problems, an ABC approach. 


In above parts, we see that ABC can only apply for problems when domain is ; or j *, so 


to apply ABC, we must resize the given domain to ; or ; ~* 


Problem 1. Given a,b,cé [0,1]. Find the maximum value of: f (a,b,c)=a+b+c-—ab—bce-ca 


Solution 


Again we meet the problem in section one, now we need to [0;1] to ; * 


1 


~ > 
u 


+ 


Notice that if we transform a —, we will obtain the domain [1;+0>] for w. It is still not ; *, 


we continue the next step , map u > x+1 and we will obtain the domain [0, +00 for x. So we 


1 


7 to pull [0;1] >[0;+0]. From these ideas we can come out with a solution: 
Xx 


have transform a—- 


Take a= 


1 1 : ; 
b= C= where x, y, Z€ j * The expression given becomes: 
l+x l+y 1+z 


1 1 1 1 1 1 


PAGO SEO 2) = ny Tez Gends>) -GSdes: G2 oden 


(1+ y)\Q+z)+0+z2)1+x) ++ x)(1+ y)-3-x-y-z_ xytyztmuxtxtytz 
(1+ x)1+ y)d+ z) xyztxytyztextxty+z4+l 


Now we can easily see that g(x,y,z)<1, no need to apply ABC anymore, of if we want we 


still can apply ABC to refer to two variables problems. 


There are two advantages for us when pull a small domain to ; * like this. First thing is that 
we can ABC theorem as above problem; second thing is that we can evaluate the inequality’s 


variable with 0 which is always easier. 
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Problem 3 Given x, y,zé [1,2]. Prove that: g(x, y,z)=(x+ yta)(% gig t}st0 
y va 


Again we use the resize domain technique then apply ABC for it. 


Firstly we resize [1,2]; * by the way: x3 = -l=a. 
x- 


Then take aes alee 2 ee a,b,cé j * We need to prove this problem: 
at+l b+1 c+l1 
+2 b+2 +2 +1 +1 +1 
flabo=(4 ue \¢ een )s10 
atl b+4+1 ct+l/\a+2 b+2 c+2 


M.N 
ar +1)(b+1)(c +1I(a + 2)(b + 2)(c + a 


where M =(a+2)(b+1)(c +1) +(a+)D(b+2)(c+1) + (a+b +1(c +2) 
and = N=(a+1)(b+2)(c+2)+ (a+ 2\(b+1)(c +2) +(at+2)(b+2)(c +1) 


Is it a big hurt when the inequality: MN —10(a+1)(6+ D(c+1)(a4+ 2)(b+ 2)(c +2) <0 can not 
solved by ABC theorem easily, because the coefficient of a°b*c* will be negative (the 
reader can easily mental calculate it). However the ABC Theorem now has more than it was 
be, we can apply ABC Extra to solve this case. Fix abc and a+b+c, and we will se that the 


expression obtained is the first degree polynomial with variable ab+bc+ca. Therefore we 


can conclude that the inequality obtain its maximum in the case (a- b)(b- c)(c- a)= 0. 


roe =(2-4424542)(). 441, bel) < 
Then we only need to prove the inequality: f(a,a,b)=|2 aa Be 2 a Bad 10 


os €42_b42)(2, 41 _ D+1) 30 os (ab +3b + 2)(ab +30 +2)20 
at+1l b+1 a+2 b+2 


So the problem has been proved completely. 


Following is some apply problems: 


eee pe 


Problem 1. Givea,b,ceé [1, 2] . Find the maximum of: A= ab 
abc 


Problem 2. [VN TST 2006] 


Give x, y,z€ [1,2]. Prove that: (s+y+a)(Letel)z6f ‘i + : + : 
x Yy & yz Z+x x+y 
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VI. THE ABC GENERALIZATION 


So we have dealt with two weak points of ABC .. The third weak points we can easily find out 
is that ABC can only apply for three variables problems, so how about many variables 
problems ??? . We will together solve this problem to come out with the ABC generalization. 


Firstly, we should be familiar with some concept used in the ABC generalization. 
1. ABC-able 

a. Definition: 

Consider a three variables problem f (a,b,c). 


We call f(a,b,c) an ABC-able expression if the f(a,b,c)= 0 can be applied ABC theorem 


to refer to two cases: 
i) (a—b)(b-c)(c—a)=0. 
ii) abc =0 (This condition only occurs when apply ABC-able for variable abc) 
b. An approach using ABC-able: 
To prove that an expression f (a,b,c) is ABC-able, we will transform the expression 
f (a,b,c) to expression g with three variables A=a+b+c,B=ab+bc+ca,C =abc. The 
expression f (a,b,c) is an ABC-able expression if g¢(A,B,C) is a convex function for 
variable A,B or C. 
Example: Prove this expression is ABC-able 

f(a,b,c)=a*> +b? +c? +3abc — ab(a +b) —be(b +c) — ca(c + a) 

Solution 

Take A=a+b+c,B=ab+bc+ca,C =abc, we have: 
f (a,b,c) = g(A, B,C) = A*® —3AB + 3C +3C — AB+3C =A° —4AB+9C 
Consider g(A,B,C) only with variableC. We have: g’=9,g”=0 therefore g is a convex 
function with variable C. Therefore f (a,b,c) is ABC-able. 


2. The ABC Generalization 


Consider a symmetric n variables function F (as ags0a,) , where f has minimum and n2>3. 


We will consider f (aiasune) as a three variables function g(a,,a,.a;) and d,,d5,...,d 


n 


are considered as constant. 

If g is ABC-able then inequality f(a, Ay 55 A, ) > (0 can be refer to two cases : 

i) m variables are equal and the rest n—m variables are equal. 

ii) One variable is equal to 0 (This condition only occurs when apply ABC-able for variable abc ) 


The inequality is completely proved if it is correct in two cases given. 
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Proof 


We will assume that f has minimum as given and its minimum occurs when (ei eka) (*) 
If x,x,...x, =0 or x, can only obtain one in two fixed values then our theorem was proved. 
If x, can obtain at least three different non-zero values, we assume that (eon) are a set 
that its elements are different in pairs and different from 0. We will fix 4x,,%,,...,X, as 
constant and consider the function (OC eee as the function o(isx55%5). 

As given in theorem, g is ABC-able, so it get it minimum value only when 

(x, —x,)(x, —x,)(%, —x,) =0 or x,x,x, =0. This also means that there exists a set (a,b,c) 


so that 8(%,%),%,) > (a,b,c) or ayaa eT aD eigen). 


This is a contradiction with (*). In conclusion, the ABC generalization has been proved. 


3. Problems with the ABC generalization 


Problem 1 [Nguyen Anh Cuong]: 


4 | 4 2 2 2 2 
Pawo 3la +b" +c +d ) 98 3(a ep see eg”) igh OF 
4abcd ab+ac+ad+bc+bd+cd 
Solution 


The inequality (1) = f(a,b,c,d) = 3lat +54 404 +d*)(ab+act+ad +be+bd +cd) 
— 4abcd (ab + ac +. ad + be + bd +cd)—12abed (a? +b? +7 +d?) 20 (2) 


Notice that if we fix d then f is a three variables symmetric polynomial, more than that f is 
ABC-able. Therefore according to ABC Theorem we only need to consider two cases (we 


will consider the inequality in the form (1)): 
i) a=0: The inequality is trivial. 
ii) a=b=x,c=d=y: 


4 4 
Then (1) 3(x* + y re 


6(x7+y7) | 3(xty) (x-y) , 2(x-y) 
Dy x + yy? pdy Dx? y 


xe by? Ary 


Apply the inequality (x+y)? >4xy; x? +y* =2xy we will prove the above inequality. 


lil) a=b=c=x,d=y: 


3(3x4 +y*) Sie 3(3x? +9") ee 3(x-y)° (3x? +2xy+y") . 3(x-y)° 


Then (1) © > Pa 
Ax? y 3x° + 3xy Ax? y 3x° + 2xy 


Apply the inequality 3x* + 2xy >3x? and 3x? +2xy + y* >4xy we will prove for this case. 


In conclusion, we have completed the proof. 
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Problem 2 [Nguyen Anh Cuong] Give a,,d,,...,a, 20 satisfying a,+a,+...+a, =n. 


Pigvethal, — big ep sn at A) 


2 2 
a, a, a, a, +a, +..ta, 


Solution 


Take fGisasssas STS (1). Fix a,,d5,...,a, Wwe will obtain a symmetric three variables 


expression which is also ABC-able. Therefore we only need to consider two cases: 
i) For a, =0: The inequality is trivial. 


ii) m variables are equal to x and (n — m) variables are equal to y, we have: mx+(n-—m)y=n. 


Prove that: OO ie INN sy 


x y mx? +(n—m)y? 


Refer to: 


mae (n= my (m nam) , 20m lms =m) aT et 


n x y n| mx? +(n—m) y? | 


as m(n—=m)(x—- y)” e 2Vn—-1m(n-m)(x- y)” 


2 


5 >| mx? +(n—m)y? —2Vn= Lay |(x- y)” 20 
nxy nmx* +n(n—m) y 


The inequality is correct because: mx” +(n—m) y? >2/m(n—m) xy 2 2Vn-1 xy. 


Therefore the problem was completely proved. 


Problem 3 [Nguyen Anh Cuong] Give a,,d,,...,a, 20. Prove that: 


2 
be (4; -4;) 
i<iej<n G Fag? che, 
< =H Bal, 


ne(a,ta,+..+a,)— n 


Solution 


We have met this problem in S.O.S technique; however this problem can not be solved 
completely using S.O.S. Here we will give a better solution, using ABC Generalization. 


2 
a,+a,t+...+a 2, (a2; 
: te Isi< js 
Letting fa cle ee: ee 0) : z Se Gaal = On = 


n a,+da,t..+ 4a, 


Here fixing a, +a,+..+a, and Dy a,a, is not a good idea because the degrees of a,a,...a, 


lsi< jsn 


will be too big. For this reason we will fix a,+a,+...+a,, and a,a,...a clearly that f will 


n-|? 


become a quadratic trinomial with variables a,,a,,...a,_, or a linear polynomial with variable 


n-1 
by a,a,. Therefore f is ABC-able with any three variables in the set {a;}" 3 
lsi<jsn 
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Here we prove that the expression is ABC -able with variable ab+bc+ca so we have only 


one case to consider: m variables are equal, the rest n—m variables are equal. 
Assume that (G54 53.144, =(x",x",..,4",y",y",..y") (m variable x, n—m variable y). 


Assume that x 2 y (x < y are consider similarly). We refer to the problem: 


2. 
m(n—m)(x" —y") mx" +(n—m) y" m.n—-m 
< —-x y 


3 


Give x, y 2 0. Prove that: 3 < 
n>mx" +n? (n-m)y" n 


Due to the homogeneous property, we can consider y=1,x 21 and we will need to prove that: 


f(x)=n? (mx" eh —n3x" (mx" +n—m)—m(n=m)(x" =) 20 
We have referred to a one variable problem, but to prove it is still a big hurt. 
Actually we must face a problem is that variable m is dynamic, non-continuous in [0,7]... 
Through the first and second example, we have a notice that m may “prefer” 0,1,n—-1,n. 


A forsee feeling is that we may always push m to these values, then how easy our work will be ... 


And so great it is, this foresee is really correct. I will represent this result to the readers: 


Result 1: In ; or j *, when two values M,=a+b+c,M,=ab+bc+ca are fixed then 
M ,=abc get it maximum value when (a,b,c) = (x, Xx, y) or its permutation then x < y, and if M, 


get it minimum value when (a,b,c) =(z,Z,t) or its permutation then z21. 


Proof 


We will consider the case when M, get its maximum or minimum value when there are two 


equal variables and refer to the problem: 
M,=2x+y and M, =x +2xy. Find the maximum value of: M,=x’y. 
Replace y=M, —2x, we will have: 3x* -2M,x+M, =0 and 


2(3M,-M?)x+M,M 
9 


M,=x°(M,-2x)=-2x°+M,x° = >. (notice that 3M, -M/ <0) 


Therefore, the maximum and minimum value of M, depends only the maximum and 
minimum value of x. Here more specify is that M, will get its maximum and minimum value 
when x get minimum and maximum values in order: 


2, 2 
PGMs ois eu <y and pens Wie itt bs 


3 3 3 re 


x= 


With a same idea, we also hope for this result: 
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Result 2: In ; *, when two values M,=a+b+c,M, =abc are fixed then the value 
M,=ab+bc+ca get its maximum value when (a,b,c) = (x, x, y) or its permutation then 


x<y, get its minimum value when (a,b,c) =(z,Z,t) or its permutation then z2tf 


Proof 


In the proof for result 1, we have obtained this equality: 


_2(3M,-My)x+MiM, _9M,+2M?x_My | 27M,-M; 


3 2 a 
9 6x+M, 3 6x+M, 


otice that in j; en 7 <0 so et its maximum and minimum values when x 
Notice that in ; * then 27M,-M; <0 so M, get it d | h 
get its minimum and maximum values in order. Also notice that x is a nonnegative solution of 


the equation: 2x* — Mx? +M,=0. Assume that this equation has three solutions: a<0<b<c. 


So M, get its maximum and minimum values when x get values b and c in order. 


M 
We will prove that b< rae <c to deduce that b< y<c. 


M M 
Indeed, we have: a5 =atb+c>a= =5E —b-—c. Replace this value a into the expression: 


M M 2 2 
Ha hecd 0 Wesnlobiain dhe (+0) Mpc} +be=0e Mi = 2b be* tbe), 
2 3 3(b+c) 


M 


From here we can come out with a conclusion b< rt <c and also obtain what we want to have. 


Result 3: In ; *, when two values M,=ab+bc+ca,M ,=abc are fixed then the value 


M,=a+b+c get its minimum value when (a,b,c) =(x,x, y) or its permutation then x>y. 


Proof 


M 
We have M, =2x+ — where x is solution of the equation x* — M,x+2M,=0. This 
Xx 


equation has two positive and one negative. Let call them a<O0<b<c 


We have: a+b+c=0>a=-b-c ; abc=—(b+c)bc=-2M , > bc(b+c)=M, 
From here we can find out that: bS M, <c or bS yc. 


Now we will see M,(b) orM,(c) are minimum value of M,. We have: 


2,2 2 
5 RSP ASR) es ey ee “Mj@+0) _(,_,) 2b’c? -belb+e) 50 


M ,(b)—M (c) =2(b-c) 2 WR Be? 


So M, get its minimum when x=c2y. 
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From these three result, we can upgrade out ABC Theorem as: 


ABC Generalization-Extra 


Consider a symmetric n variables function F dityssdd , where f has minimum and n2=>3. 


We will consider Fi GigGs ea ) as a three variables function g(a,,a,.a;) and @,,d5,...,d 


n n 


are considered as constant. 


If g is ABC-able with monotonic property then inequality f (4,,45,.54, ) > (0 can be referred 


to two cases: 


i) n—1 variables are equal. 
ii) One variable is equal to 0 (This condition only occurs when apply ABC-able for variable abc ) 


The inequality is completely proved if it is correct in two cases given. 


* ABC-able with monotonic property means g” for one of three values abc,ab+bc+ca,a+b+c is 0. 


Proof 


According to the old ABC Generalization then we can refer to the problem when one variable 
is equal to 0, or m variable are equal to a and the rest n—m variable are equal to b. 


In the first case, if there is one variable equal to 0 then there is nothing much to say. 
In the second case, we need to prove that m<1. Indeed assume that m>2. 


Notice that if g is a ABC -able function with monotonic property then the minimum value f 
only can be obtained when one of three values abc,ab+bc+ca,a+b+c get its maximum or 
minimum values (do not need to consider both maximum and minimum). Let assume that f 
get its minimum value when abc get its minimum (the rest cases are very similar). 

WLOG, assume that a2b and x, =a,x, =a,x, =b. Clearly when we fix all rest variables 
eens Then (a,a,b) can not be the point for the function f(x,,x,,x,) get its minimum 
value; because as we proved in the results this minimum can be obtained at the point (x, x, y) 


where: xS y. 


This contradiction prove that m can not be greater than 1, and therefore there are n—1 
variables are equal. 


So we have completely the proof for the upgrade of ABC — Generalization . 
We will return the problem 3 that we leaved before. 


Notice that in this problem we have used ABC-able for the monotonic property of 
ab +bc+ca. Therefore, we only to consider one case when there are n—1 variables are equal, 


and refer to the problem (which is the case when n—1 are equal): 


fid=n?[n—-Dx" +1) — nx"! [a —Dx" +1]-(-D(x" -1)" 20 
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2 
en? [(n-1) x" +1][ (n—1)x" +1—nx"? |-(n-1)(x" -1) 20 () 
Notice two equality: x” —1=(x-1) (x1 4x7? +..41) 


and (n—1)x" +1—nx"? =(x-1)" [(n-1) x” +(n—2)x"? Aes Oe | Therefore: 


Ceo (x-0? | n?[(n—Dx” +1] @—Dx"? +(n—2) x" +...4.2x41]-(n-D x" 4x"? +..+1)° |20 


2 
Notice that: [(n-1) x” +( tials? + 
aw 


1 1 1 ( n-2 n-3 1 )’ 
[nD +2"? +. 42x41] “al ste hei)> x? +x? +..4x241 
n — n— 


Therefore: n” [(n=1) x" +4] [(n-1) x” ei eae) aaa tu Oe aal| 


2 n \?( o2 23 fig Ae 
> = (3 44) (, 2 +x 2 ‘tdupotey) 
[1+ ! J(itede.+—t ! ] 
n-1 2 n-2 n-Il 
—] 2 
> ae a (an seat ag) 
1+o+..+ 
2 n-1 
n(n-1) 


2 n-1)? 


> ge) Gre ae +X 


n 
=> | n? [(n—1)x" +1][ (n—Dx™? + (n— 2) x 4... 42x41 ]-(n De" 44 x"? sei | >0 


So the proof was completed. 


Problem 4. Given a,b,c,d > 0 satisfy abcd =1. Prove that 


B(ita7)14b7) (1402) (14d?) <(atb4+ce+d)° 


Solution 
Let considering f(a,b,c)=2° (14+a7)(14+b7? )(1+c7)(14+d7)-(atb+ct+d)° 
=28[14(a+b+c)" + (ab +be +a)” —2(ab + be +.ca) -2abe(a+b+c)—a°b?e? \(14d?2)-(a+b4+e4+d)° 


If we consider above function with the variable ab+bc+ca then the inequality f(a,b,c) <0 


is ABC -able. Thus we just need to consider the following problem: 


3 
Given x, y > 0 satisfy x°y=1. Prove that OS (4x?) (1+ y2)<(3x+y)° 


2 6 
The inequality <= 2° (1+ x7) (i+ }s(3e+ 1 } 
x 


3 
xX 
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Problem 5. Give positive numbers a,b,c,d satisfying: abcd =1. Prove that 


1 1 1 1 
a aD (China MO) 
Leg? 14h? Tee ea? 

Solution 
1 1 Lag 


Take x=2-—1_>1. We need to prove: Ae zt 5 
1 lta” 1+b° Ite 


> (14+a72)(1457)4+(14+ 52) 407) 41407 (14a?) > x(14+a7 (14.52) (1 +c?) 
esido@eb ee) +(ab+be+ca)” —4(ab+bce+ca)—2abc(a+b+c) 


2 x+x(atbt+ce)” +x(ab+be+ca)” —2x(ab +be+ca) —2xabc(a+b+c)+xa7b*c?* 


S (x-1)(ab +be+ca)* +(x-2)(a +b+c)° +2(2—x)(ab + be +ca) + 2(1— x)abe(a +b+c)+x-1<0 


The above inequality is ABC -—able with monotonic property when we consider the variable 


ab +bc+ca. We only need to consider the case: 


Give positive numbers x,y:x°y=1. Prove that: 3 as 1_> 
+x° Ity 
6 
S a : 22 eer 226 
1+x 14+ ee ee ae ae) 
x 


30-—x)Q4x)) (x-DGS 4x4 423 422 4x41) 


+ >0 
2(14 x?) 2(x° +1) 


2 (x-D[ (2 40G5 424423 422 424)-3(e 4004+) ]20 
> (x—-1)? (x4 D(x? — x 4: (03 + 2x? + 4x4 2) 20 


The equality occurs = a=b=c=d=1 


Problem 6 [Vasile MS 2005] Give n positive numbers satisfying: a,a,...a, =1. 


Prove that: olf ey lh —— — a —— — (1) 
a, Ay GQ, NAG, +O, +54 a, 
Solution 
a,a,+a,a,+a,a 1 1 1 4n 
Gi ag ge Ee i 
a,a,a, a, as Gp Thay Be Ps a ai ay 


Consider the variable a,a, +a,a,+a,a, , clearly that it is ABC—able with monotonous 


property, also we use the minimum value of a,a,+ad,a,+a,a, so the equality variables 


should be greater than the rest one. Therefore we only need to consider the inequality: 
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Give positive x,y satisfying x"'y=1 and x21, then: 


m1, dy 48s ep Bay yt lo 


x  y nt+(n—-Ixt+y x nt+(n—1x+ 


xt 
Pe il ace 
x ax") +(n—1x" +1 
“Ty? | 8 48 ten | 1 ase Oe 
ican 2 eet ], 24-1 '[( )x (n—2)x +...41] 


x 7 nx" | +(n—-1x" +1 


Pa ik Coy ae . GAD EHO) 


x 
We need to prove that: a 
x nx" +(n-1)x" +1 


nx”! +(n-1x" +1 
eS 
2x 


\oe 42x" FP t..4n -1) 2x PG 2k Fa 41 


nx"! +(n—-1)x" +1 a nx+(n—-1)x+1 e 
2x 7 2x ~ 


Notice that because x21 then n—1. Hence: 


LHS > (n—-1)(x"? +2x"3 +..4n-D2(n—-Mx"? +(n—-2)x"3 +...41 


So we have the needed conclusion. 


Problem 7. Given X,,X,,...,X, > 0 satisfying: egal foley . Prove that: 


1 x5 xn 


-1 
= ian 
Rae Pace SR: uy Ces —1) where e,,_, =(1+ eat <e 


(Gabriel Dospinescu and Calin PoPa, MS, 1004) 


Solution 
Notice that we can rewrite the problem as: 
: ore 1 1 
Give Ai Xjys5%,, > O SatiSty Mes 0X5 - X54 Ky, SS —— | 
x4 n 
1 n-1 
Prove that: x, +x, +x, +..+x, —nSe,_,(%,%,..x, -1) where e, , =(1+ - L) <e 


Hence if consider the inequality with variable x, + x, +x, , the inequality is ABC —able. 


n-1 1 
Therefore our work is only this problem: Give positive numbers a,b: + > =n, then: 


a 


n-1 
g(a,b)=(n-la+b-n¥e, , (a”"b -1) (*) where e, , =(1+ ! | <e 
5 
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Replace b= & 
na 


—— into (*) , we need to prove that: 
—n+l1 


n—1 n =—1 
f(a) =(n—)a+—~— -ns(I+ 1 (—2"_-1] where fee 
na-n+1 sa | na-n+1 n 


ee | a ie 
a" —-na+n-1 ee oe 
= _— 1)? n-1 
es : n(n —1)(a—1) <( n 
(ai) (a? 4-20"? 4 Da™ 4 —De®), 1 


nal : n-l 
. Notice that: a2 ; 
n 


Se 8 
Go eg eae 


n(n-1) ( n 


n-1 


Therefore: LHS < need) =f (2=1)=( A i. Cre) 


n-l 


At (**), notice that f(24), which is also the value of g(a,b) when a> b>, or 
n 


n 


n-l 
exactly is: ( A (**), 
n-1 


4. Proposed Problem 
Problem 4.1. [Nguyen Anh Cuong] Give a,b,c,d >. Prove that: 


a‘+bi+ct+d‘ 


+122(a+b+crd)(Letols1) 
abcd a boc 


d 


Problem 4.2. Give positive numbers d,,d,,...,a, Satisfying: Yaa, =1. 


lsi<j<n 


. 2 2 2 . 2 2 
Prove that: 4, +.:.4 4, + kaja,..a,.2—+ min) 2,k|—~_~ 
1 n(n—-1) 


Problem 4.3. Give x,,x,,..,x, satisfying te + ey +o.+ i =1. Prove that: 


6 
xP +x5 +..+.x° + ———___ X,xX,xX, <1 
Pee EES PREY) = sen 


Problem 4.4. [Vasile Cirtoaje, MS, 2004] Given x,,x,,...,x, > 0. Prove that: 


(Gites 1) eee ee + XjXy.X, + 
xX) xX, x 


1 


——— 22 
XX 4X, 


Problem 4.5. [Vasile Cirtoaje, MS, 2006] 
Give x,,X,...,x, 20 satisfying: x,+x,+..+x, =n. Prove that: 


(x,x,.0%,) Jor oe +x5 +...+2x7) <n 
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Vil. ABC CYCLIC 


The fourth weak point and also quite a hot problem in these days is cyclic problem. For now, 
there are no method which is really effectible for cyclic inequality. 


1. Cyclic to symmetric with variable transformation 


For some cyclic inequality, we only need a variable transformation step to refer to a 
symmetric problem. Notice that the variable transformation also should have the cyclic 
property, because if we still keep the symmetric property then we can never refer a cyclic to 
symmetric. Let consider some example: 


Problem 1 [Bodan-Mathlinks] 


+ y + a ety 
2x+y 2y+z 2wz+x 2 


Give real numbers x, y,z >0. Prove that: 1> 


Solution 
(1)e 12 fee ge el ee pe eee 
lad. OM S's pe Me ED ss y 
x z 
: . 1 1 1 1 
Then the inequality becomes: 12 +—+ = 


2+a 2+b 2+c 2 
The readers can also see immediately that when we transform the above inequality to 
polynomial form then it is still 3-degrees with a,b,c, therefore linear polynomial with 
variable ab+bc+ca. Therefore fix a+b+c and abc, and we need to consider the only case 
when (a—b)(b-c)(c-a) =0: 


1 1 


The problem becomes: Give a,b >0 and a*b =1. Prove that: 1> + > 
2+a 2+b 2 


a’ 1 
+ >= 
2+a 2a*4+1 2 


Replace b= = and refer to the problem: 12 
a 


The left inequality is equivalent to: ala -1)° 20 
The right inequality is equivalent to: 4a’ =4° 1>06 (2a-1)’ + a >0 


So we have completed the proof. The equality occurs = x=y=z>0 


Problem 2. Give a,b,c > 0. Prove that: 4+2 +£4— 9" _s5 (1) 
c a ab+b*c+ca 
Solution 
a b c 6 
Take x=—;y=-3z=— => xyz=1. Then (1) & x+ y+ z+———— 25 (2) 
b c a xy + yr+ 2x 


This is a simple problem with ABC — extra. 
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We refer problem to the only case (x—y)(y—z)(z—x)=0, assume that y = z 


1 6 
—; - Then (2) @ x+2y+———_ 


y y +2xy 


-520 


1 
=> xy’ =1>x= 25 @—+2yt+ 
y 


yD 


[ y(2y+3)(y-1)? + y+2|(y-1)? 
co 
y(y? +2) 


20 (is always true). The equality occurs @ a=b=c>0 


* In the above problems, we have introduced some technique to transform a cyclic to 
symmetric problems using variable transformation, and then use ABC to handle the rest. Now 
we will introduce another solution for cyclic case. With this idea, we can handle almost cyclic 


polynomial of which degrees is less than or equal to 5 inj . 


We will consider some example: 


Problem 4. Prove that: 3(a* +b* +c*)+4(a*b+bect+cra)20, Va,b,c 


Solution 
Here we will deal with a stronger problem: 197(a* +b* +0*)+280(a*b + b2c+c%a)=0 (1) 
Take a=2x+7y;b=2y+7z;c=2z+7x. The inequality (1) is equivalent to: 
F(x, y, Z) = 222743(x4 + y4 + z) + 240296(x? y + yoxt y?z + zy + 23x+ ze)+ 
+92904(x? y? + y2z7 + 27x?) + 246960xyz(x + y+ z) 20 


f(x, y,Z) is a symmetric polynomial, more than that it also a homogenous polynomial of 


which degree is four. We only need to consider one case: 
f (x,1,1) 20 & 222743x* + 480592x° + 432768x° + 974512x +1018982 >0 


which is no longer difficult and will be remain for the readers. 


This solution using ABC which is quite clear and nice, however the mystery inside it is that we 


have transform variable to refer to a symmetric problem a=2x+7y;b=2y+7z;c=2z+7x. 


It is not quite trivial to go to this transformation; we need some small testing and convention 
to find out. Our target is that we will make sure that all coefficients for cyclic expression will 


be equal after the transformation. More specify here we take: a=x+ky,b= yt+kz,c=z+kx 
and find k so that two coefficient of two cyclic expression xyty?ztzxay t+yzetz? 
are equal. For the general problem: x* + y* + * +m(xy +yz+ z>x)20, we need to find k 
such that: mk? —(m+4)k* +(4-—2m)k+m=0. 

For some case to find a good coefficient for the cyclic pair expression which as x*y+ y*z+z*x, 

xy + yz t+ zx4 and xty* + y%z7 4+.23x?,x7y? + y?z? +2z7x? we also need to take: 


a=x+my+nz,b= y+mz+nx,c = z+mx+ny 
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So for now the readers might also guess that why this idea is only effectible for polynomial of 


which degrees are not greater than 5, from 6-degrees or above we have more than two cyclic 


expressions , for example with 6-degrees is yey eee Cay Par Pee 
xtytaytera zt? xtyt ty2et gt c2xt and xye(x2y + y2z+ 22x), xye(xy? + ye? +x”) 
sO we may not find a good system to find out m,n. 


We will consider some another example to understand better this technique: 


Problem 5 [MnF]. Give positive numbers a,b,c . Prove that: 


(13a? —10ab—5b? +9c?)(a—b)* +(13b? —10be — 5c? +9a7)(b—c)* +(13c? —10ca —Sa? +9b?) (c—a)* >0 


Solution 


The inequality is equivalent to: [(a— 2b) (a—4b) —(b- 2c) (b- 4c)|” + 


+[(b—2c)(b— 4c) -(e—2a(e—4a)] +[(e—2a) (e— 4a) - (a 2b)(a— 4b) | > 0 


This problem is a challenge problem more than a nice problem. Its author has tried for this 
inequality have two separated equality point a=b=c and a=2b=4c. However if we have 


known about ABC-cyclic then this is a good problem to apply: 
Take a=2x-—y,b=2y-—z,c=2z—x. The inequality is equivalent to: 
f(x y,z) =4(x4 +y" +24) +421(x?y? + yz? +27x7) 

-10(x?y+xy? + yet ye? 4+z°x + zx?) —Sxye(xt y +z) 20 


This is a fourth degrees polynomial and also a homogeneous one in Y, we only need to 


consider one case: f (x,1,1)=4x* —20x? +37x° ~30x+9=(x-1)" (2x-3)? 20. 


This problem is more special than the problem 3 in the point that it has two separate equality 


point . Sometime this case make it easer to find out the k . 


For example we assume that: a=x+ky,b=y+kz,c=z+kx. When the maximum or minimum 


occurs we should have two variable in x, y,z equal; let assume that y=z=1 and then: 


a=x+k,b=k+1,c=kx+1. From here, combine with this system: 


a=2b and a=4c we can easily find out that k=Fhx=3 or kK=-1,x=1. 


From here, try in the inequality and we come out with the transformation given in the solution. 
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In above examples, all the problem has the domain is ; , however almost the problem will be 


in ; *, and more specify is that if its degree is odd then we must consider in ; *. So should 


we surrender in these cases? Actually it is not, let consider this example: 


Problem 6 [Nguyen Anh Cuong]: Given a,b,c = 0. Prove that 


23(a3 +b? +¢3)417(a2b+b2c +c72a) > 37 (ab? + be? +ca*) +9abe 


Solution 
We again use the idea taking a=x+ky,b=y+kz,c=z+kx. For this problem, the equality occurs 
in two separate points, and one of these can be specified in the case a=—1,b=1,c=2 and its 
permutation. In this case in three variables x, y,z , there are two variable should be equal; let 


assume that y=Z. 

Then we will have the system: x+ky =-1;(k +1)y=1;kx + y=2. From here we can find out k 
through this equation: 2k* +3k +1=0, solve it to obtain k =—-1 or k =-4 ‘ 

Choose k= a , and take: a=2x-—y,b=2y—z,c=2z—x and the problem will become: 


xi ty +73 43xyz2> xy(x+ y) + yz(y + z) + x(z +x) which is Shur inequality, can be solver by 


many ways or ABC. However the above inequality only valid for x,y,z 20. Fortunately, 


—~4a+2b+c ,_ a+4b+2c _ 2a+b+4c 


7 ; 7 , 7 are non-negative so the proof should be end here. 


The variable transformation idea is really a good point to remember, however it is not a 
perfect solution anyway. Following we will introduce a more advance idea which should be 
perfect in some meanings. 

2. The connection between cyclic and transformation 


The readers may sometimes ask yourself if the symmetric is only “the sun” of cyclic 
inequality, because if the cyclic inequality is correct than we can refer to the symmetric one 


easily. This is correct in some meaning, for example this problem: 


2 
ja? b 
ae + a rane V3> e+? + ae + a + _— is correct, then the following symmetric 
Gr 
problem is also correct: Je pe ++ +5 Hana [42 [a+ HP sr =e “) 


However the reverse question, if the symmetric one is correct then how about the cyclic one. A 


quick thinking come out with the answer is NO. For example: 
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a’ +b? +c> +3abce>ab(a+b)+be(b+c)+ca(c+a) is correct but its cyclic inequality is not 
correct: a? +b? +c? +3abce>2(a2b+b?c +c7a) is not valid for (a,b,c) =(0,3,2). 
However I claim that every cyclic inequality has its equal symmetric. And it is enough to 


solve the equal symmetric form to prove that the cyclic one is also correct. I will represent 


this technique and its application as following: 


SYMMETRIC TRANSFORMATION 


Symmetric transformation technique for cyclic: 
Give a function with variable a,b,c satisfying: f(a,b,c) = f(b,c,a) = f(c,a,b). 


If we take g(a,b,c)=f (a,b,c) f (a,c,b); h(a,b,c)= f (a,b,c) + f (a,c,b) then g,h are 


g(a,b,c)= 0) 


symmetric inequality. Also the inequality f (a,b,c) > (0 are equivalent to: 
h(a,b,c) 20 


The idea seem simple but let see its power when we combine it with ABC : 


Problem 6. Give a,b,c =0 satisfying: a+b+c =3. Prove that: P=a*b+b°c+c*as4 


Solution 
Take: f(a,b,c)= a’b+b’c+c’a-4 
And: g(a,b,c)= f (a,b,c) f (a,c,b) = 9C*? + (B9-18B)C + B* -12B +16 
h(a,b,c) = f(a,b,c)+ f(a,c,b) = ab(a+b)+be(b+ c)+ca(c+a)-8 
Where: B= ab+bc+ca;C = abc. What we need to do is prove: 
i) g(a,b,c) 20 ii) h(a,b,c) <0 


We will prove the second one first, since this is quite simple. The readers can also see that 


h(a,b,c) <0 very quickly using ABC. 

However here we suggest a shorter solution using Schur: 

aitbi+c3 + 3abc = ab(a+b)+bc(b+c)+ca(c +a) 

ea tbh? +c? +6abe +3[ab(at+b) + bc(b +c) + ca(c + a)] > 3abe + 4[ab(a +b) + be(b +c) + ca(c +a) | 


=>(a+b+c) >4[ab(a+b) +bce(b+c)+ca(c+a)] 


3 
= abla+b)+be(b+e)+eale +a) E44 71 <g => h(a,b,c)<0 
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Now the heavier part is the second part, in this part I have represented it in the form 


ab+bc+ca,abc to apply ABC for it. Here we will try to prove that g is a monotonic function 


with variable C by using derivative and prove that the derivative is positive or negative. 


Let consider it: 


Take: @(C) =9C? + (39 -18B)C + B® -12B +16 =9C? + (39 -18B)C +(B—-2)° (B+4) 
w (C) =18C +39 -18B 


First notice thatif B< 2 then everything is good for now, because 39-18B>0 so @(C)>0. 


Hence just consider the case when B> 39 


18° 


Notice that for every fixed value of B, w (C)=18C +39-18B=0 has solution C= eae 
or has no solution. 

18B —39 3 2 105 
For the first case, we have: @(C) > o( 88—39) = B° —9B°+27B ie. , 


And now it is not so difficult to prove that B*’ -9B’ +27B = 20 for B> 39 


In the case @ (C)=18C +39-—18B=0 has no solution, means w(C) is monotonous, we refer 


to the original problem with the case (a—b)(b-—c)(c-a)=0 or abc=0. 


i) Given a,b >0 satisfying: a+b =3, prove that: a*b< 4 


3 
This can be done quickly using AM - GM inequality: a*b = are e < a(t) =4 
ii) Given a,b >0 satisfying: 2a+b =3, prove that: a’*b+b°ata’ <4. 

Replace b =3-—2a, the inequality = 3a*° —9a* +9a—4 <0 (is true for 0< a<>) 


We have completely finished our proof. This proof is not the best solution for this problem, 


but it should be an effectible solution for these kinds of problems. 


A question come out immediately is that is a’b+b’ct+c’a get it maximum and minimum 
value when there are two equal variable or one variable is equal 0 when we fix 


a+b+c,ab+bc+ca ? This is a very possible foresee, because for the above problem the 


equality occurs when there is a zero variable. Let consider this problem: 
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Problem 7 [Nguyen Anh Cuong]. Give positive numbers a,b,c satisfying: 


8(a°b + b*c+c°a) 
(a+b+c)° 


a’ +b? +c? =2(ab+be+ca). Find the maximum value of: P = 


Solution 


The first remark is that this is a homogeneous cyclic inequality. We will use these properties 


step by step to come out with final solution: 
Firstly, due to the homogeneous property, we can take ab+bc+ca=1. 
The problem becomes: Give positive numbers a,b,c satisfying: a+b+c=2,ab+bc+ca=1. 


Find the maximum value of P=a’*b+bc* +ca’ . 


Still the same idea to the first problem, we will take Q = ab’ +bc* +ca* . However here the 
problem ask us to find the maximum and minimum value ourselves so it is hard to define g 


and h. However this can not make us surrender, we still go on with this idea. 


Take t = abc, as what we proved for the first part of this article, we have te 0, 4}. 


We have: P+Q=a’b+b*c+c’atab* +bce? +ca* =(at+b+c) (ab +be + ca) —3abe =2 —3t 


PQ=9(abc)” +[(a+b+0)? ~6(a+b+c)(ab+be+ca) le+ (ab + be + ca)? =9r? —4¢+1 


2-3f-V-2707 +41 2-3t+V-2707 +41 


P,Q can obtain one of these two values = ; 5 


To find out the maximum value, we should consider the case: 


2-3t+V-271t7 +4 


2 


P=f®H= for te fo]. We have f’(t)=0 have the unique root t = a8 


ot 
Therefore f... =max {fO. f (: es [+ }}. From here we have f._.. = 10 
max 27 27 max 9 


when abc = s , when a =0.04020492...;b = 0.78243211...;¢ =1.17736297... 


Hence our speculation was wrong. How pity is it ! We can not find out a beautiful thing such 
as the symmetric world. Indeed the equality for cyclic inequality is always a troublesome but 
also very amazing and joyful. You can also think more about this article to find out that why 
almost cyclic inequalities get its maximum or minimum values when three variables are 
completely different. We will stop the research for now; following is some example and 


application problems using the symmetric transformation technique. 
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Problem 8 [Nguyen Anh Cuong] Give nonnegative a,b,c satisfying atb+c=4. 


Prove that: 3(a7b+b7c+c’a)+3625(ab” +bc* +ca’) 


Solution 
Take f (a,b,c) = 3(a2b+b2c+c72a) —S(ab? +be? +.ca?) +36 
And: h(a,b,c) = f (a,b,c) + f (a,c,b) = 72 -2(ab(a +b)+bc(b+c)+ca(c+ a)) 
g (a,b,c) = f (a,b,c). f (a,c,b) = 441C* +(4312-1176B) C + 64B° — 240B? — 288B +1296 
We will again use the same technique as the problem 7 to solve this problem. 


Firstly prove that h(a,b,c) >0. As the first problem, 


=16< 36 hence h(a,b,c) > 0. 


3 
GAD ADHD) Hea oa) (arbre) 


Secondly is proving g(a,b,c)>0. 


Rewrite g(a,b,c) as@(C) =441C* + (4312 -1176B)C +(B—3)7(64B +144) 


4312 _ 11 then we will have what we need immediately. 


1176 3 


Soif Bs 


Consider B>u, we have: @ (C)=882C + 4312-1176B, so using the same idea with the 


problem 7 we need to prove three things: 


i) o(2B=4) — 4p" ~1024B? + a —_ >0 when Bou: 


this is quite easy and we will skip it (this is the case where there is no equality) 
ii) Give a,b20 satisfying: 2a+b=4. Prove that: 
3(a*b + b°a+a*)+36>5(a7b+b2ata®) 1824 +a°b+b7a 


Replace b=4-—2a and we have: 3a*—-12a* +16a—18<0 where: 0<a<2, again remain for 


the readers (this is the case where there is no equality) 

iii) Give a,b=0 satisfying: a+b=4. Prove that: 3a7b +362 5ab’. 

Replace a=4—b and we have: 8b* —44b? + 48b +36 =0 © (b—3)°(8b+4) 20 
In conclusion, the inequality was proved completely. 


The equality occurs when (a,b,c) = (0,3,1) and its cyclic permutation. 
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Problem 9. [Vasile Cirtoaje] 


2 
Give real numbers: a,b,c . Prove that: (a? +b? £7) Pa 3(a°b+be? +c°a) 


Solution 


A very famous problem of Vasile Cirtoaje, a very amazing result in cyclic inequality world , 
a very strong result with the equality occurs at three separate points. And let see how the 


power of symmetric transformation versus this powerful problem. 


Firstly, because of its homogeneous property we need to have this condition a+b+c=1. 
Bi es Fae 3 3 3 
Take f (a,b,c) =(a +b? +c?) —3(a*b+b%c+c%a) and 


2 
g(a,b,c)= f (a,b,c) + f (a,c,b) =2(a? ep Ee) ~3| ab(a? +b?) +be(b? +7) +cale? +a’) | 
h(a,b,c) = f (a,b,c) f (a,c, b) = 63C* + (21B? —57B +12)C + 49B* — 68B* + 42B -11B +1 

Proving g(a,b,c) 20 is in the border of ABC and will be remained for the interested readers. 


Here we will give the proof for h(a,b,c)20. 


Take w(c) = 63c? +(21b2 —57b +12) c+ 49b4 —68b2 + 42b? —-11b +1 


We have: w (c) =126c + 21b” —57b+12. We will consider three cases: 


, IC ee Dae Lea ee sa 


126 84 84 
ii) Two equal variables: Give the real numbers x, y. Prove that: (2x? + y2) >3(x* +x7% yt yx) 
Give x=1 and we refer to the problem: y* —3y*?+4y?-3y+120¢6 (y-1)' (9? ~y+l) 20 


iii) One variable is equal to 0: Give the real numbers x, y. Prove that: (x? + y?} > 3x? y 


2 
This can be done quickly using AM — GM inequality: (42? a oe + y?] 2 ety > 3x? y 


Therefore the problem has been proved completely. 

A remark about the power of this technique. Why this technique is powerful? The answer is 
that because the equivalent through every transformation. The only trouble point is that with 
which value of b then w(c) will has solution or not. Actually this also can be solved by 
ABC, because the derivative expression is also a linear polynomial with abc . This remark is 
to see that, in some meanings, this technique is a possible approach to solve almost cyclic 


polynomial inequalities no matter what. 


Diamonds in mathematical inequalities 123 


Proposed Problems 
Problem 5.1 [VDQ-MnF] Give a,b,c >0. Find the maximum value of k such that: 


abe kabc k 
+—+—+ 23+ 
bc a (atb)jb+c)(ct+a) 8 


Problem 5.2. Find the maximum value of k such that: 


2 2 2 
oo Bo Sr 3k zk Erb 44 valid for Va,b,c > 0. 
Cc a c a 


Problem 5.3 Give positive a,b,c and a positive real number p. Prove that : 


2 b 2 2 3 
ae +| ——| > min] 1.——— 
a+ pb b+ pe c+ pa (1+ p) 


Problem 5.4 {/Nguyen Anh Cuong] 


Give nonnegative real numbers a,b,c such that: a+b+c =5. Prove that: 


16(a2b+b3c+c2a) +640 > 11(ab3 + be? +ca?) 


Problem 5.5 [Vasile Cirtoaje] 


Prove that: A(a+b+c)° >27(ab? +be? +ca’ + abc) , Va,b,c=0 


Problem 5.6. Give a,b,c > 0 satisfying: abc =1. 


Prove that: a°b+b°c+c’a> abc 


Problem 5.7 [Nguyen Anh Cuong] 


i) Give nonnegative numbers a,b,c satisfying: a+b+c=3. 


Prove that: (ab +bce+ca)(a2b+b2c+c2a) <9 


ii) Give nonnegative a,b,c satisfying: ab+bc+ca=3. 


Prove that: (a +b+c)(a2b+b2c+c7a) 29 


Problem 5.8 /Nguyen Anh Cuong] 


Give nonnegative real numbers x, y, z. Prove that: 
1) 2(x5 +yo+ 2°)+9(x3y? +y*2? +z3x?) 2 11(x2y3 +y72z? +z2x°) 


ii) Wai ty +e)extys yiztz4z23(ay4 + yz4 + ex*) 
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3. Cyclic to Symmetric using auxiliary inequality 

In two previous parts, we have been familiar with cyclic inequalities and we solve it directly 
in many ways. That is truly the strongest problems. However in these days people do not 
always like it. We can use auxiliary inequalities to transform a cyclic inequality to a 


symmetric inequality to apply ABC for it. 


To make this idea clearer, let consider this example: 


Problem 11 [Nguyen Anh Cuong] Give positive numbers a,b,c satisfying a+b+c=3. 


Orne ae 
Prove that: (a7b+b?c +c?a)(ab+be+ca) <9,|4 = - 


Solution 


Firstly let prove the auxiliary inequality: 


o 


Give positive numbers a,b,c satisfying: a+b+c=3. Then: a*b+b*c+c’a <—*—_.. 
ab+bc+ca 


This is actually the problem given in the symmetric transformation part, the poof is remained 


for the readers. Here we will apply this inequality to transform the first cyclic problem to a 


9 


symmetric problem. So (a°b+b?a+ca)(ab+be+ca) < ———_ 
ab+bc+ca 


ae eee 
Our work is prove that: 9 ath te 29. 


This one is trivial by using: 3(a7 +b? +c?) >(ab+be+ca) . 


(ab+bc+ca)=9 


And we can end the proof here. 


Problem 12 [Nguyen Anh Cuong] Give positive problems a,b,c satisfying: a+b+c=3. 


[2 2 2 
Prove that: a,b,c (ie ek 
bcoa 3 


Solution 


This time we still use the same ideas, we need to have a good lower boundary for ab? + bc” +ca’. 


Also in the proposed problems in symmetric transformation part we have this result: 
Give nonnegative a,b,c satisfying: ab+bc+ca=3.Then (at+b+c)(ab* +bc*? +ca*)>9. 
Or rewrite as a homogeneous form is that: (a +b+c)(ab? +bc* +ca?) >(ab+be+ca) . 


(ab+be+ca)” 


So with the condition a+b+c =3 we have this inequality: ab* +bc* +ca’ > ; 


Z 2452 4..2 
We only need to prove that: (ab + be+ a) > facsbie® > 
3abc 3 
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Consider the problem with variable abc, clearly this inequality is ABC —able. 
We only need to consider two cases: 
Case 1: c =0, the inequality is trivially correct. 


Case 2: a=b=x,c = y, the inequality is equivalent to: 


2 
249 +2 aoe 
(x xy) 2x? + (x+2y) > 2S) +2 where x, y are positive real 
3x°y 3y 3 


numbers satisfying 2x+ y=3. Replace y=3-2x,xe(0,1.5) we have: 


Bren 2 _9y)? =a 
(6-3x) nice: pe Sra a 
3(3 — 2x) 3 3—2x 


1)? ai)* 
a=", 2G) (5G? +14+4x—3)(x-1)? 20 
32x 2x? —4x4341 


The proof can end here. 


Remarks: Through these two problems, the readers may also understand what that idea for 
this method is. We will try to find good upper and lower boundary for cyclic expression using 
(can use symmetric transformation) to transfer a cyclic problem to a weaker but nicer to 


handle symmetric problem. 
Let review two evaluation we have used in above two problems: 


5 
(ab+be+ca) Pee ee (at+b+c) (*) 


at+b+c > apace) 


And another evaluation, which is exercise 5.02 and 5.03 in the symmetric transformation part. 


(at+tb+c)Va*b*c* <a°b+b’c+c7as S(atb+e)’ —abc (**) 


Also notice that we refer to the symmetric problem simply because we want to use ABC to 
refer to the case where one variable is 0 or two variables are equal.. Therefore let consider (*) 
and (**) in these two cases: 

a > (at ° 


¢ When c=0,b=1, (“SO aye e Gi es OSG < Aa +1)" 
atl 2Ta 27 


2 3 5 
Notice that 06 7? gAla+ (a+) 
atl 27 27a 


to O when our variable reach O this evaluation should be: 


, therefore in the case our inequality very near 


(ab+be+ca)’ 


<abtbh?ct+cas+(atb+c) -ab 
eines apLp cPe-a A c) —abc 
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& 5 
¢ When ped plein et Pn tae (a+2) an 
at+2 27(2a +1) 


(**) 2 (a +2). fa? <a +a+1s3(a+2)'-a 


' i. Oat) 3 (G49) 94 3 
Notice that (a+2)-Va* <——- <a’ +a+1< < (a+2)° —a when a<1 
a+2 27(2a+1) 27 
2 5 
And QatW’ egy) aa? Sige Gy sje when a2l1. 
a+2 oF 27(2a+1) 


Therefore for a particular inequality, we may prefer the different evaluation to get the most 


effectible inequality. However remember that we should use in pair to have the best results. 


i) For inequalities have equality occurs when three variable are equal and reach very near 
2 
(ab+bc+ca) 


; ; 4 
zero when there is a variable reach 0: ——————— € a*b + b°c +c" < —(at+b+c)’ —abc 
a+tb+c 27 


ii) For inequalities has equality occurs when three variable are equal and when apply ABC 


using the minimum value of abc or ab+bc+ca (a<b=c): 


2 5 
(ab + be + ca) St ape a Pas (at+b+c) 
at+b+c 27(ab+bce+ca) 


iii) For inequalities has equality occurs when three variable are equal and when apply ABC 
using the maximum value of abc or ab+bc+ca(a>b=c) 
(a+b+c) Ya’b’c* Sa’bt+b’ct+c'as Hlatb+e)’ — abe 


The reasons above are also the way for the readers find out the best evaluation for yourself 
when you obtain a new evaluation. 


Beside that we also have a very interesting evaluation based on Vasile inequality which was 
mentioned in the symmetric transformation part. 


2 
Given real numbers a,b,c. Then we have the inequality: 3(a*b+b'c+c%a) < (a? +b? +c?) 
This inequality doesn’t evaluate directly the expression a°b+b’c+c’a, however we still can 
have its evaluation easily using the equality: 

ab+b’c+cia= (a+b+c)la*b+b°c +c?a)—abc(a+b+c)—a’b? —b?c? -c’a’ 
Therefore we have two good evaluations: 


(a’ +b? +c’)? +3abc(atb +c) +3(a°b* +b°c* +c’ a’) 
3(a+tbt+c) 


iv) a’-b+b’ct+c7as 


_(at+bt+c) -4(at+b+c)?(ab+be+ca)+71(ab + be + ca)” —3abc(a+b +c) 
3(a+b+c) 


These inequalities look really messy but are better than all the inequalities I have given in 
almost cases. Also despite of its shape, ABC can handle it quite easy because of there is only 


one abc inside its form. 
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12(a? +b? ie) a’b+b*c+c’a 


Problem 12. Give a,b,c 20. Prove that: ————Y_,—_ er ee 
(a+b+c) a +b> +c 
Solution 
12(a? +b? +c?) (a+b+c)(ab+bc +ca) —3abe —ab* —be? — ca? >5 


oR 


(a+b+c) atbt+c 


Apply the inequality: a*b+b’c+c’as Sa +b+c)° —abe and we need to prove this inequality: 


222,22) (atb+c)(ab+be+ca)—2abe-4A(a+b+c)° 
12a? 4b 407) 7 on es 
(atb+c) a+b+c? 
The above problem can be handled using ABC because it is actually a five degrees 
polynomial. We need to consider two cases: 


_ 4 3 
12(a? +1) a(a+1) 57 (at) Y 


Case 1: b=1,c=0, then: (*)o 


(a+1)° a’ +l 
2 2 = 3 
This is true since 2a? +0) +) >> (a? +) ey >6 and _ a ae) 20 
(a+1) (a+1) 27(a* +1) 


Case 2: b=c=1, then: 


4 3 
12(a? +2) , (a+2)(2a+1)—2a- la +2) 


ae 7 ao 
(a +2) a’ +2 


Cy 


12(a7 +2) 4. ,_ Aa? +300? +330 +22 


(a+2)° 7 27(a? +2) 


8(a—1)° $ (31a + 32)(a—1)° 


2 = (185a* —156a? — 252a + 304)(a-1)° 20 
(a+ 2) 27(a* +2) 


Therefore the problem has been solved. 
Remarks: in this problem when there is two equal variables, the most trouble case is when a 21 . 


Therefore apply the above inequality is reasonable. The value 12 still can be reduced to smaller 


values, such as 10.5 ... However for the following problem, we will need another convention. 


Problem 13 [Nguyen Anh Cuong] 


fn(2 542, .2 2 2 2 
7 3la +b° +c ) a b+b nee Sa) 


Give a,b,c =0. Prove that: 5S 
(a+b+c) a+b? +c 
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Proof 
7 3(a2 +b? +c?) (a+b+c)(ab+bc + ca) —3abce — ab* —bc* — ca? 
d)e= SSE eT 
atb+c a +b>+c 


(a? +b? +c°)? +3abc(a+b+c)+3(a°b* +b°c* +c7a’) 
3(a+b+c) 


Using the inequality: a°b+b*c+c’a< 


And we need to prove that: 


7 3(a2 +b? +c’) _dlatbto)"(abtbe + ca) —12abelatb +0) a” +b? +02) —3(a2b? +bh°c* +a’) 


28 

atbt+c 3(a +b +c°)(atb+c) 
The inequality above is clearly ABC —able, we need to consider two cases : 
Case 1: c=0,b=1, a<1 (because the inequality is still symmetric when c =0) 

2 

Ty3(a? +1) | 3a(a+1)" ~(a* +1) -3a . , Ty3(a? +1) , 3a* +a? +3a-a*-1, 

a+] 3(a2 +1) (at D 7 a+l 3(ae+I(atl) 

eee: ee: 
Grune: 3a? +1) - pu a’ +1) > = 7y3(a? +1) 6 ng 32 ta? +3a-a*-1, , 
atl atl atl 2 3(a> +1) (a+)) 


Wala? #1) 3a’ Pa £3gsaq° = 1 = 76 6 


Add two inequalities side by side we have: > 
atl 3(a> +1)(a4t1) 2 


Case 2: b=c=1 


TY3(a? +2) | 3(a+2)° (2a+1)-12a(a+2)-(a? + 2)” —3(2a? +1) 


>8 
a+2 3(a? +2)(a4+2) 
z, IN3IG? £2) pg a" +60? #5" F204 5S 
a+2 7 3(a* + 2a? + 2a+4) 
14(a—1)° es (4a? +8a+7)(a-1)’ 


$S 2 
(a +2)(/3(a? +2) +42) 3(a* +2)(a +2) 
S (a—1)"| 42a? +2)—(4a? +8a+7)(/3(a? +2) +a+2) [20 


The rest work is to prove that: f(a=42(a3 42) 24a" +8a+7)( 3la? +2) +a+2)20 will 


be remained for the readers. 


The proof end here. 
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Remarks: In the above problems, we only find the evaluation for the expressions 
a°>b+b°c+c’a, ab’ +bc* +ca*. Actually that is enough to do already, because all the rest 


cyclic expressions can be represented through: abc,ab+be+ca,at+b+c,a°b+b’c+c’a. 


We will not give a proof for the above result, however the interested readers may find out 
quickly using inductive. Instead of that, we will give some equality that the readers may use 


when solving problems. As normal, let assume that a=x+y+z,b=xy+yz+2xX,c=xyZ: 


xyty zt exaa(x?yt yztz7x)—-b? +ac 
xtytytz+ztxa(a? —b)(x? y+ y?z+27x)-ab’ +be+a°c 

Rye =f eras +2°x° =b(x?y+ y*zt+z2x)+be-a’ec 

xyt yztzxala? ~2ab +c)(x?y + y2z+27x)—-a7b? +a%c+b? 


Koy hye a ee =(ab—c)(x?y + y?z+ 27x) + 4abe -a*c—b? —3¢? 


Proposed Problems 


3 3 3 
Problem 14. Prove that: 47” *°—_ 4 84° _34. ya.p,c20 
a b+b’c+ca (atb)(b+c\(ct+a) 


Problem 15. [Nguyen Anh Cuong] Prove that: 


a,b,c, jab+be+ea . Bay yabcz0 
b cia a+b? +c? 


Problem 16. [Nguyen Anh Cuong] Prove that: 


a’ ob os 
+4 


2 
>7, Va,b,c=0 
a’ ete) 
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§4.19. MIXING VARIABLES METHOD 


Main points: 

I. Introduction 

II. Inequalities with three-variables 

1. Unconditioned inequalities 

2. MV method for conditioned inequalities 

3. Trigonometric MV method in triangles 

III. Using MV method with functions 

IV. Three-variable inequalities involving boundary 
V. SMV theorem - inequalities with four variables 
VI. MV via convex function 

VU. Undefined mixing variables - UMV 

VU. MV with mean value 

IX. Inequality general induction (IGI) 

X. Entirely mixing variables - EMV 

1. EMV with the boundary at 0 

2. EMV for inequalities with triangles 

XI. Some special mixing variables techniques 
XII. General mixing variables theorem (GMV) 


XIII. Review & Proposed problems 


Il. INTRODUCTION 


¢ Dear reader, in our knowledge, for most inequalities, especially symmetric or permutation 
inequalities, equality occurs when variables are equal. A typical example is AM —-GM 


inequality, for example, for n = 3: 

Example 1.1. Let x, y, > 0. Then x+ y+z23-3/xyz. 

Equality occurs if and only if x=y=z 20. 

¢ There are many such inequalities so we usually believe that equality occurs when variables 
are equal. This erroneous observation is understandable since it requires advanced mathematical 
ability in order to construct a symmetric or permutation inequality so that equality occurs at a 
state that all variables are not the same. Let us consider the following example. 

Example 1.2. (VMO) 

Let x,y,z be real numbers such that x? + y° +z? =9. Then 2(xt+y+z)-xyz<10. 


In this case, equality occurs for (x, y, z) = (2; 2;-1) or any cyclic permutation. 
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¢ You might be surprised if you know that there are inequalities in which equality occurs 


when all variables have distinct values. For instance 


Example 1.3. (Jackgarfukel) Given a,b,c=>0 . Prove that 


g es <i Jatb+e 


+ 
Vatb Vb+c Vc+a 


In this case, equality occurs when a = 3b > 0, c = 0 or any cyclic permutation. We may ask 


why is (3, 1, 0)? Intuitively, we see there is something special about the fact that there is a 
variable which is 0. We observe that a, b, c are non-negative, thus a variable which has value 


0 is called variable which has value on the boundary (of the domain). 


¢ Another interesting point is that for some special inequalities, equality occurs for more than 
once (excluding cyclic permutation). These inequalities are beautiful and difficult. Here, we 


introduce a well-known example: 


Example 1.4. (Iran TST 1996) Given a,b,c =0. Prove that 


(ab + bc + ca) os ea 
: pe Fear, (b+c) (c+a) 4 


Equality occurs when either a =b=c>0ora=b>0,c =0 (or any cyclic permutation). If 
you investigate on this example, you will see that this problem is actually consistent with the 


above examples. 


¢ In summary, in the world of inequalities, the equalities usually occur in one of the 


following forms: 

+ All variables are equal; we will call this “extreme value is at center”. 

+ Some of variables are equal; we will call this “extreme value is symmetric. 

+ One of variables is on the boundary; we will call this “extreme value is at the boundary.” 


Mixing variables method (MV for short) is designed to solve such inequality by transforming 
the inequality to a simple inequality after deducing the number of variables. In some cases, 
after deducing the numbers of variables, we shall obtain a one-variable inequality which can 


be solved by investigating on its behavior as a function. 


¢ We now present main techniques of MV method through some specific examples. This 
chapter is organized as following: in the first part, we shall consider 3-variable inequalities, 
then 4-variable inequalities and in last section, we will consider the general MV for n variables. 
In the last section, we begin by introducing some “classical results”, and then we obtain some 
modifications and finally some general inequalities. We would like to transfer the natural idea 


of how to solve problems. Afterwards, readers can solve inequalities yourself. 
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Il. INEQUALITIES WITH THREE-VARIABLES 


e Assume that we need to prove f(x, y,z)20 for real numbers x, y, z satisfying some 
properties. We then process the following two steps: 

Step 1: (2 variables are equal) 

Estimate f(x, y, z) = f(t, t, z) for a suitable t which depends on the relationship between x, y, z, 


ety? 
a 


+ 
for example, pe = Vxy3t= 


Step 2: See if f(t, t, z) 20. 
Notice: In some cases, it is much easier to normalize variables of the inequality before applying 


the above steps. 


1. Unconditioned inequalities 


For unconditioned inequalities, we often use the average quantities such as 


2 2 
t= at = aont= ss _ Y Let us consider following problems 


Problem 2.1. Given a,b,c>0 . Prove that x+ y+z23- xyz (1) 


Proof 
Method 1: The inequality (1) = Ff (G92) =x4+ y+z-3-axyz, Vx, y, z>0 


Step 1: Prove that: f(x, y,z)>f(t,t,z) where =a. From: t* >xy we have: 


Flayz)—f(qt.z)ax4 yt 2—-3- Sfapz — [20+ 2-3- Hz |=3(8?2 - fyz) 20 
Step 2: Prove that f (t,t,z)=2¢+z—-3-%t2z20. 

Indeed, we have: f (t,t,z)=>0 © (2¢+2z)° ~27t7?z>0e (t-z)’ (8 +z) 20 (ans) 
Conclusion: f (x, y,z)> f (t,t,z) 20 
Method 2: The inequality (1) © f(x y,z)=x+y+z-3-axyz 20, Vxy, z>0. 
Step 1: Prove that: f (x, y,z)>f(t,t,z) where Pasay We have: 2t< x+y then: 

f(x y.2)-f (tt z)=xt y+z—3-Yayz —[2t+2-3- 3ayz Jax t+ y— 2420 
Step 2: Prove that f (t,t,z)=2t+z—-3-4r2z20. 

Indeed, we have: f (t,t,z)=0 © (2¢+2z)° ~27t7z>0e (t-z)’ (8 +z) 20 (ans) 


Conclusion: f (x, y,z)= f (t,t,z) 20 
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Method 3: MV method for homogeneous inequality 


3 
Step 1: If x+ y+z=k>0 then (I)49 (x4 y+ 2)" 22% e2(F42 42] 227.4.=.2 


From that if we assume that x+ y+ z=1 (*), then(1) © lace y,z)=1—-27xyz=0 


Step 2: We also notice that after replacing x and y by t= aa! condition (*) still holds, i.e. 


t+t+z=1, thus, it is enough to consider the behavior of xyz. 
x+ 
According to AM -—GM , ws(22) =f’, therefore XYZ <t?z => fay, 22/6 t z) 


Step 3: Let z= 1-2 we have: f (t,t,z)=1—-271? (1-21) = (14+ 6r) (1-3) 20. 


Under the condition (*), equality occurs if ae & x=y =+ 2S x=y=zZz =. 
— 


Hence, in general, equality occurs if x = y=z>0. 


Method 4: 


yy 3fx J. 
Step 1: If k?>0 th 1 + ESS. 31% 
ep XYZ = en (1) ot r ve kk 


We then assume that xyz=1 (*), thus (1) one y,Z Z)= x+y+z-320 


Step 2: We also notice that after replacing x and y by t= Voy condition (*) still holds, i.e. t.t.z =1 


thus, it is enough to consider the behavior of x+ y+z. According to AM —GM , 
x+y2>2,/xy =2t, therefore x+ y+z22t+¢z > f(y y, 2 =f t, z). 


(r-1)" (244-1) 
t2 


Step 3: Let got we have: f (t,t, z)=2r+ 1 _3= >0. 
t t 


x=y 


& x=y=l 6 x=y=z=l. 
t=1 


Under the condition (*), equality occurs if | 


Hence, in general, equality occurs if x =y=z>0. 
¢ Remarks: 


a) Through the above example, we can prove inequality f(x,y,z)=0 by proving the 
following two inequalities f(x, y,z)>f(tt.z) ; f(t.t.z)20. 


b) We can easily apply MV method to an inequality which is in a normalized form. When 
considering an inequality which is not in normal form, we should choose a suitable MV 


method in order to transform the inequality to the simplest form as possible. 
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* Because AM —GM (n = 3) is very simple, MV method might not be impressive to some of 
readers. However, you will be convinced by the effectiveness of MV method through 
following examples. 


Problem 2.2. Let a,b,ce R. Prove that (a? +2)(p? +2)(c? +2)>9(ab+be+ca) 
(APMO 2004) 


Proof 
Since the left hand side is even function with respect to a, b, c, it suffices to prove the 
inequality for non-negative real numbers a, J, c. 


Letting f (a,b,c) =(a? +2)(b? +2)(c? +2)-9(ab+be+ca) for a, b,c > 0. 


We now consider the following difference: 


f= a9 Web Alb.) Wa-db) \2Wa eb) AaalG a) el 
If we assume that c = min{a, b, c} then it is obvious that d>0 or f (a,b,c)> f (Jab, Vab,c) 


It remains to prove that f(t, t, c) = 0. By representing f(t, t, c) as a quadratic trinomial of c 
2 
f (14,0) =(17 +2) c? -18tc + (2¢4 —1? +8), we have 


2 2 
A’=(9t)? —(?2 +2) (2e4 —12 +8) =—(r? -1)° (2¢4 +112? +32) <0 = f(t, 4,0) 20 

This completes our proof. Equality occurs ifa=b=c= 1. 

¢ Remark: In symmetric inequalities, we can assume either a<b<c or a2b2c, and in 


cyclic inequalities, we must assume either a = min{a, b, c} or a= max{a, b, c}. 


Problem 2.3. Given real numbers a,b,c. Find the minimum value of 


f (a,b,c)=(a+b)" +(b+ce)° +(c+a)" - F(a" +b+ +c') 


Solution 


WLOG, assume a(a+b+c)>0. Consider the difference 


f (a,b,c) t (a2 bte poe) }-| 40 2)43alatbtc)+ 2 — 


Thus f (a,b,c) > f(a Pte, o4 


: c). if peceO then FG b2)= 


=e 
Vv 
j=) 


If b+c #0, we standardize b+c=2. We now have f(a,1,1l)= 2(a+1)* +16-2(a' +2)= g(a) 


It is easy to see that g(a)20 by investigating on the behavior of g(a). Therefore f (a,b,c) 20 


Equality occurs if and only if a=b=c=0 


Problem 2.4 (Vasile) Given a,b,c>=0 such that ab+bc+ca=1. Prove that: 


—i_;,—1_,_1_>}__8__ 
2a°+bce 2b +ac 2c°+ab (at+b+c) 
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Proof 


Letting f(a,b,c) = LHS — RHS . We will prove that: f(a,b,c)2 f(a,t,t) , t= b . _ 


1 1 
>, therefore we only need to prove 


First of all, we know —— 
2a°~+bce 2a’ +t 


eu * ea - ee > (b—c)* (2b? + 2c? +8bce +a? —S5a(b+c)) 20 


Supposing a=min{a,b,c}=> 2b? +2c* +8be+a* —Sa(b +c) = 2b* +2c? +3be— 4a? +5(b—ac—a) =0 


=> f(ab,c)= f(at,t). We now need to prove f(a,t,t) 20 € a’ (4a? —Tat + 6t*) >0 which is true 


The problem is solved. Equality occurs if and only if a=b=t,c=O(t 20) and its permutations 


¢ Remark: The above problem is an example of inequalities whose optimal value is not at the 
centre. For MV method, the most important part is “mixing”, it does not matter whether 
optimal value is at the centre or not. This is the distinct feature of MV method in comparison 
with traditional method. In general, it is not effective to apply classical inequalities for 


problems whose optimal value is not at the centre. 


2. MV method for conditioned inequalities 

MV method for conditioned inequalities is very different with the MV method we use in 
previous section. For example, with the condition ab+bc+ca=1, if we want to prove 
f(a,b,c)2 f(a,t,t), the variable t is not an “average quantity” of b, c but a quantity such 
that 2at +t =1. In general: 

To prove that f(a, b,c)20 where a, b, c satisfies g(a,b,c)=0 we need to prove 


f(a,b,c)2= f(a,t,t) where t satisfies g(a, t, t)=0. We present some examples below: 


Problem 2.5. Given a,b,c 20 such that a+b+c=1. Prove that 


Vat(b—c) +b+(c—a) +ycet+(a—by 9 


Proof 


Let LHS = f(a,b,c) . Supposing a=min{a,b,c}. As at+tb+c=l, so ass. 


We have Va+ (b ey = Ja. Furthermore 


guale=g) EA 6 Mob) SIG Oe bey So) Gea) s0 
Therefore LHS Safa 4420-0) ¢0=3a) Se > a(3a—1)" (4-—3a)>0 which is true 


The problem is solved completely. Equality occurs = (éhe\e {4.4.4} {4.4.0}. 
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Problem 2.6. (Phan Thanh Nam) Given a+b+c 23. Determine all real numbers k satisfying: 


(a’ +k\(b? +k\(c? +k) >(1+k)? (1) 


Solution 


Step I: First, we give some remarks to simplify the problem. Choose c=0, a=b> max | il.3} 


which implies k >0. Moreover, if k >0 satisfies the condition of the problem, so does every 


k’>k, since (a7 +k\b7 +k) +k) =[(@ +b tk -k O24 kh4k -k (C+ 4k -k 


> (a? +00? +(e? + +k’—k) >(fd4 >? +k’ —k) =k? 


Therefore, it suffices to find the smallest real number k satisfying (1). 


We now show that the following statements are equivalent, for all k >1: 
(i) (1) holds true for all real numbers a, b, c satisfying at+b+c23. 
(ii) (1) holds true for all nonnegative real numbers a, b, c satisfying at+tb+c23. 
(iii) (1) holds true for all nonnegative real numbers a, b, c satisfying at+b+c=3. 
(iv) (1) holds true if a=b=x,c =3-2x, for allxe [0,1]. 
Indeed, the direction (i) > (ii) > (iii) > (iv) is obvious, thus we only need to show the 
reverse one. We prove (iv) => (iil) 
Assume that a, b, c are non-negative real numbers such that a+b+c=3. 


By symmetry, we may suppose that c2a,b > 0<a+b<2. 


Letting f (a,b,c) =(a* +k)\(b? +k\(c? +k)-(1 +k)’. Set x= ave then xe [0,1] and c=3-2x 


We have: f(a,b,c)— f (x,x,c) =(a—b)” [ax -(44) ab |e" +k)2=0 


since 2 -(a4b) —ab> af (ab) >0 

2 2 
Besides, (iv) implies that f(x,x,c) 20, thus f(a,b,c) 20, which means that (iii) holds true. 
The direction (iii) > (ii) is trivial for if a, b, c is non-negative then the LHS of (1) increases 
as a function of a, b, c. Finally, to prove (ii) > (i), we may replace (a, b, c) by (lal, lol. Icl) 
Step 2: Consider k >0, we will find all k satisfying (iv) 
We have: f (x,x,3—2x) =(x—1)”| 6k? + Ox? —6x+3)k + 4x4 —4x3 —3x7 -2x-1] 
Letting g(k) =6k* +(9x" —6x+3)k +4x* —4x° —3x? —2x-1 then g is a quadratic expression in k. 


Since xe€ [0,1] , it follows that 4x* —4x* —3x* —2x-1<0, hence g has 2 roots with opposite 


Le 
signs, where the positive one is y= a + = V3 1—5x)(x+ 13 F 


It is easily seen that g(k)2>O0@k2y (since k>0). 


Therefore, we only need to find the maximum value of the function y=y(x) on the domain xe [0,]] 
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Bea (7 -—5x)vl+x 


/3(11—5x) 


This equation has a unique root in the interval [0;1] which is 


We have: y(x) 3] | ; y(x)=0> 10x? — 27x? +12x4+1=0 
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21 — arceos{ 
ee Ges ini) i - ~ 0,6631865028 


Moreover, y(xq) > max { y(0), y(I)} , hence y attains its maximum value on [0,1] at the point x,. 


So all real numbers k > 0 satisfying (iv) are k 2 ky = y(xo) =1,109926818 . 
Because ky >1, these are all values k such that (1) holds true. 


Conclusion: All values of k satisfying the condition of the problems are k > ky = y(xo) = 1,109926818 . 


Problem 2.7. (VMO) Let x, y, z be real numbers such that x = yr +77=9, 


Prove that: 2(x+ y+z)—xyzS10. 


Proof 


Ze ge 
Let f(x, y,z)=2(x+ y+z)—29z and a, 


Consider d = f (x, y,z)— f (x,t,t)=2(y+z—-2t)—x(yz-27) 


Since y+ z—2t<Oand yz-t’ <0, if x <0 then d <0. We now suppose that x = min{x, y, z}. 


eIfx<Othen f(x, y,z)< f(x,t,t). We will to show that f(x, 4 1) < 10 


2 
Replace t= ns => Pf (x.t,1) = 2x4 2Y2(9- x?) -Fx(9-x?) = 9 (a), xe [-3,0]. 


: A r , 3x? 5 4x 
Considering function g’(x)==* —-2-——=“__ =0 => x=-le[-3,0] 
a. 2 Aig ox" 
Based on the table on the right hand side x |-3 = 0 
flxy.z) sf (x40) = (x) <10, Vxe [3,0] & . 2 


10 
5y,zZ)=10 OS x=-l, y=z=2. 
7 (9.2) x y=Z g ae SG 


*Ifx>O>y>0,z>0. 


Without using MV method, we consider the following two cases: 

3 = _ 2,.2,,2)_[3 om my) 
If x27 then f(x, y,z)=2(x+ y+z)-xyz<2 3(x +y° +z ) ri =2/27 ao 
If xs then f (x.y,2)=2(x4 y+ 2)—y< <2 2(y? +2?) +3) <2(Ji8+3)<10 


The problem is solved completely. Equality occurs if a=b=2,=c =—1or its permutation. 


Comment: The conditions of above problems are with average quantities; therefore MV method 
is pretty much similar to Section 1. Now, we will consider problems with special conditions 
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a,b,c=0 1 1 1 9 
Problem 2.8. Given . Prove that oe ries >= 
ab+bc+ca=1 (a+b) (b+c) (c+a) a 


(Iran TST 1996) 


Proof 
Let LHS = f(a, b, c) . Supposing t = 0 is a variable such that t? + 2at =1. Consider: 


fe ee a 
(b+c)? (2t)? (a+b)? (atc) (att) 


d= f(a,b,c)— f(a,t,t) = 


We will prove d>0 by transforming d into the form of (b—c)*A where A > 0 
We have: t” + 2at =ab+bc+ca & (a+t)* =(a+b)(at+c). Therefore 
b+c-2t=(at+b)+(at+c)—AUat+t)=(atb)+(a+c)-2fatbato) 
= (larb-Jare)? =O 


(Vatb+Vatc) 
So gate ze a oitbte), 1 2 
(b+c)?(2t)* (a+b)? (at+c)? (at+b\at+c) 


_ —(b—c)?(2t+b+c) ,__ &-0)" 
(Ja+b+Vatc)(b+c)?(2t)? (at+b)*(a+c)’ 


-(b—0)? 1 7 2ttbte 
(at+b)(at+c) (va+b+Vatc)?(b+c)’ (2t)’ 


Now, let us assume a=min{a,b,c}, thus a<t and ¢t+b+c<(Vatb+Vatc)’, 


(a+b)*(at+c)’ <(b+c)’(2t)’. Therefore d =0 or equivalently f(a,b,c) = f(a,t,t) 


2 
On the other hand, replace a= it into f(a,t,t) and after transformation, we get 


2 a\? 
Flic aaa +4 >=. The problem is solved. 
4t° +t 


Equality occurs if and only if a=b=c= = or a=0,b=c=1 and its permutation 


V3 


Problem 2.9 [Le Trung Kien, Vo Quoc Ba Can] 


Given a,b,c=0 such that ab+bc+ca+6abc=9. Prove that a+b+c+3abc26 


Proof 


Letting f(a,b,c)=a+b+c+3abc. Supposing 2at+t? + 6at? =9 (O<t <3) 
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Consider the difference: d = f (a,b,c) — f(a,t,t) =(b+c —2t) +3a(be — t”) 
With the given conditions, to transform (b+c-—2t), (bc- -) into A(b- cy is really complicated. 
We will deal with this in a more “sophisticated” way 


The condition ab +bc+ca+6abc =2at+t* +6at? © Z fF (b+e-2n=r —be 
a 


b+c-—2t<0 b+c-—2t20 
Notice that if — <t<-bc. This can never happen. Therefore 


t>—be <0 t> —bc>0 


b+c 


2 
So d= (+62 +3albe—P) = + e~29(1- a 
6a+1 


) Now, let us assume a=min{a,b,c}, 


2 
then a<1 which implies 1- = i 20. Thus d 20 or equivalently f(a,b,c) = f(a,t,t) 
a+ 
2 2 
Replace a= 2 ; > and after transformation, we have f (a,t,t) = 2 x es p +626 
t t+ Ot 


The problem is solved completely. 


Equality occurs if a=b=c=1 or a=0,b=c=3 or its permutation 


3. Trigonometric MV method in triangles 


Trigonometric inequalities related to triangles are also 3-variable inequalities. We present few 


examples to illustrate the power of MV method for this kind of inequalities: 


Problem 2.10. Given AABC. Find the minimum value of (1 + cos? A) (1 + cos?B) (1 + cos?C) 


Proof 


Supposing C=min{A,B,C} > 0<C a (*). Letting f (A,B,C) =(1+cos? A) (1+cos? B) (1400s? C) 


We will prove that: f (A,B,C)= p(AtB A+B c} (1). Indeed, we have: 


2, 
(1) 9 (1+c0s?A)(1+cos*B) >(1+ cos” A+B) @ sin’ 48 [600s C—cos(A-B)-1]20 (2) 


Because of (*) we have: 6cos C —cos(A— B) -1>3-—1-—1>0= (2) is true = (1) is also true, 


or equivalently f(A,B,C)2 f(At2 A+B c)= gic) = 4(3- cosy’ (14+ cos’C) 


> 125 


It is easy to see that g(C)2422. From (1)=> f (A,B,C) 6A 


125 


Equality occurs < AABC is an equilateral triangle. Thus min f = 6A 
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Problem 2.11. Given a non-obtuse triangle ABC . 


Find the minimum value of P= sin A+ sin B+ sin C 
cosA + cosB + cosC 
Solution 


Supposing A=max{A, B,C}, we have ee Letting x=cos Boe ;xe[0,1] 


sin A +2cos 4 x cos 
P= f (x)=——__+— => f(x) =———__+—— <0 = f (x)is decreasing in [0,1] 
cosA + 2sin 7, -x cosa + 2sin x 
sin A + 2cos 4 sin 24 — 
= f (x)= 2 = 2 (A). We also have g’(A)= 4 _ <0 
cosA + 2sin y (cosa +2sin4 
2 
= g(A) isd mn) A)> (2)=14+22 = pai 
g(A) is decreasing E 3) > g(A)>g 3 5 zi 
E . . “f. _T. = _ . . . _ a2. 
quality occurs if and only if: on gat ey or its permutations. Thus ge ee 


Problem 2.12. Given a non-obtuse triangle ABC . Prove that: 


(sinAsinB) + (sinBsinc) +-(sinAsinc) ~9 
sin C sin A sin B 4 


Proof 


WLOG, we assume that a A aa We can rewrite the above inequality in the form 


£2 (A,B,C) >3+2(sin’ A+sin? B+sin?C) 


where f (A,B,C) = sin Asin B 4 sin Asin C i sin B sin C 
sin C sin B sin A 


B+C B+C lier Asin’? 4 1 
Consider the diff : d=f(A,B,C)- f| A, ; = : : 
onsider the difference FC ) r( 5 ; ad a Bene 5 


: e Asin? Asin? 4 A 
i za > 4 >]6sin* 42> > 
Since 5 >A 3° we have snBunC >16sin 5) >1. Hence d=0 


We also notice that sin’ B + sin’ C < 2cos” 4 , SO we only need to prove: 


p? (A Fee BEC) 594 9(sin? A+sin? B+sin? C) & cos A(cosA +1)(2cos A—1)° 0 


This is true because oie Az a The inequality is then solved. 
Equality occurs <= AABC is an equilateral triangle or an isosceles right triangle. 


Comment: If we use the formula sin BsinC = — and > cot B.cotC =1 then the above 
sin A cot B+cotC 


inequality is equivalent to (Iran 1996): (ab + be +ea)] i a 1 aad 1 5 P 2 
(a+b) (b+c)° (ce+a) a 
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Il. USING MV METHOD WITH FUNCTIONS 

In this section, we will study MV method with functions; this is an important technique in 
MV method. In section II. in order to prove f(x, y, z) = f(t t, z) we consider the expression 
d= f (x,y,z)—f (t,t,z) then we show that d > 0. It is a suitable if f is a simple polynomial or 
polynomial fraction. However with more complicated function, such as 


f(x.) =x*+y*+z* (for k>0) we need to evaluate intermediate quantity by 


investigating the behavior of the function. In details, assume that we need to prove f(x, y, z) 2 
yt+z : . 
f(@ t, t) where a Tae let us consider function g(s)=f(x,t+5,t-s) for s => 0. We then 


prove that g is increasing for Vs = 0, thus g(s) = g(0). 


We would like to emphasize that this is a difficult and sophisticated technique in MV method. 


The following examples illustrates the beauty as well as the power of MV method 


Problem 3.1. Given k = 0 and a, b, c = 0. Prove that: 


(522) (2) +(=5) = min 2.) 


Proof 


3 45,-I3_; 


Step 1: It is enough to show the inequality under the case 2= ae in? 
n 


We leave it as a food for thought for readers to find out the reason. 


a=b,c=0 

Notice: For k= 3-1 equality occurs for a=b=c>0Oor | b=c,a=0 
n 

c=a,b=0 


Step 2: Without lost of generality, we assumea+b+c=1andb2c2a. 


Let p= Pte and mate , it follows thatb=t+m,c=t-—m, a= 1|- 2t. Therefore: 
(m) = (1=2t)\" 4 (t+m_)" ,(t-m_)' In3 

‘5 =|———]} +|————_ +(e >2 where k=—=-1 

a ae | 2 (os) a ere Sn? 

Since c 2a, we have 3t -1=m20,and12>b+c = 2t thus Rete 


Let us consider function f(m) where me [0, 3t— 1] and te [4.4] is a constant. 


k(t+ m)\! 7 kK(t—- m) 
Gata ia 


k(t+m)" sy k(t—m)*" 


2 eT 
(j-t—m)* 


We have f’(m)= ye 


(1+m-t (l+m-t 


1 


€ g(m) =[In(¢—m)~In(¢ + m)]-4** [In -1—m) -m (1-1 +m)] 20 
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i | Lek (1 —__}> 
Then: g’(m)= (. aan) Gk eta ieee 


—2t gic. 20-12) Spy dey 1+k  —1-t 
(t—-m)(t+m) 1-k (1-t-m)(1-t+m) parm l=) G- oa 


a ; at +k 22. Therefore, it is enough to prove that 
a = 


= (1-72) 
2 ; at 2 2 
t' -—m (i-t)° —m 


Since k= 


>0e u(m) =-t + 4t? — 303 + 3tm? —2m? >0 


Now u’(m)=2(3t-2)m<0 Vte [4.4] => u(m) > u(3t — 1) = 2(3t — 1)(2r— 1)? = 0. 


= (1) holds > g’(m) = 0 > g(m) is increasing > g(m) = g(0) =0 => f’(m) = 0 


= f(m) is increasing > f(m) = foy= (1524) +2(L). 


k k 
Step 3: We shall prove that f (0) =h() = (524) +2(—] 22,Vte (0.2 


k-1 = 
__2kt —K Maa cg 27 <[—)G-2]*" 2) 
ag 


In the last inequality, the left hand side is an increasing function with respect to ¢ and the 


right hand side is a decreasing function with respect to ¢, and since ist then it is sufficient 


2k k-1 
to show that: 2(1) <|(1-4)(1-3)| 
O SNOW a 3 3 3 


It is easy to see that the above inequality holds, thus A(t) is decreasing. 


Therefore h(t)> n(4) =2 which completes our proof. Comparing te [4.4] and te [0.4 | 


Remarks: To see the beauty of above inequality, we consider some special cases 


b Cc 3 
+ = 
cta atb 2 


a) For k = 1, we get Nesbit inequality: mes + 
c 


There are 12 ways to prove the inequality, e.g. 


Caan b ii 43aatbtc, atbt+c,atbte 

b+c cta atb b+c cta a+b 

=(a+b+e)(—1 +1, 1 J2(a+b+0) 2 -2 
b+c cta atb (b+c)+(ct+ta)+(at+b) 2 


_1 . a b a 
b) For k=» we get: bots + p>? 


Here is a solution using AM — GM inequality: 


» | =) —_44_ oo peaey: _2(atb+c) _ 
ae Te ee a+b+c 


cyc 
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7 k b \k k 3 
c) For k>2, we have: | 2 +( + & > 
3 bt+c cta a+b Q* 


This is a nice inequality although constant k =4 is not the best. Here is a solution 


2. 2 

ay PEC BEC 3 (bee), | 2a ° 3a | a ° 3 
tb+c=at Prey tes, > — 
aie eee ? “\beel “atbte 2, bee) ~ 2 


Problem 3.2. Letk>0, a,b,c >Oanda+b+c=3. Prove that: 


(ab)* + (be)* +(ca)* <max{3(3)"} (1) 


Proof 


Without lost of generality we may assume that b 2 c (we shall choose a = min{a, b, c} ora = 


max{a, b, c} in a suitable way). 


b-c 
2 


and m= it follows that b = t+m, c=t-m. Then we can rewrite (1) as following: 


b+e 
Let t=—— 
s 2 


fm) =a" [C+ m)* + e—m)*] 46? — mt) <max{3(3)" } 
Now consider f(m) on me [0, t]. After some manipulations, we get: 
f’(m) =ka* L(t +m)" —(t-m)** | —2km(t? —m? a 
f’(m)> 0 g(m) =a" [(r—m)'* —(r+m)"™ J-2m>0 
It is enough to consider that case k > 1 (for k < 1 the inequality is trivial). 
Since o"(m)=a*k(k-D[(t—-m) ~(1+m)* |>0, g’(m) is increasing, it follows that g’(m) = 0 


has at most one solution in (0, 7). Because g(0) = 0, g(t) = + © there are two possible cases 
g(m)>0 ,Vme (0; ft] or g(m)=-0+ ,Vme [0, f]. 

= f'(m) > 0 ,Vme (0; t] or f’(m) = —0+ ,Vme [0, ft] 

<= f(m) goes up or f(m) goes down and then goes up. 


In both cases, the maximum value occurs in the boundary, this means f (m)< max { f (0), f (t)} 


Form=1=¢=0= f(s) =(ab)' <(2#2)" =(3)” 


For m=0>b=c=t=> f(0)=2t*ak +147 =21* (3-21)* +174 =h(v) 


We have: h’(t)=—4k (3—21)47 ¢*§ 42k (3—21)* #8! 4 2k 


k-1 k 
W (1) 209 -2(3=24) +(3=24) 4120 u(x) =x" -2x* 4120 for x3 


We get: u’(x) =[kx-—2(k-1)]x*~. It follows from that fact that u’(x) has at most one solution 


in R* that u(x) has at most two solutions in R*, one of which is x = 1. By the way, we now 
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suppose that a = min{a, b, c}. It is enough to consider the case ¢ = 1 or equivalently x < 1. 


Since u(x) has at most one solution in (0, 1) then h’(t) has at most one solution in (1.3). 


Notice that h’(1) = 0, n (3) >0. Therefore A(t) is increasing in [1.3] or A(t) has a form (—0+) 
for te E 3) . In both cases, the maximal value of A(t) occurs in the boundary, this means that 


hls) <max{ (0). £(3)}=max3,(3)" } 


¢ Remarks: We do not assume a = min{a, b, c} from beginning to point out that by applying 
mix variables method, we do not need to assume any orders between the variables. 


Furthermore, after proving 


F (a,b,c) <max|{(3)” Flan0| for t-te 


2 
ae 
a)" +b 

f (a,b,c) < max (3 Flo} for t=4 5) 
we can continue in a different way as follows. 
For a, b, c fixed, consider the following sequence defined by: 

Diy Og, oy WsaP ae 

(aystgses ) =(a,b,c); Cae ee ree ) = a Vne Z* 


a +b a +b 
= 2n-1 2n-1 2n-1 2n-1 + . 
and Caen Pare ) -( 5 ; 5 om Yne Z . Then we have: 


2k 
F (a.b.c)<max{ (3) F(aybyc,)] , WVne Zt 


Since a+b+c=3 then sequences {a,} .{b, } ae.) converge to 1, it follows that: 


f (a,b,c) < max 2)" racer D} = max (3) 3 (ans) 


* Comments: We shall generalize the above technique to obtain some well-known MV methods, 
namely, strongly mixing variables (SMV for short) and undefined mixing variables (UMV for 
short) which will be introduced in the next section. By using the continuity of function, we 


obtain more generalized methods than SMV and UMV. 


On the other hand, after having (*), we have some special ways to obtain the solution; this 
will be introduced in the section on 4-variable problems. In the section on 3-variable 


inequality, we use only simple approach. 


Here is another example, in which we use geometric mean. 


Diamonds in mathematical inequalities 145 


Problem 3.3. (Pham Kim Hung) Given a, b, c > 0 such that abc = 1. Prove that: 
a) 81(1+a7)(1+b?)(1 4c?) <8(at+b+c)" 


b) 64(14+ a3 (1453) (1403) <(at+b+e)° 


Proof 


a) Letting f (a,b,c) =8(atb+c)" ~81(1+a7)(1+b?)(1+c?). We then assume that a > b. 


Consider function g (4)= f (1a.2.c] where te fe. i) We have: 
a 


(0 =3(a-4\(ta+b-+e) ~8i[a- 2 (tas?) (+e) 


Since te eal it follows that g’(t) = 0 provided that: 32(d +c)? >8ld(1+c?) for d=ta +2 
a 


Indeed: 32(d +c)? >32d (ad? + 2de + 3c?) 232d (3Y/d4c? +3c2)>81d (142) since d2c24. 


Thus g’(t) > 0 for te fea] therefore g(t) is increasing in fea] = g(l) 29 (2). 
a a a 


this means that f (a,b,c)> f(s,s,c) where »= Jab. 


Finally, we prove that f(s, s, c) = 0 for s’c = 1. Let sae we get: 
Cc 
F(s.0)=F{Jaqee)=8 2 +e) si(i+4) (+0?) 
Ve ve Ve c 


: 9 9 5 3 
-(1| (s05 +16c2 +24c* +96c2 +8707 + 78c2 +99c? +120c2 eae >0 (ans) 


This completes the proof. Equality occurs if a=b=c=1. 


b) Define f (a,b,c)=(a+b+c)° —64(14a7 (1457) (1 +c?) 


Suppose a=b 2c. Consider the function g(t) = fta,2,0) where re| ea. We have: 
a 
b b..\ b b? 
g(t) =6| a-> (ia+2+0} —192| a—-2 || t?a* +ab+2 |(1+c?) 
i t i? i 


5 2 
Since fe eal, g’(t)>0 if the inequality [a+ 2+] 2 soa’ +ab+F=)itbe') holds true. 
a t 
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2 5 4 
Setting d=t’a’ +ab+2, we have: (a+ 2+<| >3(a+b +c] 
t 


2 
=3(d +2ab +2100 +2-2¢} > 3(d +6)? > 72d > 32d(1+c?) (since c<1) 
Hence g(t) = 0 for te ‘2 i) which implies that g is an increasing function on | ea], 
a a 


In particular, g(1) 2 g (2) , which means f (a,b,c) = f(s,s,c) where s=~+Vab. 
a 


Finally, we show that f(s, s, c) = 0 where sc=l. Substituting s et. . we obtain: 


Je 


1 4 ay he 
SC) = sc |= 64| 1 1 
f(s, 5,0) fpee] ean (+2) (l+c”) 


=c° +12¢4Je —4c3 + 32cVe +112+ ©£ 50 since c <1. The proof is completed. 


cve 


Problem 3.4. (Phan Thanh Viet) Given a, b, c => 0,a+b+c= 1. Determine the greatest 


positive real number k satisfying: ja+k(b—c)*? +Jb+k(c—a)* +Jc+k(a—b)’ < 3 (1) 


Solution 
¢ Step I: Let a=1,b=c=0. Then (1) implies that k < os 


3 


We now show that inequality (1) holds true for k =1- 5 


Define f (a,b,c) =Ja+k(b—c)? +b+k(c—a)? + Ve+k(a—by’ 


Without loss of generality, we may suppose that a>b2c. 


We prove f(a,b,c) < f(a,t,t) (2) where p= Pte .Let b=t+s,c=t-s. 


Since a+b+c=1, a=1-—2t. Then the conditions a2=b2>c20 implies 1>3t+s 24520. 


Consider _f (a,b,c) = g(s) = V1—2t+4ks? + /t+5+kGr—s—l) +Jt—-s+kGrt+s—-I, 
where sé Gi and te [o:4]. Note that (2) is true if we have g(s) < g(0), so it suffices to 


show that g(s) is an decreasing function. We have: 
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4ks 1+ 2k — 6kt + 2ks —1—2k + 6kt + 2ks 


ee eA ee 
Vl—2r+4ks?  Wr+s+kGt—s-1)? 2 t—s+k3t+s—-1)? 


Since 1—-2f+4ks* >t—s+k(3t+s—l)* © (1+ 5 —3t)(3kt+3ks+1—k)=0 , to obtain g'(s) <0 


1+ 2k — 6kt + 2ks —1—2k + 6kt +10ks 
eee ee 


we only need to show that ———_____ < 
2jt+s+kGt—s—1)?  2t—s+kGr+s—1)? 


& (1+ 2k —6kt —10ks)? (t+ 5 +k(t—s—1)*) = (1+ 2k —6kt + 2ks)?(t-—s +k(3t+s5—1)*) 
<> h(s) =1—24k°t —30kt +72k7t? +144k 71s +144k 74 — 432k 77? + 6k —32k7 5 —8ks + 40k?” 
+16k?s—16k? +80k3s7 +48k3s° —96k7ts + 432k 7t? +144k 7775 — 240k? ts? > 0 


We have: h’(s) =144k71 —32k* —8k +80k7s+16k? +160k*s+144k 357 —96k744+144k 71? — 480k 3 ts 


h’(s) = 80k? +160k? + 288k3s—480k3t>0 Vse Gi (since te jo:t]) 


Hence h’(s)< n'( J< 0, which implies h(s) > n(4) >0. We may now conclude that g(s) <0 


di 
4 


It follows that f (a,b,c) = g(s) < g(0) = f(a,t,t) where t= a 


¢ Step 2: It remains to prove the inequality for the case b=c: 


Ja +20 —a)+kQ—3a)? < V3 > 20—a)+k(1-3a)? <(J3-Va) 
@ k(1-3a)? < d— 3a)? @ (1- V3a)?[ (+ V3a)? -1] <0 


The last inequality is obviously true since (1+ V3a)? <(d+ 4/397 =t. 


Therefore, the greatest real number k satisfying the condition of the problem is k =i82, 

Comment: From understanding the method to applying the method skillfully is a long way. 
The most important thing is that you need to be willing to deal with the problem to the very 
end, do not stop when you confront complicated calculations. Successes will make you more 


confident. We now present a problem in which the solution might frighten some of you, 


however we hope you will be calm to see hidden beauty of the problem 


a,b,c=0 i b 
Problem 3.5. Given . Find the maximum value of S = —4 aad & a ea ; 
at+b+c=3 3+¢ 3+a 3+b 


Solution 


WLOG, supposing a=b2c. 
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= 2 42 
Puta=s+t,b=s-—tthen we can rewrite S ae P=) g ae go 


34(s4+t) 34(s—1) 3407 


We now investigate f(t) for te [0, s—c]. We have: 


@= —c _ 2c(s? — 1?) £ Cc % Qels* =7") __ 2t 
3+(s+2)° setae | 3+(s-2)° [34(s—1)?] 340° 


2 12 
—Acst , Bests?" Vutv) 2 Ye (a,s—c) where nase (sn) vest ls+t). 
uv uev 


If f’(t) < 0, Vt €(0, s —c) (we shall prove it later), then: 


f(t)< f(0)= _2cs_ 3° a= 2s) , < 


=g(s) (1) 
ee 34+c? 34+ 5° aaa : 


Consider g(s) for sé [ud]. We see that: 


o’(s)=—248= 128? 18-245 ~65? _ 108(s” ~35+4)(s—1)" (-s? -35+6) 
2 2 2 - 
[3+(3-2s)?] (3 +57) [3+(3—25)?] 3452) 
Obviously s°—39+4>0 and —s? ~30+6-( F3=3._ 5)[ ¢4 343) 


0 


3) for 55 = ee =1,372281323... 


thus g’(s) is positive in (1, sg) and negative in (s : 
11¥33 — 45 


mu |! 


Hence for every se [1:3] we always have: g(s)< €(s5)= 


In (1) and (2), equality occurs if t= 0 and s=s,, or equivalently if a=b=s, and c=3-2s). 


Sa: the daacimunvalue-as 133 = 45 _ 9.757924546... whet aaee ee 3 _ 1 372281323..., 
c= 6 — ¥33 =0.255437353... 
Finally we prove f’(t) < 0, Vt € (0, s —c). We shall prove 
2 
for te (0, s—c) that; 4#8<—1— (3) and Serle Nutr) « <t. 
uv 3+¢ u 3+¢ 


Prove (3): It follows from c+2s=1 ands > 1 that cs<1. Moreover: 


u=3+(stt) >4,v=3+(s—t) >3+c7 which yields (3). 


Diamonds in mathematical inequalities 149 


Prove (4): Using AM — GM inequality we have: 


uy? =[34(¢+2)?|] [34(s-0?] 316(s? -72) 


ee: ae 
and 2cs(ut+v)(3+c7)=4cs(345? +17)(3402)<(4atdte tr t34e") 


Using c = 3- 2s, together with t < s — c = 3s — 3, we yield: 


des +3452 4124340? <4(3—25)5+6+52 +(3s—3)° +(3—25)? =12 4+ 6(s —1)(s—2) <12 


then 2cs(u+ v)(3 +0?) <4, 


8es (5? -1?)(u+v) -4 


22.2, Did 


2-2? Bos(utv)(3+e7) 24, 1... 4 | 
uv uov 34+c? ~ AF Bae? Se" 


Thus 


It follows from (3) and (4) that f(t) < 0, Vte€ (0, s—c). 


Hence Naxe= nee =0.757924546... 


¢ Remark: We can also apply the above technique to the following problem: 


Problem 3.6. Let a, b,c >0O anda+b+c =3. Find the maximum value of: 


S(a,b,c)= be + <a + ab where k = 3 is a constant. 
at+k b°+k c’+k 


Problem 3.7. Let a, b,c >0;a+b+c=3and S(a,b,c)=—2¢— +4 5. a 
atk bo’ +k ct+k 


Find all k such that S (a,b,c) <S(1,1,1) =. 


Firstly, since S(1L,1L1)= s(3.3.0) then & = 3. Using similar approach as in 3.4 we then need 


. 3 
to consider the casea=b2c and S_,,. = max {3 -,$ (59.593 So ) 


where so is the greatest solution of the equation 6s° + (7k — 9)s’ — 18ks + k’ + 9k. 


Thus we must find all k = 3 satisfying: S (a Sp SG ) < =. 
The possible value of k is [3, ko] where kp = 3,2690313... (solution of an equation with high 


degree). We also notice that in the most of inequalities concerning to find the best value of a 


constant (which is complicated), we must use MV method. 
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IV. THREE-VARIABLE INEQUALITIES INVOLVING BOUNDARY 

In the previous section, "mixing variables" means "two variables are equal", and now, in this 
section, "mixing variables" should be understood as "moving one variable to the boundary". 
For example, if we want to prove f(x, y, z) = 0 for x, y, z 2 0, we hope that f(x, y, z) = f(0, 5, 
t), for suitable s, t corresponding to a, b, c. Finally, it is enough to show that f(0, s, t) = 0. 


We now begin with Schur inequality. 


Problem 4.1. Let a, b, c > 0. Prove that a? +b? +c° +3abc> a’ (b+c) +b? (c+a)+c* (a+b) 


(Schur inequality) 


Proof 


In I., we have already proved it by using MV method when two variables are equal. We also 


observe that equality occurs either a = b=c or a=b, c =O (and any cyclic permutation). 
Let f (a,b,c)=a? +b? +c? +3abce—a’ (b+c)—b? (c+.a)—c? (a+b) 
We hope that f(a, b, c) = f(0, a+ b, c). Now we consider: 
d= f(a, b, c)—f(0O, a+ Bb, c) = ab(Sc — 4a — 4b) 
We then find that it is impossible to get d= 0 for every a, D, c. 


Unfortunately it is not true! But why not d = 0. We now observe that f(a, b, c) is decreasing 


if two variables are touching (which occurred in II.), now if we replace (a, b, c) by (0,a + b,c) 


variables are moving far from each other. We now replace (a, b, c) by (0.0 + He + 4) and 


consider: d, = f (a,b,c)—f 0,b+4£,c+4)=ala+b—2c)(a+e~2) 


We now can assume that d, 2 0. Indeed, by symmetry, we may assume that d, = max {d Gt af 


So, if d, < 0 then 0>d_d,d. =abc(b+c—2a)’ (c+ta- 2b)° (a Py eer ae a contradiction! 


Thus d, = 0 then f(a, b, c) = f(0, s, ft) where s=b+ ate ct a Finally, we see that 


f(0,s,t)=t? +5° —t’?s—ts? =(t+5)(¢—- s)’ >0 this completes our proof. 
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a,b,c=0 1 1 1 5 
Problem 4.2. (Hojoo Lee) Given (*). Prove that +——+4+ >= 
Ahexieal a+b b+c cta 2 


Proof 


We notice that equality occurs for a = b = 1, c = 0 and any cyclic permutation. 


If c = 0, then we must prove: A= 1414 Ls) for ab=1. 
a 


b atb = 2’ 


Let s=a+b—=> s>2Vab=2.Then A= stt-(S+1)438>2 he ese) 
s \4 5s) 4 “V4 2 


__l 1 1 | 1 ] 
Let b, c)=—- + — + .Weh that > +b, —— 
et f(a, b, c) ae ee rier e hope tha f (a,b,c) fla ag 


(due to ab + bc + ca = 1). Consider: f (a,b,c) f(a+b,—_,0} 
a 
1 1 1 1 1 
= + ————_. + ———_ | -| —— +a 4+) + ————— 
at+b a+icab mer ai = 
a+b a+b a+b 
a 1 __2+a?+b?__ 2+(a+b)” 


= _|- a 
ee “Eb te(aeb)° ~Uew@ 4s) 14eGasy 


_b+a’ ib lie @aby |~G360Gs—) oe@esy | 
(14a2)(14+b2)[14(a+5)7 | 


__2ab-ab?|2+(a+b)°] _ abl 2U-ab)-ad(a+b)’ | 
(+a2)G4+b2)[14(atp)* | G+a2)G4+b2)[14(a4b)7 | 


Then d = 0 provided 2(1 — ab) = ab(a + b)’. Therefore, assume that c = max{a, b, c}, 


we get: 2(1- ab) = 2c(a+ b) = (a+ b)’ = ab(at+ bY” =>d=>0 = (ans) 


¢ Remark: Problem 4.2 is interesting but it is a corollary of a well-know inequality, namely 


Iran TST 1996. Indeed, since ab + bc + ca = 1 then it follows from Iran TST 1996 that 


+4=29 


(a+b) (b+e)° ital (aeb)@eotena) 4 4 


2 
er en ee ) = 1 1 1 4(atb+c) 9 
a+b b+c cta 


due toa+b+c=(a+b+4+c)(ab+bc+ca)2=(a+b)(b+c)(c +a). 


It is natural to raise a question that whether Inequality Iran TST 1996 can be solved by 


forcing one variable to the boundary or not? This can be answered by considering 


following problem. 


the 
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Problem 4.3. (Le Trung Kien) Given a, b, c= 0, ab + bc + ca = 1 (*). Prove that 


1 1 1 1 
+ + >2+ 
Vatb wVb+c vVcta «f2 


Proof 


First of all, consider the case c = 0, we need to prove 


A gg eae ie where ab = 1 


= 1 
ee ab ee 


We leave this simple exercise for readers. 


Now, we will prove f (a,b, 2 F(0, a+b, _) 


Note that f(a, b, c) in 4.3 is quite complicated therefore it is difficult to use MV method by 
considering the difference. Fortunately, f(a, b, c) can be expressed in terms of x=a+b andc 


as following: 


and 1 L 1_, ve+a+V¥O+o) 
jon ee Joka aes Jb +c\(c+a) 


__ 1 _ Petar beaver +1 M2etx+2ve? +] 
ae Ve? +1 e. Ve? +1 
l-cx—c? -eve* +1 


We have: g(c) = ————$ << 0) 


Ke +1)3(Qc+x+2vVc* +1) 


g(c) 


Therefore, g(c) is decreasing. Note that: cx =ca+cb<ca+cb+ab=lec< L : 
x 


Thus: (2 s(=)=Je+se4 . - = f(abre)2 f (a+b, 


ay 


The problem is then solved. Equality occurs @& a=0,b=c=1 or its permutation 


Remark: 

¢ The technique of transforming expressions of a, b, c into expression of a+b,c if 
sophisticated. Note that a conditioned inequality of three variables is equivalent to an 
unconditioned inequality of two variable. The above technique helps us to utilize the given 
condition when transforming it to inequality of 2-variables. Based on this idea, we have a 


“surprised” proof for Iran TST 96 inequality. 
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With the condition ab+bc+ca=1. Let x=a+b, we have 


| ae oa ee =, x +2c* + dor—2 


Gah Geer Gace 2 (c2 41)" 


= g(c) 


This is a function of two variables. 
Al cx? + (3c? —Dx+c3 —3c | 


Differentiate g(c) we have g(c)=— ; 
(c? +1) 


Consider following cases: 
Case 1: c21, then: c2> x21 


2 
x 
We have SGOT eT ee Sree x° >4-4cx , therefore 


cx? + (3c? —1)x+c? —3c2>c(4—cx) + Bc? —)xt+c% -—3c=c? +ce-c’x—x20 
& g’(c) <0. So: s()<a(4}= ¢(0.a+0,—L). 


x at+b 


2 


Case 2: c<1. Again, we have: x7 >4-—4cx @ c= 


4x 


Consider the second derivative of g(c): 

». 4[ Ge? -1) x? + 12c(c? —x+3e4 -18c? +3 | 

2c) = OororrrOoom') 
(¢? + 1) 


We will prove: g’(c) <0 © h(x) = (5c? -1) x? +12c(c? -1)x +3c4 -18c7 +3 $0 


Since A(x) is a quadratic function with positive coefficient, we have h(x) < max {r(o) .n(4)}. 
c 


Also h(0) =3c* -18c? +3<0; n(1)=304 6c? -4-4<0 


Cc 


Therefore h(x) <0 g’(c) <0, so: 


Fee max{e(+),¢(4=2"]} & f(ab,cy< max{f(0,a+6,—), ¢(1.1.0)} 


4x at+b 
We now only to prove the problem when there are two variables with the same value or one 
variable is 0. The first case is proved above. In the second case, we assume c = 0, thus the 


condition becomes ab = 1. We have 
—1_ 41412" <> ab(a—b)*(8a* + 8b? +15) 20 


The problem is now solved completely. 
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¢ We will now show examples that MV method where variables are equal cannot be applied. 


Applying MV method where one variable moves to the boundary is suitable. 


Problem 4.4. (Jackgarfukel) 


Given a, b, c>0. Prove that —@—4+—2-4~_¢£ <5 Jatbte (*) 
Va+b Vb+c Veta 4 
Proof 


We now consider when the equality occurs. It is easy to see that if a = b = c then the equality 


does not occur. We may assume that c = 0, then (*) becomes G@_sJb <i Ja +b (1) 
Vatb 4 


2 
Leta+b=1. We get (1)o 1-b+ Vb <3 (Vb -4) > 0 (ans) 


Thus equality occurs for a = 3b > 0, c = 0 (and any cyclic permutation). 
Without lost of generality, assume that a = max{a, b, c}. 
Normalize so that a+b+c=1. 


atc a-Cc 


Let t= and s= ,thusa=t+s,c=t-—s,b=1-—-2t. 


1-2t t-s—-5 
Then (*) 4 7 (2 st te? 
“Qstl=t «l=tex ~2t 4 


We shall prove that f(s) < max{f(0), f(} for se [0, t]. We have: 


, 1 t+5s 1—2t 1 
Ps (s) =. - —4*5 + —-4 — - and 
Vs+1-t 9(s41-1)2 20-t—s)2 V2t 
f'(s)=- 1 es 3(t+s) = 3(1- 21) ;- By using b=1—2t20 we obtain 
(sti—1)2 4(st+1-1)2 4(0-t-s)2 
f"s)= a ies ‘ pili 3 = 18435 —331 | ei 50 
A(s+1—1t)2 8(s+1-1)2 8(01-t—s)2 8(s+1-1t)2 8(1-t-s)2 


Mw 


Because f”(s)>0 Vse[0, ft] then it follows from Rolle theorem that equation f’(s) = 0 has at 


most two solutions in [0, ¢]. On the other hand, it is easy to prove that f’(0) < 0 and f’(f) = 0, 
therefore f’(s) may change its sign at most once (0, #), moreover f’(s) is as the following 
possible cases: f’(s) > 0, Vse (0, t) or f’(s) < 0, Vse(0, ft) or f’(s) with form —0+ on (0, 1). We 
then obtain f(s) < max{f(0), f(H} Vse [0, f]. 


Now from f(0)<= and f(s2 we have f(s) <max{f (0), f(t} < 


3 3 
4 4 
¢ Remark: Similarly, we can prove the generalization of above problem: 


"Let a, b, c= O and k¢ (0, 1). We have: 


tL. - b -+—£— <C, (atb+e)"™ where C, =1+k—-k?". 
(a+b) (b+c) (c+a) 
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Problem 4.5. (Phan Thanh Nam) Given a, D, c = 0. Prove that: 


(a? +b? +07) >4(at+b+c)(a—b)(b—c\(c—a) 


Solution 
Define f(a,b,c) = (a? +b? +c”) —4(at+b+c)(a—b)(b—c\(c—a). 
Without loss of generality we may suppose that c=minf{a,b,c}. If a2b2c then the 
inequality is trivial since f (a,b,c) 20, hence we only need to consider the case b2a2=c. 
We then have: 
f (a,b,c) — f (a,b,0) = (a? +b? +c?)-(a? +.b?)? +4(b—a)c(a? +ab +b? — 3c”) 20 
Finally, f(a,b,0) =(a? +b’)? —4(b’ —a’)ab =(a* +2ab—b’)’ =0, hence the proof is completed 
Equality holds if (a,b,c) = (v3 - Dt,t,0) where ft > 0 (and its permutations). 


¢ Applying MV method when one variable moves to the boundary is essential when 


considering cyclic inequalities. But what’s about symmetric inequalities? 


Problem 4.6. (Pham Kim Hung) Given a, b, c>0,a+b+c =3. Prove that: 


(a3 +b? +03) (a3p? +.b3c3 +.c3a3) <36(ab + bc + ca) 


Proof 
Without lost of generality, we may assume a 2 b 2c. Put 
f (a,b,c) =36(ab + be + ca) —(a? +b +c)(a*p? +b3c3 +07’) 
> f(a,b+c,0)=36a(b+c)—[a? +(b +c)? Ja3 (b +0)? 
We shall prove that: f(a, b, c) = f(a, b+ c, 0). Indeed, we have: 
36(ab + be + ca) =36a(b+ c) + 36be > 36a(b +c) 
=> f (a,b,c)= f (a,b+c,0) 
(a+b t+e*)(asb? +b%c? +a) <[a? tee la (b+c)° 
Thus it is enough to show the case c = 0, or equivalently 
36ab >a*b* (a? +b*) > 362a°b? (a3 +b) 


Letting t = ab we rewrite the inequality as: t? (27-91) < 361° +42 397 


3 43 3 3 
Using AM — GM inequality, we have: t° PAS eae tn 


Equality occurs when c = 0 anda+b=3, ab=2 GS a=2, b=1,c=0 or its permutations. 
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V. SMV THEOREM - INEQUALITIES WITH FOUR VARIABLES 


We begin with a well-known problem: 


Problem 5.1. (IMO SL, Vietnam) Let a, b,c, d=>0,a+b+c+d=1. 


Prove that: abc + bcd + cda + dab< = + a abcd (1) 


Proof 


Since equality occurs for a=b=c=d =4 or a=b=c=1d =0 (or any cyclic permutation), 


3 
normal evaluation is not suitable for this problem. 


Letting f(a, b, c, d) = abc + bcd + cda + dab — kabcd where k = ae We have: 


f(a, b, c, d) = ab(c + d — kcd) + cd(a + b) 


Hence, we hope that f(a, b, c, d) < f(t, t, c, d) where t=4 xe . Since 0 < ab < f°, we need to 
have c+ d —kcd = 0. Otherwise, if c + d — kcd < 0 then we have: 


[eaateeh)) 2 1 
3 


f(a b, c, d) = ab(c + d— kcd) + cd(a+ b) < cd(a+b)s = 59 


Thus, we may assume that f (a,b,c,d) <f (24, a+b ed). This means that we can use our 


2 
method without any additional assumptions for a, b. By the symmetry, if s = 3 @ then we have: 
flab. a7 Gt60)<7 (e5585)=7 (51,5) = 
+s < (ts +s tts t+ tts). (4 Ae 1)=1 
Ss Sits) f(s os es t8)= 6 Lap) ay 2 (ans) 


¢ Remark: 
a) In this proof, we split our inequality into two cases: one solved by MV method, one is 


obviously true. We also make the proof more clear by supposing the existence of 


(aysby»Co»dy) such that f (ay,by.Cysdy) >a 


57° Moreover, we also suppose that: 


fF (asb,cd) <max{ + f(b +4 ca} (1) 


Problem 5.2. Given d,,d,,...,a, 20 such that a,;+a,+...+a, =n. Prove that 


(n- D(a? +43 +.. ta 2) 4 naay.. Ce 


It is simple when n = 2 or n= 3. We now prove the inequality when n = 4: 


Given a,b,c,d =O such that a+b+c+d=4 then we have: 


3(a2 +b? +c? +d)+4abed > 16 (1) 
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Proof 
WLOG, assumea<b<c<d.Let f(a,b,c,d) =3(a? +b? +c? +d’) + 4abcd -16. 


Consider the difference: f(a,b,c,d)— f (a,b, — 4,-(3-a)le-ay 


2 
Side be eed we have abs Jabed <(S*2*¢*4) =4, 


Therefore: Faboed)2 flab 2, SS), Replace c+d=4-a-—b, we need to prove: 
2 
(i A ]e4-a-pyab-1620 


Let x= ,y=ab the above inequality is equivalent to h(y) = (2x? —8x+5)y+(3x- 2) S06 


a+b 

2 
If 2x” —8x+520 then this is true. If 2x7 -8x+5<0 then because y< x’, 
A(y) = (2x? —8x + 5)x? + (3x—2)° = 2(x-1)?(x? —2x+2) > 0. Thus (1) is true 
Equality occurs @ a=b=c=d=1 or a=0,b=c=d =4 or its permutations. 
Remark: 


Solutions of problem 5.1 and 5.2 with n = 4 are simple and beautiful. However, we cannot see 
how the method used in these solutions can be applied to other inequalities with 4 or more 


variables. We now present a general method: 


1. SMV [Strongly Mixing Variables] 


Theorem 1 [SMV] 
Let De RDS 0 =| tae, >a, > x; 20.) %, =ns = const} ands, =(s,5,....8)€ D 
¢ Consider the mapping 7: D > D as following 


Given a=(a,,a,,...a, )€ D,a#s,, we select a pair of i#j (depends on function f below) 


such that a, #a,, then replace a,,a, by its average. 
* f:D—R is acontinuous function such that: f (a)> f(T(a)),Vae D. 
Then: f(a)>f(s)),VaeD 


(The proof of this theorem will be presented in the next section). 


Based on SMV theorem, consider problem 5.2 with n24 


Let f(a), a),...,4,) = (n-1)(a? +a; +...442)+na,a,...4, —n* and assume that a, <a, <...<a 


n° 


: a,t+a a,+a 2(n-l n 
Consider: FQ) F(a 2 : 935-254, 15 2 z =(a, =i.) 2 gq, ean 
2(n-1) a,+a a,+a 
If ew aie then f(a,,a,,...4,)2 f| a, ; Hy aeseig hy 48 5 =}. 
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n-3 
We also have n=a,+a,+...+a, 22a, + nas (a, +..+4, ,)2 (92) Prats, (23| 


n(n a3)" 


24,Q,...4 
= V3 -l 
ia ay y 


2(n-) , n”*(n—3)"°? 


We will prove that: > 


€ 4(n—-1)(n—2)°"> =n"! (n-3)"> 
n 2(n — 2) 2n-5 


2(n-2) 
Using AM-GM: (n-2)?"“ -jo et 24-3) "Gn" 


n—l 
Thus, we only need to prove 4(n—3)(n-l)" =n" "(n-2) & 4(1 = 1) ee | 
n 


n—-3 
n-l 4-1 
This is true because 4(1 - 1) 2 4{1-+) a al | 
n 4 16 
a, +a, a,+ a, 
Therefore f(d,,d),....4,)2 f rr . By SMV theorem, we only need 
to consider the case a, =n—(n—1)x,a, =a, =....a, =x where OS x i 
n- 


The inequality becomes: (n ~1)| (n=(n—1) x)’ +(n-1)x? |4n" (i#—(#=-1) x) = 2" 20 


€& (n—1)x" —nx"! -(n 1)? x? +2(n-1)’ x+2n—n? <0 


Let 9(x) =(n—Ix” —nx"! —(n-1)? x7 +2(n-1)’ x+ 2n—n? <0. We have 


g (x)=n(n—1x"! = n(n-Nx"? —2(n-1)" x+2(n-1)" =(n-e—D| nx"? — 2(n-1) |Hence 


g(x) has two real solutions x=1 and x=""? [2ta—1) 21. 
n 


It is easy to see that g(x) < max {s. g ()} 
AS 


On the other hand 80) =8( n -)=0 so g(x) <0. 


ae 
The problem is solved completely. 


n 


Equality occurs & a, =a, =...=a, =1 or a, =0,a, =...=a, = af 


Through the above examples, you might see the power and fineness of SVM. Now we will 


consider problem 5.1 using SMV theorem. 


WLOG, assume that a<b<c<d. 


Consider f (a,b.c.d)=abe + bed + eda + dab - 128 abed = ac(b-+d)+bd{a+e- 128 ac] 


1 


From the given conditions, we have: a+c <F(a +b+ct+d)= 7” 


ererore z = > 282 7 f (a,b,c, )<f a, 5) C, 5) 
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By SMV theorem, we only need to prove with the case a=1-3t,b=c=d=t 


Replace a=1—3r, we have 3at” +f° <4 TB at? © (1-37) (4-1) (r+ 20 


Equality occurs @ a=b=c=d =4 or a=b=c =f.d =0 or its permutations. 


Through the application of SMV with two problems, one with n variable and one with 4 
variables, you can see that it is simple with 4 variables while MV method with vn variables is 
really complicated. Therefore, SMV is a perfect choice for inequalities with 4 variables 
(given that MV method is applicable), and on the other hand 4-variable inequality is the one 


use SMV the most. Let reconsider the problem 2.2.1 to affirm this: 


Based on the solution, we see that the condition guarantees f(a,b,c,d)= f (ab, t4 44) 


3 
a 


Andif a<b<c<d then we have ab<1. However, we also notice that ac = ab and ac <1. 


is that ab< 


Thus we can use SMV and then just prove the problem where three variables are equal. 


In general, for all symmetric 4-variable problems, if we have f(a,b,c,d)2= f(a,b, — , — 


aca b+d 


for a<b<c<d then we also have f(a,b,c,d)= f(a, 5 ig therefore do we only 


need to prove the case where three variable are equal. This property is not always true for 
inequalities with n variables, even it is true then the proof is not simple. In the following, we 


thus only introduce applications of SMV in inequalities with 4 variables. 


Problem 5.3. (Phan Thanh Nam) Given a, Db, c, d=Oand a+b+c+d=4. 


Prove that: abc + bcd + cda+ dab+ (abc)* + (bed)? + (cda)” + (dab)* <8 


Proof 
Letting f(a, b, c, d) = abc + bed +cda + dab + (abc)” +(bed)” +(eda)* + (dab)” 


Assume a => b2=c 2d. Consider the difference: r (aes ,b, ae .d)= f (a,b,¢,d) 


= (252) {(o+ar+|(ae)' + ac o* +a2)-20%4" 


2 
>(454) (b+ d+4abcd —2b7d*)>0 (since abcd > b?d") 


Therefore: f (a,b,c,d) < f(tt¢,4,4+¢,4). 


By SMV theorem, we only need to prove with the case a=b=c=x,d =4-3x, OS x 


wo[S 


x? +3x?(3—3x) + 3x4(4—3x)? +.x° <8 & (x-1)? (28x* - 16x? - 12x? -8) <0 
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|= 


It is easy to prove: 28x* —16x* —12x”-8 <0 with 0<x< 


RPh 


Thus, the problem is solved. Equality occurs if and only if a=b=c=d=1. 


Problem 5.4. Given a,b,c,d =0 such that a+b+c+d=1. Prove that: 


4 4 4 4, 148 call 
at+tb+c+d + 77 abed 2 ~~ 


Proof 


Assume a>b2>c2d. and let f(a,b,c,d)=a'+b' +4 +d4 + 8 abed - 5 


Consider the difference d = f (a,b,ed)~f (EE,b, 44,0) =| Lac) +3ac~ 32d |(a-b)" 


Since ac2bd>d>0=> f (a,b,c,d)> f(S¢2,b,242, 4). 


By SMV theorem, we only need to consider the case a=b=c= ra We have: 
4 3 2 
(i-d) a qt 4 148d l-d) _ 1 _ 2d (4d -1)" 19d + 20) >0 
27 729 27 729 


Equality occurs @ a=b=c=d =t or a=b=c =f. =0 or its permutations. 


f (a,b,c,d) = 


Problem 5.5. Given a, b,c, d=Oand a+b+c+d=4. Prove that 


(1+a7)(1457)(14+¢7)(14d?) >(+a)(1+b) (+c) (14d) 


Proof 


Let f(a,b,c,d)=(1+a7) (1457) 4e7) (1447) -G4+a) (+b) (1+c)(14+d) 


And assume that a<b<c<d.Wewill prove: f (a,b,c.d)> f (42,0, 42,4). 


Indeed, since a+c<2 we have 


2 
(+a dare?) -[1+(at2) | =(a-e)'(1-G@+o" +4ee) 9 


2 
Using AM —- GM, (I+ a)(l+o)s(1+ 442) 


Therefore f (a,b,c,d)> f (4££,b,4£, a} 


Now we only need to consider the case a=b=c=x,c=4-3x: 
3 

Piped ale) (ae eae Gay 

=(x° 43x 43x? +1) (9x? —24x 417) — (x3 +3x? 43x +1) (5-32) 


= 9x° —24x7 +.44x° —72x° +81x* —68x° + 54x? —36x+12 
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=(9x° —6x5 + 23x4 —20x3 +18x2 —12x+12)(x—1)” 


=| fyi)? £95? 45x" Oe=1) 4100? 49 S20)" Gai)’ >0 


The problem is thus solved. Equality occurs if and only if a=b=c=d=1 


Problem 5.6 [Tukervic inequality] Given a,b,c,d =>0. Prove that 


a’ +b* +c! +2abced 2 a°b? +b°c? +0’ d*> +d’a’ +a°c? +b’ d’ (1) 


Proof 
Assume that a>b>c2d.Let f (a,b,c,d)=LS (I) — RS (D 


=at+b4 +04 +d‘ + 2abed —a’c? —bd? -(a? +c? )(b? +a”) 

= f(a,b,c,d)— f (Vac,b, Vac,d) =(a—c)’ (atc)? —b? -a?) 20 

By S.M.V, we only need to consider the case a=b=c=t. 

The inequality = 3¢° + d* + 2d 2>3t* +307d* ed‘ +t0d+t'd23t'd’ 
This is true due to AM — GM. 


Equality occurs @ a=b=c=d or a=b=c,d=0 or its permutations 


Problem 5.7 (Pham Kim Hung) Given x, y,z,t20 such that x+ y+z+r=4. 


Prove that: (1+ 3x)(1+3y)(.+3z) (1+ 31) $125 + 131 xyzt 


Proof 
Let f (x, y,z,t)=(+3x)(1+3y)(14+3z) (1 + 31) -13 Lxyzt 


WLOG, we assume x> y>z2t. Consider the difference: 


2 
f(x y2t)-f (222, y,2t2,1)= z=) (131y¢-9(1+3y)(.431)) 


Since x> y>z2>t we have y+t<2, this leads to 9(1+3y)(1+3t) > 131 yt 


Therefore Fee 8) < f (2, y; a ): 


By S.M.V, we only need to consider the case x= y=z=a212t=4-3a: 


(14+3a)° (1+ 3(4—3a)) $125 +131a3 (4 —3a) © (a—1)’ (3a—4)(50a +28) <0 


This is obviously true. 


Equality occurs if x= y=z=t=1 or x=y=z= fat =0 or its permutations. 


¢ Now, we would like to conclude the section on MV method for “specific” inequalities 
(inequalities with 3 or 4 variables) to move on a new section with n-variable inequalities. You 
will see that, this is much more difficult. However, the main methods are developed from 


inequalities with 3 or 4 variables. 
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VI. MV VIA CONVEX FUNCTION 


Convex function plays an important role in the theory of inequalities. We now recall some 


basic definitions: 


1. Definition: Function f: [a, b] — R is called convex if: 


f (tx+(1-ty)) sof (0) + 1-0 f(y), Vx, ye [ab], Vee [0.1] 


2. Properties: 
2.1. Assume that f has second derivative in interval (a, b), then f is convex on [a, b] if 


f' (x)20, Vxe(a,b). 


2.2. If f is convex on [a, b] then f is continuous on [a, b]. On the other hand, if f is 


ny) S94 F0) 
a aa 2 


continuous on [a, b] then fis convex on [a, b] if r{ , Vx, y € (a, b). 


2.3. Jensen inequality: Assume that f is a convex function in [a, b]. Then we have 


e 6 
: ee 


n 


OF 


V X17, X2,..-.Xn € [a, b]. 


(ii) Let x, be n numbers in [a, b ] and A, be n non-negative numbers with pas =1, we have: 


i=l 


Fix Phe PK )SA Ff (x, )+A,f (x, )+...4+4,F (x, ) 


non 


We now show you how to apply convex function, property 2.2 and Jensen inequality, in 
MV method. 


Problem 6.1. Let x, y, z be real numbers such that x+ y+ z=1. Prove that 


fo § et ye ii, (Poland 1992) 
l+x? 1l+y? 1+z? 10 
Proof 
Gsastae: f= ‘then (1) = plo py)+sers3¢[ 22242), 
+f 
. ptt TO?) ” 
We now prove that f concave or —f is convex. We have: —f”(t) =~" then —f”(1) 20, 


(1472 ° 


Vte Lo, sol . Thus if x, y,ze€ Lo, | then done. In the remaining cases, for the simplicity, 
we can assume x > y>z. Sincex+y+z=1andx, y, z¢ [0, 1] then z < 0 which yields f(z) < 0. 


If y<t then —*—+—»_4—< oe Sees thus it is sufficient to prove that y= 


2 l+x? Ity* 14+z% 2 °5 10 


Nile 
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If 0>z>-+ together with y> then: a+ y+ is * Es ad ar ze4c? 
2 2 l+x? 1+y? l+z 1 1 5 10 
1+|— 1+{= 
Hence, it is enough to consider z< = 
1 Xx y Zz 1,1 3_7 79 
If -—>z2-3 then: +—+—+— <54+5-—5=5><> 
2° ae ley? tee 2 2. 10 10 10 


If z<-3 then: 2x >x+y=1-—z24 sox 2 2 and therefore: 


oe ne oo oe a<$ ty t0=75 (ans) 


lex?  Lay* Te 2 


Remark: If two of x, y, z are in Lo, 3 | then using MV method, they are equal. Using convex 
function in applying MV method is a good choice but it is suitable when the inequality has form 


f (x,)+f (x,)+..+ f (x, )). Otherwise, we need more trick. Let us explorer more details. 
Theorem: Let f: [a, b] — R be a convex function. Then we have: 
7x) <Max{ f (a), f (b)}, Vxe [a,b] 
Proof: Since f is continuous then f attaints its maximum value at x, €[a,b]. 
Consider ep - a| < a 7 b| => x, =2x, -ae[a,b] 


at x, 


1 \=2F(x) 


it follows that f (a)= # 1%): The case Ley —b| < Xo —al is similar. 


From the definition, we have: f (a)+ f(x,)2 ee 


2 
Problem 6.2. Given a>b>c>0. Prove that: 2(Ja-VJc) >a+b+c-—3-%Jabe 
(USA TST 2004) 


Proof 


Let PO)=a9bee-3- ae Saaave) 


Since f”(b) = 2 Mabe , we have f (bd) <max{ f(a), f(c)} . In addition: 


$G)=taeents e+ ade) =-(e83. 4 Pea ae 20 AM = GM 
#le)age dea 84a? 0G aac) S=laea Sac =A Jac) <0: (AM -— GM) 


The problem is thus solved. Equality occurs @ a=b=c 


The generalization with n variables of the above problem can be stated as following: 


Problem 6.3. Given a, 2a, 2...2.4, 20. Prove that 


(n-1)( Ja; —Ja,) 2 a, +a, +...+4, —n-a,a)...d,, 
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We now introduce two problems which are quite difficult to solve. 


Problem 6.4. Let 0 <p <q, and x,¢ [p.q].i =1,2,..,n be real numbers. Prove that: 


2 
2 = 
(ti oe tate pt gtet sa feleo 


x, %X x, Pq 


Here we denote by [x] the greatest integer number lest than or equal to x 


Proof 


Since x, € [ p,q]. it is easy to see that the maximum value attains if be = {p,q} for every i. 


We now assume that there are k numbers x, which equals to p and there are n — k numbers 


which equals to qg. Then the left hand side is equal to: [ kp +(n- wal e+ nek) 
P q 


2 
=k 41? +e 24) an? hah) 2 ae eo 
q P Pq 4 


Since k is a integer number then n ~(n—2k)’ <n? (n is even) and n’?—(n 2K)" <n? -1 (n is odd) 
This completes our present proof. 


For every i, we denote the left hand side by f (x,) a function of x,, we now prove that: 
f (x,)<max{f(p),f(q)}. And equality holds if x,e {p,q}. 


We have: f(x)=Ax+ B+ C. We can use derivation tool and easily to point out that equality 
x 


occurs for x,¢€ {p,q} . Here is a different approach. 

Note that: f (x,)-f (p)=(, -P)(4-35}: f (x,)-Ff (q)=(x, -a)(a-) 

Since then if f (x,)>max{f(p),f(q)} then x,¢{p,q} and A--2->0,a-4 <0 
sd i 


ey eee contradiction p < g. Thus f (x;)<max{f(p), f (q)}- 
AP ape 


Let us consider the case of equality: Assume that f (2% ) = max { f (p) St (q)} for x, ¢{p.q}. 


If f(x,)=f(p) then Ant SS therefore f (x,)-f (q)<0 (a contradiction). 
x x.q 


i i 


If PRH=T@ then A therefore f (x,)— f(p)<0 (a contradiction). 


i 


Thus f Es ) 7 max { f (vp). f(@)} which is equivalent to x, € {p,q} 
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Remarks: (Generalized problem): Let a,¢€ [a, A] A A [b,B] forO<a<Aand0<b<B. 


(a? +...4.47)(b? +...+b2) 
Ai ee ee 


2 
Ones can easy see that an upper bound of T is | [a8 +, | ab by Polya. 
4\N ab AB 


It is natural to ask what the upper bound of AM-GM inequality is? 


Find the maximum value of T = 


Problem 6.5. (Phan Thanh Nam) Let 0 < p <q, andn numbers x,€[ p,q]. 


2 
Xx x x _— 

Prove that: poy pte cn y[e] Pod 
Hy Xs xy 2 Pq 


Proof 
If follows from the above properties of function fi=Art+ 24 that for every i, by 
x 
replacing x, by p or x, by g T is increasing. When T is constant, x,,x,,...,x, € {p,q}. 


After finite replacing, we get Lk pee Palys If x,=x,=..=x,=q then T=n is the 
minimum value. In order to obtain the maximum value, we just assume the existence of 


x,=p. Without lost of generality, we can suppose that x,=p. After replacing x,=q we 


substitute x, =p. At the end of this process, we obtain 


r=2(244) (if n is even) and ratsl( Lif )o4 (if nis odd) 
2\q Pp 2\q p 


(p-a) 
Pq 


or equivalently T=n+ [2 | , Van 


Equality occurs if x,,=q, X,,,,=p- 

Comment: You can see that the idea of “mixing variables” turns up early even with classical 
approach. Although classical inequalities are not powerful tools, however we can “stand on 
the shoulder of the giants”. We have seen two important MV methods in previous sections 
(centre and boundary). In special cases when optima is at the centre, convex functions give us 


another interesting MV method which will be introduced in the next section. 
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Vil. UNDEFINED MIXING VARIABLES — UMV 

MV method with convex functions is useful in many problems. However, its disadvantage is 
that it can not be used when functions of variable are not explicit or differentiation if too 
complicated. Undefined mixing variables method is designed to deal with this issue 

UMV —- Undefined Mixing Variables Theorem: Given 

°D C1 iS ei, Je R" Ix, 20,Vi alah) D is closed and bounded. Let A be the set of 
elements in D such that ¢ coordinates are 0 and the rest are equal (t>0). 

¢ 2 mappings 7,,7,:D—D such that: For each element a =a jou. Je D\A, select 2 


indices i#j such that a, =min{a, >0,t=L...,n} and a, =max{d,,d),..4, , then replace 


a;,a, by a,Be (a;,4;) (corresponding to T,) and a’ <a, <a, <f’ (corresponding to T,). 
¢ f:D—R is continuous such that: f (a)> min{ f (7, (a)), f (7, (a))},Vae D 
then f (x) >min{f(y)},vxe D 


The theorem seems to be very abstract; however the essence is quite simple. 


We begin to see applications of UMV with the following problem. 


Problem 7.1. [Le Trung Kien] Given a,b,c =>0. Prove that: 


a’ +b? +c°+9abe+4l(a+b+c)=8(ab+be+ca) (1) 


Proof 
Let f (a,b,c) =a? +b? +c? +9abce+4(at+b+c)-8(ab+be+ca) 


First of all, we consider the difference (i.e. see if two variables are equal): 


2, 
f (a,b,c) — f abte bre) =(3b+3e-9a+9) Poe 


We can not conclude anything. We now try to see if a variable is zero: 
f (a,b,c) — f (a,b+c,0) =—(3b + 3c -—9a +8) be 


Since (3b+3c—9a+8) is either non-negative or non-positive, therefore 


F(asb,c)2min| f(a 2#2,2*2); ¢(a,b+c,0)} 


Using U.M.V: f (a,b,c) = min{ f (x, x,x); f(y, y,0); f (z,0,0)} 


where xa Gt hte, y ati te 


;sz=atbt+c 
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Now: f(z,0,0)=z>+4z2>0 ; f(x,x,x) =12x° — 24x? +12x=12x(x-1)" 20 
f(y, y,0) =2y? -8y? +8y =2y(y-2)' 20 => f(a,b,c)20. 
Equality occurs & (a,b,c) =(0,0,0);(1, 1,1);(2,2,0). 


Comment: You can see the power of UMN variables through above example. When normal 


MV techniques does not work, combination of these techniques actually solves the problem. 


Problem 7.2 [Le Trung Kien] Given a,b,c,d=>0 such thata+b+c+d=4. 


Prove that: 2(Ja + Jb + Ve + Vd) > abe + bed +cda+dab+4 


Proof 


Let 2(Ja + Vb + Ve + Vd) — abc — bcd — cda — dab — 4. Consider the difference: 


2 
= f (a,b,c.d)- f (244,422 ca] -2(Va+ V6 -\2la+6)) +(c+a){ +b” - ab | 


(a—b)° 


e+ -——_______ 8 = (4-b) (¢4.g-x) 
(aaby Gehan Dae) ‘ 


° f(a,b,c,d)— f (a+b,0,c,d) 


=ab(Y-—c-—d) 


=3(Ja tb att) lod) ab) emo d 
a at +Vat 


4 % 8 
Vab(Ja+Vb+VJa+b) (Ja nalh) (ala +b +J2(a+b)) 


It is easy to see that: 


ct+td<Y 


= F(asb,c)> min{ ¢( 22,222 ca); f(a+b,0,c.4)| 


or equivalently Y =X thus 
c+d2=X 


By U.M.V theorem we have 
f(ab,cd) 2 min} f (L115 £ (4.4.4.0); £(2,2,0,0), £(4.0.0,0)] = 


The problem is then solved. Equality occurs = (a,b,c, d) =(1,1, 1,1) (4, 0, 0,0) . 


Now we turn back to Problem 5.2 


Problem 7.3. Given d,,d,,...,a, 20 such that a,+a,+...+a, =n. Prove that 


(n-1)(a? +a; +...¢a2)+naja,...d, >n? 
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Proof 


Let f (a,,a,,...,a,)=(n-D(a? +a; +...+a7)+naja,...a, . We have 


2 
+ + = = 
F (44.31) f[ 25%, 94% a,..., }= A) (2 Ogee 


(200 _ 


f (a,4),.-.,4,)— f (0,4, +.a,,4,...,a, ) = naa, asa,...4, 


; a+d, a +a, 
> F (a 4y.--04,)2 min} f( SE SAO a, a, sf (0,a, +a),43,...,4,) 


By UMYV, we only need to prove when there is at least one number ina,,a,,...,a, is 0 and the 


rest are 1. These cases are simple enough to prove. 

Remark: Examples of using UMV in inequalities with 3 variables, 4 variables and n 
variables, we would like to state that UMV is independent of the number of variables. This is 
because UMV uses arbitrary pair of variables. This feature of UMV helps us to solve many 


complicated problems. 


Problem 7.4 (Pham Kim Hung) Given a,,d,,...,a, 20 such thata, +a,+...+a, =n. 


Find the minimal value of S =a; +a; +...+4, +a,4...4, ie ae, + a 
ay ay a, 
Solution 
L a 2 2 1 1 1 
et f (a,,4y,...4, )= a; +a; +...44) +a,a)...a, | —+—t... + — 
ay a, a, 


Consider the differences 


e f (a,@),....a, )— f (0,4, + Ay, Ay, .0++5, ) =-— aa, E = A444...) ee J ¥ ae + ral (*) 


Thus, by UMV we have: f (a,,a,,....4 )>Min f(2,4,....4,0,0....0] 


i} n-1| iD) 
Therefore, the minimum value is min} 2n,— + ue ] pee 
n-l \n-1 n-2 
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Vill. MV WITH MEAN VALUE 


Here is another technique in applying convex function by using MV method. 


Theorem 1: Let f : [a, b] — R be a convex function. Then: 


fla)+f (b)= f(x) + fla+b-x),Vxe [a,b] 
Proof 
Since xe[a,b] then x=ta+(1—-r)b for te[0,1]. Then: at+b-x=(1-t)a+tb 
Using the definition of convex function, we have: 


f(x)+ flatb—-x)=f [ta+Qd-nb]+ f[G-na+] 
<|1f (a) + (1-1) f (b) |+[ 1-2) f (a) +f (b) |= f (a) + f(b) 
Theorem 2: (Jensen inequality) Let f : [a,b] — R be a convex function. Then 


V X,X;.00%,€ [a,b], we have: f(x,)+ f (xy) +..+ f(x,) 2 nf ey = nf (7) 


Proof 


_ Xt, +. +x 


° Step 1: If x, =x, =..=x,=T “ (*) then the inequality holds. 


¢ Step 2: If (*) does not hold, without lost of generality, we can assume that x, >T >x,. 


By replacing (ite) by (15%; +x, a function f is increasing. Moreover, after 


processing Step 2, the number of variables which is equal to T is increasing, therefore, (*) 


holds after at most (n—1) steps. 


Comments: In n-variable inequalities (n = 4), mixing variables to the arithmetic mean value is 


better than mixing variables to the center. Indeed, let us consider more examples. 


Problem 8.1. Leta,,a,,...a, >0O and a,a,...a, =1. Prove that: 


For k = 4(n — 1) we always have: ea oe 


a, a 


ae k 


a a,+tda,+..ta 
n 


>n+* 1) 
WA n n 


Proof 


For n = 1, n = 2 the assertion is trivial, we now need to prove under the case n 2 3. 


Proposition 1: Let f(a,,a,,...a,)=—-+— + k .Then we have: 


Gy, Gs ad. 8, a, ta, 


got, 


(i) If a, S<xSa, and a,a, <1 then flaee a 2 f(x 2% a 4) 
x 
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(ii) If (0) t-) kn = a Sa, +a,a, «1/20 thet ff (@,G,.08 Jeg (heed ad,) 


i=l i=3 


(iii) If a,,a, 212a, then f (a,,45,...a,)2min{ f (1,a,a,,q5,... a lit Lew Gieya eat, 


en 


Proof: 
(i) We see that 


_ aa, eo Gall, Mle 2-6 k _ k 
Flagged: [x - Jayna, J= bad 7 fas Ae fe: ana fie a, 
x 
(x-a,)(x—a,)| (A+, +a,)(Atx+22)—ka,a, | n 
= —)] AAA = where A=)°a, 
xa,a,(At+a,+a,)(At+x+22] i=3 


aa, 


According to AM — GM: (Ata, +a,)[ Atx+ 2 |>n? 24ln—D =k 2 kaya, = (ans) 
Xx 


(ii) From the above inequalities, we put x = 1 then: fare: at stl, = 


n 


1- 1- k —(At+a,+ A+ +1 
= ( = I a)L ae ( 2 aa) =~ ) which yields the assertion. 
a,a, (A+a, +a,)(A+ a,a, +1) 


i=l i=3 


(iii) We consider two following cases: (1-a, )(l-a, | ko, = Ya, [Se G5 | 20 


Case I: If ka,a, 2) a Sa +a,a, sa}ien from (ii) we get Fla@y it) 2F Laide aa.) 


i=l i=3 


i=l i=3 


n n 
Case 2: If ka,a, < Ya, de +a,a, + ] since a, <1<a, then we have: 


n n 
D4 +4,4; +1 Ma-a-aet Dasa gyel YY ada, e4 


=+ Pea! +1253 


a,a, a,a, a,a, aa, 


=> ka,a,<) a, bg +a,a; 1} Again by using (ii) we have: f (d,,d,..a,)2f (1.d),...,4)0;5.4,)- 


i=l i#1,3 


Remark: Proposition | helps us to reduce the number of variables to one. 
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Proposition 2: Inequality (1) with variables a,,a,,..a, >0 and a,a,...a, =1 can be deduced to 
the case where there are n — 1 variables which are equal and < 1. 

Proof: 

¢ Step I: Reduce to the case where there are n — | variables which are less than or equal to 1. 

Assume that at least two variables are greater than 1, without lost of generality, we may 


assume d,,a,. Using Proposition | (iii) we can replace (@jstg sci; ) by another such that f is 


unchanged, and moreover, the number of variables which are equal to 1 is increasing at least 
1. Hence, we obtain our conclusion after at most (n — 1) steps. 


¢ Step 2: Deduce these variables are equal. 


Assume that there are a, Sa, S...<a,_, <1 such that its geometric mean value equals to x. 


If they are not equal, then a, <x<a,_,. Using Proposition | (7) we can replace (Gig Caixa a ) 


n-1? “n 


a,a : . : : 
by [x.a;,.%eta,). Then f is not decreasing and then number of variables which are 
x 


2.8 : : aja, ) 4a F 
equal to x is increasing at least 1. On the other hand, since ——*'<—<1 then a, <x, this 
x Xx 


means that we can apply this step again and again. 


Now we prove the one-variable problem: f [« Kicsey HS l E Fb bewad) forx<1 


Xx 
eit _ 1 )_n-1, ve k 

etting gl(x)=f X, X00 Xs |= +x" +——————_- for xe (0, 1] 

. (n-x+ I 
x 
After some calculations, we get: 
cae (n-1)x"-1) 
g (x)=-2514(n-1) x"? - x ~=(n-1)4 zi) tebe 
. (nD 1 . ae 
x 


Since k = 4(n — 1) then g’(x) < 0 for xe (0, 1], it follows that g(x) = g(1) which completes our proof. 


Problem 8.2. Let a,,a,,...a, be n real numbers such that a,.a,...a, =1. Prove that: 


n 


(1+ a7 )(1+a;)...(1+a?)s—+—(a, +a, +..+4,)" 
n 
Proof 
The cases n = 1, n = 2 are trivial. We now consider the case n 2 3. 
It is sufficient to prove Fi tgaetts ) 20 or prove #dis@yynta \20; 
where f (daca JSR a; +a, +..4a,) °° —(1+a7)(1+a2)...(1+a?) 
g(a,,4,,..2, )=Ink +(2n-2)In(a, a +..+@,)—In(1+a?)—In(1+a?)-...-In(1+a?) 
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Proposition 1: 


(i) If a, 212a,,a, then: F (Gp @gscit, \>mmin fF (10,0, ) Ff (Gp lagdysve, )} 


(ii) If a, =max {a,}" and a, 2>x2a, 21 then: EG Gysuid, ) 


IV 
oq 
——, 
oa 
8 
gS 
No 
iN 
uw 
a 
VN 


Proof 
(i) Consider f (a,,a,,...a,)— f (la,a,,43,..4,) = 
= ks"? — ku? +[2(1+.a2a2)—(1+.4?)(1+.42) |(1+2)...(1+4?) 
(where s=a,+a,+...+a,,u=lta,a, +..+4a,) 
=k(a, +a, —1-a,a,)(s?"? +57" *u +... +07") +(1-a?)(1-a?)(14+42)...(1+47) 
=-(1-a,)(1-a,)| k(s"> +5 ut tu") (14a, )(I+a,)(1+a2)...(1+ 42) | 
Similarly, we have: f (a,,a,,..,)—f (a,,14,43,...4,)= 
=-(1-a,)(1-a,)| k(s*"° +54y4..4 v2") — (14a, )(1+a,)(144?)(1+a2)...(1+4?) | 
(where v=1+a,+a,a,+a,+..+4,) 
From the above equalities, we see that: 
olf (52? 457 4y +... +u2"?)—(144,)(1+a,)(1+a2)...(1+a2)20 (2) 
then f (a,.45,..4,)>f (1,,45.45,.44,). 
olf k(s2°3 +57 4y 4... +2"3)—(14+4,)(1+a,)(1+4?)(14+a2)...(1+a2)<0 (3) 
then f (a,.4..0,)>f (a,.1454j.004,). 


Therefore, it is necessary to prove either (2) or (3). 


For example, we assume that (2) not hold, we shall prove that (3) hold. 

It is enough to show that u = v and (1+ a,)(1+a?)<(1+ a,)(1+a?) 

This is followed form some simple calculation 

u-—v=a,+a,a,—a,—4a,a, =(1 =a, ) (4, =a, )20 

(1+.a,)(1+a?)-(1+a,)(1+a?)=(a, —a,)(a,a, Ha Gs —1)<0 

This proves Proposition (i). 

(ii) Because of the presence of function /n we must use derivation tool instead of applying the 
above method. Consider: g(t)=Ink +2(n —Din{ 1 + <4 ee a, | 


2 


-In(1+0°q}) nf +42 |-in(t+a3)..In(t+ 43) where re| 1 
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2 
2n-0(a, -] eae 
t 


2 1 2? 
We have: g(t) =——____+—-_ # — —- —___*__ = 


a, 


ta, +— 
a 1 
= at a __—=e 
=o a “2 5 


a 
2 a 
yt ae a (rere) 
t 


; a a es 
Since a 4 then a, = 20. Therefore, denote by T the last factor, it is enough to 
a t 
1 


1 


la 
show that T = 0 in order to show that g is increasing (in 2b 
a 


2 
a a 
Denote c= (+rai)[1+ dare, ee 
- t 


We have: T>0e——2=! _34 65 (n-1)¢? 2d? +d (a,+..44 ) 
CEG, teeta, ¢* e 


Since c > d (Cauchy-Schwarz inequality) then it suffices to prove that (n-2)c> Ga Pee, 


And it is true since c>a,a, 2a,2 max {d,,...,4, } 


a4,\ |] a, a4, \| a, . a4, 
Choose ft, =max}x, -— , we get t)€|,/—,1]|,t,a, =max}x, ,— = minjx, 
x a, a, x t x 


Since g is increasing in fe then g(1) = g(t) (ans). 
a, 


This completes the proof of Proposition (ii). 


Turn back to our problem. We say that (Gitta: ) is substituted by (b b,,..b ) if 


12729 pn 
Ff (js dgscnd, ) = f (Baba d,) or 8 (G50,,00.)2 BV steal, iF 
Proposition 2: We always deduce to the case where there are (n —1) variables which are 
equal and > 1. 
Proof 
¢ Step 1: Deduce to the case where there are n — 1 variables which are equal and 2 1. 
Assume that there exist a,,a, <1. It is easy to see that at least one of which is greater than 1, 


without lost of generality, we can assume that it is a,. By using Proposition 1 (7), we can 


substitute (pedi gscctt,. ) by (eps s tt, | or by (a,,l,a,a a ). We observe that the 


adnate 
number of variables which are equal to | is increasing, thus, we cannot substitute over n —1 


times. 
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¢ Step 2: We now claim that we can substitute n —1 variables which are greater than or equal 
to 1 by their GM. Indeed, assume that a, 2a,2...2a, ,212a, and put x="Ja,a,...a, , 21. If 
there exists at least one variable which is different from the first n—J variables then 


a,>x>a,,. By using Proposition (ii), we can _ substitute (aj,055:.0,552,) by 


aa, : a4 4 : : Sl . 
Gaye, |. Since 2a,_,21 (because a, is the greatest number in {a,} 4 this 
x x is 


means that a, >x) then our substitute is valid. After at most n — | times, the first n — 1 


variable are equal to x. We now turn to the one-variable problem. 


Consider the following function h(x)= g [« Xs suey KX l ) 


n-1 


x 
= Ink +2(n—1)In| (n—Dat ra |-Ge—Din(t+ x?) —In{ 14 ey) fors2 1. 
- x 
is — 2n-1 
We have: h(x) =2(n-1I)——___ - 2 tL x 
(n-Dx+ 1 1+x ie = 
x 


Ain W inc Wa<l | lean eee PA | 
2n-2, 2n-2) 


(4#-1Ix° 41 14x* 1+x (n-1) x" +1 “Ug ies 


Since x = | then h’(x) = 0 provided: n—1 > x" +1 
(n-1)x" +1 (14+x7)(14+x7"?) 


n-1 ee ee x" +1 
Gas" +1 2°41 4x ee) 


The above inequality is easy, for example: 


Thus, for x = 1 we get h’(x) = 0 or equivalently h(x) is increasing, 
it follows that h(x) = h(1) = 0 (ans). 

Equality occurs if a, =a, =...=a, =1 forn2 3. 

Remarks: 


¢ The above problem is an open problem by Pham Kim Hung and our proof is the first 
presence of it. 


* By considering simultaneously functions f, g, it is able to expand MV method. 
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IX. INEQUALITY GENERAL INDUCTION (IGI) 
One of the mixing variable technique ((m — 1) equal variable), which was introduced by Pham 
Kim Hung in his book “Secrets in Inequalities” we should mention is the IGI. We may think 


about the ideas of this technique as follows. Suppose that we want to prove an inequality in n 
variables a,,d),,...,d, With the constraint d,d,..a, =1, where equality holds when the 
variables are all equal. Because of the condition of the variables, we cannot apply the 
induction method directly. However, if we modify the constraint to a,d,..a, 21 then we may 
assume that a, =min{d),d),...,a,} to obtain a,da,..a,,21 and we may then use the 


hypothesis for these n-1 variables to reduce the problem to the case where n-1 variables are 


all equal. Following are some typical examples for this technique. 


Problem (Pham Kim Hung). Given aj,d),...,a, >0 and a,a,...a, =1. 


Prove that: ! or ! ptt Bin] Lt YEO 
(1+4a,) (1+ a) (1+a,) 2 


Solution 


¢ We prove a more general result: 

If k >0 and a,,d,,...,a, are positive numbers whose product 21 then: 
ee a ee 
d4¢,)° d¢n,)" 04a)" “(14 2/a,a,...a, )* 


e Induction on n. 


(1) 


If n=1 then (1) is obviously true! Suppose (1) holds true to n (n21), we show that it is also 


true for n+l. 


48 : 1 
Let d,,d,,...,a,,, be positive real numbers whose product is s"" where s21, 


1 n+l 
a  eceica 
(ta)* Gta)" “G+a,,)* min) make 


We now fix s. First, let us simplify the problem. 


* Clause: Let ky= ull (which means a = 
In(d+s) (4s) 


we need to prove: 


Suppose (2) holds true for k =k,, then so is every k >0. Moreover, we only have k, 2n in 


the case n=k, =s =1 and then (2) is also true. 


n+l 
Proof: The fact that (2) holds true for k =k, means that —— si2—" all 


(bea)? (l+5) 


A & 

s : |, rec 

if k>k, then: Ota 5| Gta” | sf Lars) _ 1 
0 ee i n+l “nl (+s) 
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n+l 1 n+l 1 
If k <k, then: > >1 
data) 2 Gay 


Moreover, if k, 2n then n+1= (l+s) > l+kjs21+n (since ky 2n21 and s21) 
Which implies n =k, =s =1, then (2) is obviously true. 


¢ Now we return to our problem. The preceding claim allows us to prove (2) for the only case 
In(n +1) 
In(i+s) 


k=k,, and k, <n. From now we will consider k to be k, , which means that k = 


Assume that a, 2a, 2...2a,,,. Then d,,d,,...,a, are positive numbers whose product 21, 


hence by induction hypothesis 


: + : se ; 2 min hater | where ad=#/a,d,...a, 28 
Bae: 


(ita,)* (+a,)* (i+a,)* © 


n+l 


——, (2) is true if we can show that u ra 7 2 min ae =1 (3) 
(+a) ttl (+s) 
1+ 
a” 


* Consider the LHS of (3) as a function in a and we denote it by f(a). In order to prove (3), 


n+1 
S 


Since d,,, = 


kn>— 
= n+l 
we will investigate the behavior of f whereac R*. We have: f’(a)= ; oe a ae 
n+l 
(l+a) [1+ 5 
a” 


f(s) 20 & g(a) =(n+1)[In(s) —In(a)] + (K +1) nas a) -in{14 =) >0 
a 


-(n—k)a™' —(n+la" + (n+ Dks"" a + (kn —-I)s"™ 
a(l+a)(a" +s""') 


Note that: g’(a) = 


g(a) 208 h(a) =—(n—-—k)a™ -—(n4+)a" +(n4+ ks" a+ (kn—-Ds™" 20 
We have: h(a) =(n+1)[—-(n—k)a" —na"™! +ks"™" | 
Since k <n, h(a) changes its sign from the positive sign to the negative one on R* . Moreover 


h(O) > 0, hence h(a) also changes its sign from the positive sign to the negative one on R*. 


Since g(a) =0 has the same sign with h(a) , the equation g(a) =0 has at most 2 roots on R*. 
It follows that f’(a)=0 has at most 2 roots on R*. Moreover, the facts that f’(s)=0 and 
lim f(a=n=1= f(s)= jim f(q@) implies that the other root of f’(a)=0 on R®* is a, € (s, +00). 
Therefore f(a) increases on (s,a,) and decreases on the intervals (0,5) and (a,,°). 


It follows that f(a) = f(s) = lim f(x) =1, Vae R*. The proof of the problem is completed. 
xX—-+00 
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X. ENTIRELY MIXING VARIABLES — EMV 

All the MV techniques we have seen so far have one thing in common, that is if 
f (a,b,c)= f(a’,b’,c’) then the tuple (a,b,c) and (a’,b’,c’) must have the same characteristic, 
for example sum or product, etc. 

EMV technique also has unchanged quantity after “mixing variables”. However, the 
difference with other methods is that the quantities used are the difference of variables, i.e. 
a-—b,b-—c,c-a”. 

The idea of EMV is that when we increase or decrease variables with the same value then the 
inequality becomes unchanged or weakened. Thus we only need to consider the case when 
one variable is on the boundary. 

Not that if we use EMV for inequalities with n variables, when force one variable to the 
boundary, the inequality become new inequality with n-1 variable, if this has more than 3 
variables then it is still complicated. Thus, we will introduce only the application of EMV for 


inequalities with 3 variables 


1. EMV with the boundary at 0: 
There are many inequailities where variable has boundary at 0, especially those with three 
variables. In IV, we consider a technique to force the variables the the boundary at 0. Now 


EMV gives us another approach. We will begin with a famous inequality 


Problem 10.1 [Dao Hai Long] Given a,b,ce R. Prove that 


1 1 1 9 
2 b? 2 > 
(a° +b’ +c Gor aor ecw 3 


Proof 


Since LS (a,b,c) < LS (lal, |d1.|cl) we only need to consider the case when a2>b20,c <0 


2 2 2 2 
Waiiieg ape ae OO eee 


2(a—by (b= 0) #(e=e) 


3 3 
Thus, it suffices to prove that 
((a—b)? +(b-c)* +(c-a)’) a — (1) 
(b-c) (a-c) (b-a) 2 


Let LHS (1) = f(a, b, c). Notice that the above inequality contains only characteristic quantities 
of EMV, therefore f(a,b,c)= f(a—x,b-—x,c—x),Vxe R. We now assume a variable is 0, let 


assume b, i.e. x=b the tuple (a—b,0,c—b) satisfiesa—b>0,c-b<0. 
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Now, we need to prove: (ao +e? 40°) b+ : eF (2) 


coud (emu) 2 
5, 2.@-c)? 1.1 8 
We have: c’ +a’ = a eS ae 
2 Cc OU (c—a) 
Thus: LHS (2) >(1+4)(a-0)" ao -2. The problem is then solved. 
a-c 


Equality occurs if a=t,b=0, c=-t for te R’ or its permutations. 


Remark: EMV technique is used uniquely in this problem, in which the expression is 


unchanged. Let come back to Schur inequality again. 


Problem 10.2 (Schur inequality) Given a, b, c = 0. Prove that: 


a’+b3+c%+3abce2>a*(b+c)+b* (c+a)tc*(atb) (1) 


Proof 
eox— f (a,b,c) =(b+c-a)(b-c)” +(a+ce—b)(a-c)” +(a+b—c)(b-a)’ 20 (2) 
We will prove f(a,b,c)= f(a—x,b-—x,c-—x), Vxe[0,min{a,b,c}]. 


This is obviously true because b+c-—a2b+c-a-—x=b-—x+c-—x-—a+tx and similar results. 


By EMV, we only need to consider the case when one variable is 0, which is true. 


Remark: The solution of above problem use EMV under SOS form: 

S, (a,b,c)(b-c)” +S, (a,b,c)(c- a)’ +S, (a,b,c)(a—b)” >0 
This is efficient technique because it eliminates quadratic terms (a— b)*, (b-c)*,(c-a)’. 
Thus we only need to prove S, (a,b,c)= S, (a—x,b—x,c—x),g€ {a,b,c} 


However, it is not always that simple: 


Problem 10.3. Given a, b, c > 0. Prove that 14141,—°_24(1+1+41) (1) 
abc a+bt+e b+c cta atb 


Proof 


; : 1,1,1 a b (a 
Ch lity (1 +b+ | +—=+ J>a{ + + J+3 
ema <) a be b+c cta atb 


i.. @ - a 
= Xe aharo |" Z 20 Vialb + ca +ab+ac—bc)(b-c) 20 


Now, you can see that the technique used in previous problem is not applicable in this 
problem. Thus we need to find more suitable transformation. Note that with EMV technique, 


the more a—b,b—c,c—a occur, the more efficient the method is. 
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Thus we continue the transformation as following » a(b+c)(a* +ab+ac—bc)(b—c) *>0 
S 23° a (b+e)(b-c)° — > a(b + c(a-b)a-c)(b-c)” 20 

S 23 \aX(b+c)(b-c)° +(b-c)’ (c-a)’ (a Shy 20 

This is obviously true. Equality occurs @ a=b=c or a=b,c=0 and its permutations. 


; 2 2 re a 
Comments: Transformation to expressions of (b—c)° (c—a)° (a—b)” is nice and efficient. 


You can see the tightness of that expression in estimation that closes to 0. It is much clearer 


when we come back to Iran inequality 


Problem 10.4. Given a,b,c >0. Prove that (ab +be +ea)| 1,1 _,_! aor (1) 
(a+b) (b+c) (c+a) 4 


(Iran TST 1996) 


This problem is the most well studied and there are many solutions have been developed for 


it. It is “surprised” to know that this problem can also be solved by EMV. 


First of all, we carry out the following transformation 


be+catab_9_ 4b(a—b)+4c(a—c)+(b-c)” 
~ (b+cy 4 2 A(b+c)” 


2 
-L6-of a b een 


(c+a) Gear 4 (b+c)° 


= bora" : 1 7 (0c 

(a+b) (atc) 4(b+c) 

(a—b)(a—c)(a? +be+3ab + 3ac) 2 bce(b—c) 
=> lacb\la~cNa’ + bet 3ab+3ac) (py? -yr_belb=c) 
2 Ma ae ay OY Daa Geey 
_y_belb=c)” ___(b=c)" (c= a)" (ab) 

(ct+a) (a+b) A(b+c) (et+a) (a+b) 


be(b—c) (b—c) (c-a) (a—b) 
Th 1 es eee eee 

Dt Ze ea ade ae dy Ga 
4 be(b? =?) 2 (b= 0)" (ca) (a—by 


Therefore, we only need to consider the case when one variable is 0, which is already proved 


in previous section. Moreover, we can tighten the inequality as following: 
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Problem 10.5 [Le Trung Kien] Given a,b,c =>0.Prove that 


(ab + be +a as ers | Jags Bae eo tee 
(b+c)° (c+a) (a+b) + A(b+c) (e+a) (a+b) 


Again, we only need to prove when c = 0: 


2 
ab[ det get 1 x) e+ sake (a0) 20 
a b (a+b) 4 4(a+b) 


Equality occurs if and only if a=b=c or a=b,c =0 or its permutations. 
Notes: The above presentation is to illustrate the idea of EMV. You can also see that the 


inequality is directly equivalent to 


Lapla +b) —A(a =e) =e lay +calc? =a’ y +be(b? ~¢2) 20 
This is true because a2a—c20,b2b-—c=20 (assumed a=>b2c) 
The efficiency of EMV method has been shown in above examples — symmetric inequalities 
with 3 variables. However, permutation inequalities with 3 variables are the one that EMV 


mostly applied to: 


Problem 10.6. Given a,b,c >0 such that a+b+c=3. Prove that a*b+b’c+c’atabc <4 


Proof 


First of all, in order to use EMV, we need to homogenousize the inequality: 
Given a,b,c >0.Prove that a*b+b’c+c’at+abc< S(atb+ey 

> 8)\a* -6abe -3) be(b +c) +27) be(c —b) 20 

& f (a,b,c) => ( +4b+4c)(b =6)" +27(a—b)\(b-c)(c-—a)20 


Thus: f(a,b,c) = f(a—x,b-—x,c—x), VxeE [ 0, min {a,b,c} | 


So we only need to prove the inequality when c = 0: a*b< (a +b)? 


3 
Using AM — GM, we have: est tasa(2 2 = 45? 
i.) 3 a7 


Therefore the problem is solved. 
Equality occurs @& a=b=c=1 or a=2,b=1,c =0 or its cyclic permutations 
Note: While we use “mixing variables”, the expression(a—b)(b—c)(c—a) appears to be 


noticeable. Its role is to eliminate the permutative property of the rest of the inequality, which 


make transforming to SOS form easier 
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Problem 10.7. Given distinct numbers a,b,c 20. Prove that: 


a—b : b-c ? c-a . a+b b+c cta 
+ + > + + (1) 
b-c c-a a-—b b+c cta atb 


Proof 
Assume that c = min{a,b,c} and let f (a,b,c) = LHS (1) — RHS (1). We have 


ath b+e, c+a_(c-aye-b) | (a—b)’ 
b+c cta atb (b+c\atb) (c+a)(ctb) 


Therefore we have: f(a,b,c)= f(a—x,b-—x,c— x), Vxe [0,c] 


We now only need to prove the inequality when c =0: 
(ab) (4) [ a ) a+b b a 
+ + > +—+ 
b a a-b b a atb 


2 2 
Standardize b=1, the inequality becomes (a- I+ (4) + | a “| >atl+ 2 #4 
a— 


This simple inequality is left for readers to solve. 


Problem 10.8 [Le Trung Kien] Find all constants k such that 


a 78 » 2 
k{ a b c <4 +b’ +e", 3k-2 ager 
ab bea Cae pide be.” 2 apieet 
Proof 
(a—b)(a—c)(b—c) - (a—b) +(b—-c)’ +(e-a)’ 
The inequality =. k —__— = ——— er eee ee eee 
_ : (a+b)(at+c)(b+c) ab+ac+bce 
ony (a—-b)(a-—c)(b-c) clatb)latc)(b+c) (1) 
(a=b) ihe) +e ab+ac+be 


Let f (a,b,c) =RHS (1) — LHS (1). We need to find k such that f (a,b,c) >0Va,b,c >0 
We will prove f (a,b,c) = f (a—x,b-x,c—x)Vxe| 0,min {a,b,c} ] (2) 
Indeed f (a,b,c) > f (a—x,b-—x,c—-x) 


us, atblatreilbte), (a+b—2x)(a+c—2x)(b+c—2x) 
ab+bc+ac ~ (a—x)(b—x) +(b-x)(c-— x) +(c—x)(a—-x) 


abc aes. (a—x)(b—x)(c—x) 
Dieta (a—x)(b—x) +(b—x)(c—x) +lc—x)(a—~x) 
1 


1 
2~1,1,1 
1 1 1 Tl 1 
+ + 
(4. b-x c-x boc 


Satb+c- 


&3x+ 


IV 


Consider the function g(x) = LHS (3), then g (0) = RHS (3). We have 
1 1 1 
oF + 
e’(x)= 3_fa-x)” (b-x)" (c-x)" 


1 1 1 I 
(+h 


>0 => g(x)>g(0). Thus (2) is true. 
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From (2) we have: f (a,b,c)=0,Va,b,c>0 <= f (a,b,0)20, Va,b>=0 


kab(a—b) 


Consider: f (a,b,0)>0 © 
(a—b) +a? +b’ 


<atb (A) 


3 
We have (4) is true Va,b>0 © |k|< minh(x) where h(x) _ 24x? +1) x>1 


Pa os) aaa 


It is easy to see that minh(x)=2 9+6/3 (x21) when oe fn 


Thus (1) is true Va,b,c>0 € |kl<2V9+ 6y3 
Equality occurs @a=b=c 
Furthermore if k =+2/9+6¥V3 then the equality also occurs when (a,b,c) [(c,b,a) | is a cyclic 


[v5 as a8 0] Par: > @) 


permutation of 


Remark: When we need to find optimal constants and when equality occurs correspondingly, 
EMV is the perfect choice. All other methods either reach dead-end or are too complicated. In 


the next section, we will see an interesting aspect of EMV. 


2. EMV for inequalities with triangles. 


We begin with the following problem: 


Problem 10.9. Let a,b,c be the length of edges in a triangle (possible to degrade) 


Find the maximum value of f(a,b,c)=—— + b ne a 
b+c cta atb 


Solution 


The function f(a,b,c) is associated with Nesbit inequality, and we know that 
min f(a,b,c)=3., when a=b=c. 


However we need to find the maximal value and this problem is solved as following: 


Assume a=max {a,b,c}. After simple transformation: 


+ + 
b+c cta atb 


a b a (b—c)” cs) 
enema. 2 


f (a,b,c) = 


So f(a,b,c) < f(a-—x,b-—x,c—x), Vxe[0,k]. Where k is a suitable number which will be found 


later. So, we only need to prove the inequality where one variable is on the boundary. However, 


is this problem’s boundary similar to previois problems? Let us investigate on this issue 
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Let try with x = k = min{a, Db, c} 1.e. one variable is 0, for example c = 0. 

So f (a,b, 0) = S42. We cannot say anything about the maximal value in this case. 

Note that c=0 implies a=b because 0=c2la—bl, so f(a,b,c)=2. 

This weakens f(a, b, c) significantly, which make it impossible to find max f(a, b, 0). 
Therefore, we need to find better boundary. Note that, if a=max{a,b,c} then the sufficient 
and necessary condition for a, b, c to be length of edges in a triangles (possible to degrade) is 
asb+c.Thus b+c is the boundary of a. We now begin to force ato b+c. 

We have a—-x=b-x+c-x@x=b+c-a20 

Let x=k=b+c-—a, thatis a=b+c. Therefore: 


Fe a ee ee, Le 
2c+b 2b+e (2b +c)(2c +b) 


Equality occurs if and only if a=b, c=0. So max f(a, b, c) =2 


Problem 10.10. Given a,b,c € [2,3]. Prove that: 


(arbro(Lets lao oy 2 + Ja 
abe b+c cta atb 


Proof 


To use EMV, we first need to change the given conditions to suitable. Note that for all 


x,y,z€ [2,3] then x+y2z,3x22y. We will prove the inequality with the condition that 


a,b,c are length of edges of a triangle such that 3min{a,b,c}>2max {a,b,c}. We have, 


Mie ae 2 _ cy? 
we YZ axa} c) 206 Yalb+c)(a’ + ab +ac —2be)(b-c)” 20 


= >a’ (Ba-b-c\(b+c\(b-c)’ - 2) a(b+c)(a-b) (a-c)(b-c)’ 20 
@ >a? (3a—b—c)(b + eb -c)? + 2(b-c)” (c-a)’ (a-b)” 20 (2) 
Let f(a,b,c)=LHS(2) and assume a=max{a,b,c}. 
We will prove: f (a,b,c) = f(a—x,b—x,c—x), Vxe[0,b+c-a]. 
This is obvious because 3a —b—c 23(a— x) —-(6—x)—(c—x),3a—b—c20 and similar inequalities. 


So we only consider the case when a=b+c: 


a 1)>6( b C Aes 
2b+o)(—t_+t44 >6 ee pag aS aes = (b-c) >0 


The inequality is proved. Equality occurs if and only if a=b=c. 
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Problem 10.11. Let a, b, c be length of edges of a triangle. Prove that 


4(2+24£)>3(44cy2) 13 (1) 
b c bia 


c a 


Proof 


a,b c_a_c_b) (4 ey byt be. J> 
(I) 7/4242 7 ee ea 6)>0 
€& 7(a—b)(b —c)(c—a) + a(b-c)* + b(c-a)’? +c(a—b)”? = 0 


So we only need to prove when c=a+tb, that is: 


Tab(b—a)+(a+b)(a—b)’ +a° +b> 206 2a? + 2b? —Tab* + 7a*b=0 
rn re 
= 2(b-Za) + 30° +2a* =0. The inequality is thus solved. 


Equality occurs if and only if a=b=c 
Remark: Using EMV we can solved the generalized problem: 
Let a, b, c be length of edges of a triangle. Find the best constant k such that: 


(K+0(S42+2)zK{Foos2)e3 
boca a Cc 


Problem 10.12 [Le Trung Kien] 


Let a, b, c be length of sides of a triangle (possible to degrade). 


Bene , BEC Eee oy e (1) 


+¢ cta at+b 


Prove that: 9< 


Proof 


A+9P | BFS CFE 3g Sh + 0-6)? 210(a—b)(b-oN(e—a) 
b+c cta atb 


It is easy to see that we only need to consider the case a=b+c, that is: 
(b+c)\(b—c)? +(2b+c)c* + (b+ 2c)b* =10bc(c —b) 

9) 7 
© 2b? +11b’c -9be? +207 206 2e(c-2] +xbec+ 2b >0 


Equality occurs when a=b=c. 


Sh (b-c)? a= bib-MO=9) = qb 0) 
2(a+b)(a+c) 2a+b)\(b+c)(c+a) 


On the other hand = 
b+c cta atb 


Now f(a,b,c)< f(c,b,a) if a<b<c.So we can assume that a>b2c. 
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It is then obvious that f(a,b,c)< f(a—x,b—x,c—x), Vxe[0,b+c-al. 
So again, we only need to consider the case when a=b+c, that is: 


S26 ee Oe 6 heheh SG 
b+c 2ct+b 2Bb+c 


The problem is then solved. Equality occurs = a=b,c=0 and its permutation. 


Note: It is interesting to see that 2-sided inequality can be solved completely using EMV 


Problem 10.13. (Le Trung Kien) Let a, b, c be length of edges of a triangle 


a Bb @ | an ae a 
Prove that: 2) —+—+— | 2-——+$ —+ —Fatbre (1) 
b cea c a b 


Proof 


2 2 2 2 2 2, 2 2 2 2 2 2 
weer ee -<).4 g Pe gt oP ae apa s0 
b ec c b c a eco aeb 


a5 a= bl b-Nc-ala+bh +o) _ (b+) (b-0)" _ (ate)(a-c)’ _bt+ab-a <6 


abc be ac ba 
_ ay ay? _ 2 
= 3(a—by'b—cNc—a) + Let OO c)’ +b(at+c)(a—c)* +c(b+a)(b-a) $0 (2) 
a+b+c 
Assume c=max{a,b,c}. We have: albt+e) - ! = ! ; Vxe[0,a +b—-c] 
at+b+c 1. 1 1 1 


+ 
a bt+ce a-x b+c-2x 
and similar inequalities, so we only need to prove (2) when c=a+b, that is: 


a Obras G40) aaaby (a=b) 
+ > 


3ab(b — a) a+b) 20 
a 


© a! —2a5b—a*b? + 4ab) +b* 20.9 (a? —ab—b?) +2ab>>0 
The problem is thus solved. Equality occurs @ a=b=c 
Remark: Using EMV we can solve the generalized problem: 
Let a, b, c be length of edges of a triangle. Find the best constant k such that: 


aD .& eb € 
Gree lai(P HS) rarrse 


Cc a Cc a 


Problem 10.14 [Le Trung Kien] 
Let a, b, c be length of edges of a triangle (possible to degrade). 


, latbte)" yp n9< (2+ b 4c) 
Prove that: eben tb bee aa (1) 


Proof 
We can see that equality in (1) does not occur when a=b=c. Our transformation has no 


effect at all, therefore we need to come up with another way 
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(Ne a +b? +c? —2(ab+be+ca) 2 8(a—b)(b—c)(a-c) 
ab+bc+ca (at+b)(a+c)(b+c) 


As a,b,c are length of sides of a triangle so a” +b” +c? —2ab—2bce —2ca <0. Thus 
If a2b2c then the inequality is true. 


If c2b2a, then the inequality is equivalent to 


(at+b)(at+c)(b+c)(2ab + 2be + 2ca — a? —b? —c?) 


ab+ac+be >8(a—b)(b-c)(c-a) 


Consider 0S xSat+b-cand f (x)=(a+b-2x)(b+c-—2x)(a+c—2x)+ 


Se | 


So f(O) = LHS (1). We also have: 


f(x) =-24x? +16(a+b+c)x—2(a? +b? +c? +3ab + 3ac + 3be) 
1 1 1 
dh 4 
, (a-b) +(b- 0) +(c- a) 3 fa-x) (b—x)  (c-x) 


2 2 
( 1 i 1 ii 1 
a-x b-x c-x 


<2x +16(atb+c) x—-2a? +b? +c? +3ab +3ac + 3bc) +4{(a-b)" +(b-c)” +(c—a)’ | 


<-24(a+b—-c) +16(at+b+c)(a+b-c) 
=~ ee ee +3ab +3ac + 3be)+4\(a—by" “(heey e=ay| 


=2[-s9e? +59c(a +b) —11(a? +b°)-37ab]=2[-59(c-b)(e-a)-11(a-b) ]<0 


Function f(x) is decreasing for 0< x<a+b-—c, therefore f(0)>f(a+b-—c) so we only 


need to consider (1) when c=a+b, that is: 


(at+b)(2a+b)(2b+a) 


-— Aab > 8ab(b —a) & 4a? + 3a*b +11ab? >0 
a’ +b° +3ab 


The problem is thus solved. Equality occurs <= a=b,c=0 or its permutations. 


Note: The power of EMV is fully illustrated in above problem. Note that the evaluation 


f (a,b,c) = f(a-—x,b-—x,c—x) in previous problems are quite loose, while in this problem the 


tightness is shown via the proof of f’(x) <0. 
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XI. SOME SPECIAL MIXING VARIABLES TECHNIQUES. 
One of the most attractive features of MV method is the diversity of techniques. This 
can be illustrated via a number of problems that can be solved using special MV 


techniques: 


Problem 11.1. [Phan Thanh Nam] Given x, y,z¢[-1,1] and x+ y+z=0. 


Prove that: Jl+x+y? +Vlty+22+vl+c+x7 23 (1) 


Proof 
Lemma: If ab20;a,b,a+b2-l1then Vl+a+vl+b21l+vl+a+b 


Proof: Indeed, square both sides of the inequality we have 
2+atb+2VUt+a)+b)>2+a+b+2Vl+at+b o(Ul+a)\(1+b)21+a+beab>0 
Application: Among there numbers x+ y’,y+z’,z+x° there must be at least two numbers 


with the same sign. WLOG, assume (x + y?)(y +27 ) 20. Using the lemma we have: 


LHS (1) 214 Jl¢aty+y47 tvl¢24x0 ere ere ee +\(Viez) +2 
Si ieee see) +(x+y) =445 (ieee? pe eae ae 


2 
Finally, it suffices to prove that (Vi —z+z27 +vl+ Z) +2° 24 


627? 42VI- 7 2261-27 21-22 +24 6 2 (¢? -1)<0 which is true because -1< z<1, 


The problem is then solved. Equality occurs @ x=y=z=0. 


Problem 11.2. [Pham Kim Hung] Given a,b,c,d 20;a+b+c+d=3. Find the maximum 


value of ab(a+2b+3c)+bc(b + 2c +3d)+cd(c+2d +3a)+da(d + 2a+3b) 


Solution 
It is easy to see that f (a,b,c,d)< f (a,b,c +d,0) (d =min{a,b,c,d}) 
The problem becomes: Given a,b,c,d 20;a+b+c+d=3. Find max: 
f (a,b,c) = ab(a+ 2b + 3c) +be(b + 2c) =(2a+c)b* +(a+2c)(at+e)b 
We have f(a,b,c)— f (at+c,b,0)=be(a+c—b); f (a,b,c) — f (0,b,a+c) =ab(b-a-c) 
Therefore f (a,b,c) <max{f (a+c,b,0), f (0,b,a+c)} 
In addition: f (a+c,b,0) =2(at+c)b* +(at+c)’b=2(3—b)b* + (3—b) b= g(b) 
f (0,b,a+c)=(a+c)b° +2(a+c)b=(atc)\3-—a-—cy +2(atc)’B-a—c)=g(atc) 


where g(x) =9x—x° =—-(x — V3)?(x + 2V3) + 6V3 <6V3, x20. 
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Therefore: f (a,b,c) < max{f (a+c,b,0), f (0,b,a+c)} =6V3 
Equality occurs @ a=3- V3,b = 3,c =d =0 or its permutations 


So max f (a,b,c) =6V3 


Problem 10.3. Given x, y,z¢ [4.2]. Prove that (2 mean Z}25(2 +24 *)4+9 
2 y 2 x x y Zz 


Proof 


Let f(yz)=9{ £4242) 25( 24244] 9 
y Z y Zz 


X xX 


Assume that x=max{x, y,z}. We have: 


flaya)=f(avizz)=8{ 242 af) s(2+2 gf) Pe 


y 2Z x y XYZ 


=> f (x,y,z) =f (x,Vxz,z). Now let r= fRists? we have: 
z 


(sviz,2)=8(2,2+2-3]-s{ 2/2 +2-3]=8(21+4-3)-(247 -3) 


= 8241) 30-1 4) (1-)"(8 + 6r= 51") _ (1-1) (4+ 5)(2-1) Si 
t t t ‘ 


The problem is thus solved. 


Equality occurs & x= y=z or (x,y.2)=(2.14) (14 2);(4,2.1] 


XII. GENERAL MIXING VARIABLES THEOREM 

In this section, we will introduce GMV theorem (General Mixing Variables) for n variables. 
This theorem almost contains all possibilities of “mixing variables” 

1. We begin with some definition in R”. 


Definition 1: 


* The space R” is the set of Pa Rote) where x,€ R, Vi. 


7 2 _ P 
° A sequence {<n S (Xi. gi Pigatia® )} in R" is defined to converge to z=(z,,Z,5-..Z, )ER 


nm 


if each sequence x, ,, converges to z; when m—>,Vi=1,2,...,n. 


*Let DCR". A function f:D—R is continuous on D if: for any sequence {x } cD and 


m 


zéD such that {x,,} converges to z, then we have: f (x,,) converges to f(z). 


Definition 2: Let DCR”. We say: 


¢ Dis closed if for any sequence {x }cD and ze R” such that {x,,} converges to z, then we 


m 


have ze D. 


¢ D is bounded if there exists M such that: Vea (5m Je D, then |x,|<M. Vi = 1, 2) c.g Fs 
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For example, a finite set is closed and bounded 


The following theorem is fundamental to our results (the proof will be given at the end of this section) 
Weierstrass theorem: Let D be a closed and bounded set in R”, and f:D—R is 


continuous function. Then f has global minima in D, i.e. there exists x, € D such that: 


f (% ) < f(x), Vxe R. We also have similar result for global maxima. 


* Comment: This theorem is a generalization of a familiar result: "Let [a, b] be a closed 
interval in R and f :[a,b] — Ris continuous, then f has global minima in [a, b]". Therefore, 


Weierstrass theorem is intuitively understandable for us. 


2. GMV Theorem: We assume that: 


¢D is asubset of R”, and A is aclosed subset of D. 


e f:D—-R is an arbitrary continuous function such that f has a minima in A. 
¢ T,,....0;, :D — D are transformations such that 7, (x) =...=T,(x)=x,Vxe A. 


We will give some criteria such that the minima of f on A is also the global minima of f on D. 
Theorem GMVI1: If 


° f(x)> min{ f (Tj) }.Wxe D\A 

© Vi=1,k,Vxe D we have lim T/"(x)€ A, where PO=ei GTi) 
then f (x) 2 min{ f(y)}.vxe D. 

Moreover, equality does not occur on D\A if f(x)> min f(T, (x)), Vxe D\A. 


Theorem GMV?: If 
* D is closed and bounded in R”. 
° f(x)>min f(T ,(x)),Vxe D\A. 
jek 
then f(x)> min{ f (y)},Vxe D, moreover, equality does not occuron D\A. 
yeA 


Theorem GMV3: If 


¢ D is closed and bounded in R”. 


° f(x) 2 min f(T; (x)), Vxe D\A 
j=Lk 
e There exists a continuous function h;: D— Rsuch that: h, (x)> h, (7, (x), VxeD\A. 


then f (x) 2min{f (y)}.vxe D. 
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Proof 
GMV1: Let’s consider arbitrary x € D. We have: f(x)= min f(T; (x)). By induction we 
j=Lk 


moo 


have f(x) =min f(T ;"(x), Vxe D. Since f is continuous and limT, (x)e A: 
j=lk 


F(x) > fim min #72) }= min f (Him 73"C0)) > min f(y) 


mo 


Furthermore, if f(x)> un f (T, (x)) then we have 
J=i, 
f(T) 2 min f(y) implies f(x) > min f(y). 


GMV2: Using Weierstrass Theorem, there exists x, € D such that 7(3,\2 f(x), VxeD. 


If x»¢ A then f(x,)> min f(T; (x,)), contradiction. Therefore x,¢ A. 
j=Lk 


GMV3: Consider y,¢A_ such that f(y) =Min{f (y)}. We assume that there exists ze D 
yeA 


such that f (z)< F (95): Since h, (x) is lower-bounded on D, by adding necessary constant, 
we may assume that h, (x) 20, VxeE D,Vj =1,...,k . 

k 
Select € > 0 small enough we will have f)t+edih, (z)< f (yo) : 

j=l 


Let g(x)= in{ f (x) + eh, (x)},vxe D then g:D—-R is continuous and 
j=Lk 


g(x)>min g(7,(x)),Vxe D\A and g(z)< f (yo) <Min{g (y)}. 


This is contradiction with Theorem 2. 


¢ Comment: GMV theorems look simple however it has a wide range of applications. For 
each transformation, we have a corresponding “mixing variables” technique. For instance, we 


have following collaries 


Consequence 1: (Pham Kim Hung, SMV-Strongly Mixing Variables) Let: 

* DCR" is a closed and bounded set and s, =(s,s,...,.s)€ D. 

¢ Transformation T is defined as: For each tuple (@j:@s50a,)e D, we select the largest and 
smallest and then replace them by their average number. We assume that T: D > D. 


¢ f:D—R be asymmetric and continuous function such that: f (a)= f (T(a)) ,Vae D. 


Then f (a)>f(s,),Vae D 


n 
Proof: Let h(@,4@5,040,)= > 4; , we have h: D> R is continuous and 
i=l 


h(a) > h(T(a)),Vae D\{s)}. Then the theorem is proved using GMV3. 
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¢ Remark: 


We can also use GMV1, we only need to check for all ae D then lim T”(a)=5,. 


m—-eoo 


This is intuitively clear, so we leave the proof as a small exercise for readers. In fact, we can 


overlook the assumption that D is closed and bounded (i.e. Consequence / is true for all 


subset D of R” such that T(D) CD). 


Consequence 2: (Dinh Ngoc An, UMV — Undefined Mixing Variables) Given: 


n 
e D See R" Lx; 20) « =const Let A is a set of elements in D such that t 


i=l 
coordinates are 0 and the rest are equal (r>0). 


¢ f:D—-R is continuous and symmetric such that: 


: G Fay. Gy Pus 
F(t tarot) 2min| f[ 25, 8 a, ,f (0,4, +4,,43,....4, ) 


then f (x)2min{f(y)},vre D 


Proof: Consider the transformations T,,7,:D— D as following: 

T,\(a)=T,(a)=a,Vae A and for each @=(dgay;00,.)e D\A, select two indices i# j 
such that a, =min{a, POrelieh| and a, =max {d,,4,,..., , corresponding to T, we 
replace a,,a, by its average, corresponding to T, we replace a,,a, by (0, a, +a,). Then 


f (a) = min{f (7,(a)), f(T, (@),Vae D. 
Let h,( Osa )= Dai and h, ( Oia a= —max{d,,d,,....a,} then h,,h,:D— R are 
continuous and h(a) an (T,(a)), Vae D\{s,}, Vj =1,2. The problem is then solved using GMV3. 
¢ Remark: We can also check if for all ae D then lim 7,"(a) =(s,5,...,5) and 

lim T,"(a) = (0,...,0,7,...,7) and apply GMV1. 

moo 


3. Following problems will illustrate the power of GMV. 


Problem 12.1. (Cauchy inequality) Given n non-negative numbers x,,x,,...x, 


. n 
Prove hah. i hy PW es | Mca 


Proof 


By normalizing, we assume that x,x,...x, =1 thus we need to prove x, +x, +..+x, 2n. 


Obviously we only need to consider x, <n, Vi. 
Let D == (yegatt.) Ix,€ [0, nj, bo ene =i; D is closed and bounded 
Let A =a, =(1, 1, L,<,1)} . Consider a continuous function f:D—R such that: 


For each t= (25% 55.0%. )e D then fieSx Se Ne ag oe 
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Let T: D\A > D be: For each x =( Xe Xyiak, Je D\A then there exists x, # x; and we T(x) is 


the tuple x after replacing x, and x, by their geometric mean. 
2 
Then f (x)— f (T(x)) =(Jx, — fx; ] >0. Using GMV2 we have f(x)>f(x,),vxeD, 


Equality occurs if x=x,. 


Problem 12.2. (Dinh Ngoc An) Given k > 0, x,,x,,..x, 20 and x,+¥x,,...+x, =n. Prove that: 


k 
k k k n 
Naik) Thea) et twa) SS max{n (4) 


Proof 
Dehine 7 (tis Xesaa.) = Cat + Cad.) tit Cea) : 
WLOG, we may suppose that x, <x,. Then x, =s—t,x, =s+t where te [0,5]. 
Consider f(x,,x,,...x,)=g() =Al(s+1)* +(s—1)* |+ B(s? -17)' 
where A= Gay ,B= a8) + Cetiee tack Ce) 
We have: g(t) = Ak| (s +1)" —(s—1)** |—2Bkt(s? -17)*" > 0 


© h(t)=(s—t)'* -(st+n)'* -=*20 


h(t) =(k-D[(s-1* + (s+) |-28, h'(t)=k(k-D| (s-—p) 41 -(s t+) | >0 


Hence A(t) is convex, moreover 0=h(0), limhA(t) =+00. Therefore, either A(t) is always 
tos” 
positive (0,s), or h(t) changes its sign from the negative sign to the positive one on (0,s). 


But g’(t) has the same sign with A(t), so g(t) < max {2(0), g(s)} . It follows that: 


X, +X, Xx, +x, 
’ 


5 rot, 63 Hyryent) 


I Mito X,) = mx 
Applying the UMV theorem, we have the proof. 


¢ Remark: We observe that if there is an equality dependency among n variables, we can fix 
(n — 2) variables and let other two vary. Therefore, consequence 3 allow us see how n 
variables vary by looking at how two variables vary. If there is more equality dependency 
among variables, the number of varied variables can be more to preserve the dependency. We 
often see only inequality with one equality dependency. We will introduce two problems 


where there is more than one such dependency. 
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Problem 12.3. (Phan Thanh Viet) 

Let n 23, consider the set D consisting of all tuples of n positive numbers satisfying 
a,t+a,+...+a,=A, a, +a; +...+a, =B, where A, B are given constants such that nB > A* 
Prove that: 

a) D has a unique element (b,,),,...,b,) satisfying b, =b, =...=b,,. 
b) The expression f(d,,d,,...,4,) =,@,...d, attains its maximum value in D if (a,,d,,...,a,) is 


a permutation of (b,,),,...,b,). 


Proof 


a) Assume that a =(d,,q),...,a,) satisfying a, =a, =...=a,.Tohave ae D we need 


a,,a, >0, a,+(n-Na, =A, a; +(n—1)a; = B. It follows that a, is a positive root of 


the equation (A-(n-l)a, i‘ = B-(n-lay & n(n-l)as -2A(n—la, -— B=0 
Since this equation has a unique positive root, we are done. 
b) 


¢ Step 1: We first consider the case n = 3. 


The equality a +a; +a} 36 4,4, = $(a, ie +a,)| 3(a? +a; +a3)-(a, Gy +a,)° | implies 


that f(a,,a,,a,) =3a,a,a, +5 AGB —A), hence f(a,,a,,a,) attains its maximum value on D 
if two of the three variables a, are equal (readers can prove this by investigating a function in 


one variable — see the article on ABC method of Nguyen Anh Cuong). 


¢ Step 2: We now consider the general case. Let A be the set of all tuples in D with (n — 1) 
equal components. Consider the transformation T:D\A-—D as follows. Assume that 


a=(a,,a,,...,a,)€ D\ A, we may always choose 3 numbers, say (d,,d,,a,), such that they 

are pairwise distinct. Then, there exists a unique triple of positive numbers (e,,e,,e,) such 
Ds oe yo a8 2 i oO a8 ; 

that e, +e, +e, =a,+da,+a,, e, +e;+e; =a; +a,+a,. The transformation T replaces 

(a,,a,,a,) by (e,,e,,e,). Obviously, T(a)e€ D, so by the result in the case n=3 we have 

f(T(a)) > f(a). It follows that f(a) attains its maximum value if ae A. 


That is exactly what we want to prove. 
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Problem 12.4. (Phan Thanh Nam) 
Let n = 3, consider the set D consisting of all tuples of n positive real numbers whose sum is 
A and whose product is B, where A, B are given constants such that A” >n"B. Prove that 
a) D has precisely two elements (b,,),,...,),,), (C,,C35.5€,) Satisfying 

b, > b, =b, =...=b, and c, <c, =c, =...=C,. 
2 


‘ 2 2 ; : 2 $206 
b) The expression f(d,,d,,...,4,) =a, +a, +...+ a> attains its maximum value (or minimum) 


in Dif (a,,d,,...,a,) is a permutation of (b,,b,,...,b,) (or (C,,C),...,€,,), respectively). 


Proof 
a) Assume that a =(d,,q),...,a,) satisfying a, =a, =...=a,.Tohave ae D we need 
a,,a, >0, a,+(n—la, =A, aa}' =B. It follows that a, is a positive root of the equation 


A-(n—I)a, = Be (i—Na, — Aar" +B=0.Consider d(x) =(n-1)x" —Ax"'+B 


n-l 


2 


d(x) =(n—1)x"*(nx— A) => d(x) decreases on (0:4) and increases on (A:~] : 
n n 


Moreover, d(0)=B>0> -(4) +B= a(A), hence the polynomial d(x) has precisely two 
n n 


positive roots, one is in (0:4) while the other is in (A:~] . We then have the proof. 
n n 


b) 
° Step 1: We first consider the case n = 3. We show that for all a =(a,,a,,a,)€ D, we will 


have a, € [c,,b,] where i= 1, 2, 3. It suffices to consider i = 1. 


We have : nae Cee <(a,+a,)° =(A-a,)> @a,(A-a,)’ >4B 
a, 


The polynomial g(x) = x(A—.x)? —4B has 3 roots, where the two smaller roots are b, and c, 


4B 
Indeed, since b, + 2b, = A,b,b; =B = (A-b,)? =4b> = ra b, is a root of g(x) and 


1 

similarly so is c,, moreover by Viete's theorem the sum of three roots is 2A > 2b, +c, 
2 2 

b,b; < bby — >, 


(otherwise 2A < 2b, +c, >c, 22A—2b, =4b, >c, = 3 
Cte €; 1 


, contradicts 


3c, 2c, +2c, =A>b,) so the other root is greater than D,. 


Hence g(a,)20 @ a, € [c,,b,]. In particular, b,,c, €[c,,b,] Sc, <b, <c, <b. 
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We now have a; +a, +a, =a; +(a,+a,)’ —2a,a, =a; +(A-a,)? -28 | 
1 


2(2x* — Ax +B) 


2 
Xx 


Consider h(x) = x’? +(A—x)’ wa where x€[c,,b,]. We have: h'(x) = 
x 


As in the remark, we see that the equation h'(x) =0 has exactly 2 positive roots, those are b, 
and c,, moreover h’(x) is negative on (b,,c,) and positive on (c,,b,) U(c,,b,) 

On the other hand, if a,€ {b,,b,} then(d,,d,,a,) is a permutation of (b,,b,,b,) , hence 
h(b,) = f (b,,6,,6;) =h(b,), similarly h(c,)= f(c,,c,,c,) =h(c,). It then follows that 
Ff (C15€55€3) S f(a,,4,,4,) = f(b,,b,,b,;). Moreover, equality occurs if (da,,a,,a,) is a 
permutation of (b,,b,,b,) or (c,,c,,c,) respectively (q.e.d). 

¢ Step 2: We now consider the general case. We prove for the minimum case, the maximum 
one is similar. Let A be the set of all permutations of (c,,c,,...,c,,), that is the set of all tuples 
in D with (m — 1) equal components and greater than the remaining one. Consider the 
transformation 7: D\ A —> D as follows. 

Assume that a =(d,,d,,....a,)€ D\ A, we may always choose 3 numbers , say (d,,d,,a;), 


such that the case that two numbers are equal and greater than the remaining one doesn’t hold. 


Then there exists a unique triple (e,,e,,e,) such that e, <e, =e,, 


€é, +e, +e, =a,+a,+a,, e,e,e, =a,a,a,. The transformation T replaces (a,,a,,a,) by 
(e€,,€,,€,;) . Obviously T(a)e€ D. So by the result in the case n = 3, we have f(T(a)) > f(a) 


It follows that f(a) attains its maximum value if ae A. 
That is exactly what we want to prove. 


¢ To end this section, we give a proof for Weierstrass Theorem. 
Definition 3: Given a sequence CaM , (in R or R"). A sequence {4n, \ is called a sub- 
zs tJ kat 


sequence of {a,,}'_, if {m,} _, is a strictly increasing sequence. 


co 


For example: 1G, } m=l 


is a subsequence of {a, } 


m=1 


Lemma I: (Weierstrass) Any bounded sequence {a,, } in R has a convergent subsequence 


Proof: We know that “if a sequence is monotonous and bounded then it converges”, thus we 


only need to show there exist a monotonous subsequence. 
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Consider T ={me Z* |Sm’>m:a,,>a,} 
If T is finite then {a,,} is decreasing from some index. If 7 is infinite then we can extract an 
increasing subsequence. In both cases, we can show there exists a monotonous subsequence. 


Lemma 2: (Weierstrass) Any bounded sequence {a,, } in R” has a convergent subsequence 


Proof: Let {4,, =(x, pate licy, )} be a bounded sequence in R". Since teach is bounded in R, 
there exists a subsequence {*1m | that converges. The sequence {*2 } is also bounded 
ky I, 
inR so there exists a subsequence {*2 in } that converges. By selecting "subsequence of 
> ko 


subsequence" continuously, we finally have a subsequence 14m, = (1m x )} such 


7" nM, 


that Vi=1,n, {x, mA converges in R. Therefore {a,,, } converges in R”. 


Lemma 3: (Completeness of IR) Let A be a bounded set in IR. There exists Me R such that: M<A 
(i.e. M <a, Vae A) and a sequence {a,} in A converges to M. We will denote this by M =inf A. 


Proof: We will prove that Ve > 0, Jae A, a—e < A. Assume this is not correct. Consider arbitrary 


x, € A, by induction, we can build a sequence {x,,} in A such that x,,,, $x,, —€,Vme Zz, 


So x, <x,-(m- Ie, Vme Z* this is contradictory to the fact that A is lower-bounded. 


Thus, Vme Z*, there exists a,,€ A such that a,, lea, Since {a,, } is bounded, there 
m 


exists a subsequence {a,,, } that converges to M in R. What is left to prove is that M < A. 


Indeed, consider arbitrary ae A we have An, a <a,VkeZ* , when k 50 then M <a. 
m 


k 


Proof of Weierstrass Theorem: Let A = f(D). We will prove that A has a minimum value. 


We will show that A has following property: if the sequence {a,, } is contained in A and a, >a 
then ae A. Indeed, by definition we have x,,¢ D such that /(2.)=¢. >a. Since {x,,} is 
bounded (contained in D), there exists a subsequence {x,,,} that converges to c in R”. Since 
D is closed, we have ce D . Since f (x,,) >a we have f (Xn, ) —@. On the other hand, {*m, } 3c 


and f is continuous we have f (Anz ) — f (c). This limit is unique, therefore f(c)=a. 


Now, A is lower-bounded (since it will lead to contradiction if @=-—co ). Therefore, there 
exists M = inf A. By the definition of inf and the property of A we have shown, we have MeA. 


So A has a minimum value which is M. The theorem is proved. 
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XIll. REVIEW 

Dear reader, it is necessary to review our journey so far. As mentioned in VI, MV method is 
known early when considering convex function together with a lot of nice results. Jensen 
inequality can be seen as a criteria for mixing variables to centre globally. For details, see 


Inequalities by Hardy — Polya — Littewood. 


Our purpose is not just to describe a wide variety of “mixing variables” techniques but also to 
let the readers grasp the idea of the method. Similar to many other methods, sometimes we 
might not solve the problem directly by MV method; we need to transform it to a suitable 


form. For example 


Problem 13.1. (VMEO I - Phan Thanh Nam) 


Find all constant k such that there exists c, >0 satisfies: 


(14+ x7)(1+4 y?)(i+ 2?) 2c, (x+y+z)* , Vx, y, 2 >0 


For each k, find the best constant c,. 


Using limit, it is easy to see that ke [0, 2], however it much more complicated to find best. 


You might try and see that it is difficult to use MV method here with variables x, y, z. 


However by transforming x=tgo,y=tgB,z=tgy where a,B, ye (0:2) then it is surprised 


that we can “force” the inequality to one variable by replacing a,8,yby their average. The 


rest is just to investigate the behavior of an one-variable function or simply use generalized 
AM — GM inequality. 

MV techniques we have introduced hopefully give the overview about MV method. This 
method is widely applicable, from 3-variable, 4-variable to n-variable inequalities. Generally 
speaking, inequalities with 3 or 4 variables are still the first customers of MV method. For 
many general problems with n variables, “mixing variables” is really difficult. Theorems such 
as SMV, UMV could not solve those problems. Sometimes, MV techniques could not solve 


even symmetric and homogeneous inequalities with 3 variables: 


Problem 13.2. Given a, b, c = 0. Prove that 


2 
(a +b3 +03 60h) lethal = 36abe| >0 


Equality occurs when (a, b, c) = (f, 2t, 3t), t 2 O (and its permutations). 
Then all MV techniques we have covered could not solve this problem. 


Another example is the famous inequality Vasile. 
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2 
Problem 13.3. Given real numbers a,b,c . Prove that: (a? +b? +c?) = 3(a3ptbe3 +c°a) 


: . 2 40 . 2 27 _ 20 
Beside the case a=b=c , equality also occurs when a= sin? ad = sin? Boe = sin? a 
From this query, it is nature to raise a question that: “Is there any MV technique for those 


problems?” This topic will be discussed with readers in near future. 


With the possibility that optima can be at the centre or on the boundary, it is difficult to 
reduce the number of variables to 1. Thus we hope that there is a global “mixing variables” 
method, similar to Jensen inequality. With this goal, we presented two beautiful SMV (strong 
mixing variables) and UMV (undefined mixing variables). These two theorems can be 
thought to be “twin”: SMV is “specialized” in inequalities whose optima are at the centre, 
UMYV allows us to combine both cases — optima are either at the centre or on the boundary. 
For simplicity, these two theorems are only considered for symmetric functions. 

We realize that it is not necessary to separate two cases, in fact we can merge the strengths of 
these theorems (as shown in consequence 3 / VIII). However, GMV theorem is not just 
simply the generalization of SMV and UM\; it opens a new horizon with numberless ways of 
“mixing variables”. What is required here is just: if a tuple x= Cee is not in A, it can 
be replaced by another tuple (7(x)). In SMV ("classical"), the event of forcing two variables - 
the biggest and the smallest to be the same, we can have the feeling that n variables will reach 


the average value; in this case it is not the case anymore. However, we are still able to 


achieve the result without extra conditions. 


Proposed Problems 


Problem 1. (Mathlinks) Given a, b, c > 0 and abc = 1. Prove that 1414146 35 
a Cc 


Problem 2. (MOSP 2001) Let a, b, c be positive numbers such that abc = 1. 
Prove that (a+b)(b+c)(c+a)24lat+b+c-D 


Problem 3. Given a,b,c 20. Prove that: 
2a? +52 +03) +(ab + be + ca) + 2abe +1>2(a? +b? +0?) +bc(b+c)+.aclatc)+ab(atb) 


Problem 4. Given x, y, z > 0 satisfy x* + y? +z* =3. Prove that 7(xy + yz+ zx) <12+ 9xyz 


Problem 5. Given a, b, c > 0 and abc = 1. Prove that a? +b* +c? +62{arbrcetetst) 
a Cc 
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Problem 6.(Pham Kim Hung) 


Prove that ,Vabcz2z0 


1 1 1 4 
SS ¢ SS + SS > — 4 
V4a? +be 4b? +ca V4c? +ab atb+c 
Problem 7. (Murray Klamkin) Given a, b, c= 0 such that a+b+c=2. Prove that 


(a? +ab+b7)(b? 4+be+c? ec? +cata?)<3 
Problem 8. (China 2005) Let a, b, c> 0 and ab +be+ca =f. Prove that 


5 ! + 5 ! + 5 l <3 
a’ —bce+1 b*-ca+l1 c°-ab+l1 


Problem 9. Let a, b, ce [p, g] where 0 < p < q. Find the maximum value of 


_@ , b,c 
b+c cta atb 


Problem 10 (A generalized of RMO 2000) Let a, b, c=>Oanda+b+c=3. 
Find the lowest constant k > O such that the following inequality holds: 
a* +b" +c* 2abt+be+ca 
Problem 11. (Mathlinks) Let a, b, c=0 and ab + bc + ca = 1. Prove that: 


24.2 a9 2.2 
l+a Db Bae at c , lite a” >5 
(a+b) (b+c) (c+a) 2 


8b+c 8c+a 8atb — 


Problem 12.(Vasile Cirtoaje) Prove that for a, b, c > 0: i a + b + a 


Problem 13. (Phan Thanh Nam) Let x, y, z => 0 such that a+b+c =1. Prove that 


\xty? tape’ z+ x? >2 


Problem 14. Given a,b,c>0 . Prove that: 22+4be+ca , act+4ab tbe | ab+4actbe > 4 
b’ +c b' +a a +c 


Problem 15. (Vasile Cirtoaje) Let x, y, z > 0 such that a* +b? +c? =1. Prove that 


1 1 1 9 
+ < 
l-ab i—be  1-ea 2 


Problem 16. [Le Trung Kien] Let a, b, c be length of sides of a triangle. 


. a be atb*+c?_a bc 
Find the best constant k such that: —+—+—+k >—+—+—+k 
bcioa ab+bct+ca c b 


Problem 17. (Phan Thanh Viet) Let x, y, ze [—1, 1] andx + y+z=0. Prove that 


7.2 pe 9 7.2 
l+xt+ty +,fl+yt+=z +,j/l4+z+=x’ = 
i x 9 | y 9% | Zz 9% 3 
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Problem 18 [Le Trung Kien] 


2 2 2 
Given a,b,c>0. Prove that: —4~+ b os re ba One D)s4 


b+c atc ath qb*+be?+ca’ 


Problem 19. Given a,b,c > 0. Prove that: i! + A8a 4, iT + 48d 5 i) + 48 345 
bt+c atc +a 


Problem 20. (Pham Kim Hung) Given a, b, c= 0 anda+b+c=3. Prove that: 
a’ +b* +c* —3abe > 6V2 (a—b)(b-c)(c-a) 
Problem 21. Given a, b, c=0,a+b+c =2. Find the maximum value of 
(a? —ab+b?)(b? —be +c? (ce? —ca +a’) 
Problem 22. (Le Trung Kien) 


Given a,b,c 20. Determine the best constant for the following inequality 


a + b yo age Pb ey 2 
a+b b+c cta (a+b+c) 2 


k 
+— 
3 


Problem 23. Let a,b,c 20. Determine the best constant for the following inequality 


8.29 Bid 

a +b> +c kabc 3 
4 alt k; k=—= 
a’b+b’c+c’a_ ab* +bc? +ca’ 14 


Problem 24. Given a, b, c=0 such that ab+bc+ca+abc=4. 


Prove that: a+b+c2ab+bc+ca 
Problem 25. Given a, b, c => 0 such that min{ab,bc,ca} = -. Prove that: 


1 1 1 3 


—————— 


(+a)? U+b) (+e) G4 efabe)? 


Problem 26. Given a, b, c=0 such that ab+bc+ca+abc=4. 
Find the best constant k such that: a? +b? +c? +3k =(k+1)(ab + bc + ca) 


Problem 27. (Le Trung Kien) Given a,b,c =>0. Prove that 
2 
a? +b? +c7 +V2abe+(V2 +1) >(2+V2)(ab +be +ca) 
Problem 28. Given a,b,c =0 such that abc =1 Prove that 


a’ +b? +c? +9(ab+bcet+ca)>10(a+b+c) 


Problem 29. (Phan Thanh Viet) Prove in any triangle that 


m,+m,+m, S$ 3p? +3 [a-by +(b-c) (eeu) | 
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Problem 30.(Jackgarfulkel) Let ABC be an acute triangle. Prove that: 


a) sin4 + sin 2 +sinE> > 4(1+4sin Asin 8 sin C) 
2 2 2 3 2 2 2 


b) cos 4+ cos +cos C2 4_(1+00s4.cosZcos€} 


2: gf 2; 2 
Problem 31. (Jackgarfulkel) Let ABC be a triangle. Prove that: 


cos A=B + cog BHE + cos E=A A> 


2 2 2 


Problem 32. (Phan Thanh Nam) Let ABC be a non-obtuse triangle. 


2_(sinA+sinB+sinC) 


sin BsinC , sinCsinA , sin Asin B , 2 (2+ sin’ Atgn? Bisa C 


a) P that: 
enee sin A sin B sin C 


b) Prove or disprove the following inequality: 


sin BsinC , sin C sin A + Sin dsinB > 3+ 4(3V3 - 


A B 
sin A sin B ac 5) cos cos BcosC 


Problem 33. [Pham Kim Hung] Given a,b,c,d anda+b+c+d=2. Prove that: 
a’ +b* +¢* +d° =4abed >(a—b) (e=d) 

Problem 34. Let a, b, c, d be real numbers such that a? +b? +c? +d’ =1 

Ege i Dd Te MS og 


P that: 
GIES: Tae ioe ick Ion ee 


Problem 35.(Phan Thanh Nam) 


Let x, y, z, tbe real numbers such that max {xy, yz, Zt, tx} <1. Prove that: 


Jl-xy+y? + Jl—ye+2? +Vl- 2 +0? + l—irt x? > l6+(x-y+2-1) 
Problem 36. (Phan Thanh Nam) 


Let x, y,z,te [-1;1] satisfying x+ y+z+t=0. Prove that: 


Jltxt+y? tyltytz?tvl+zte? tvlt+ttx? 24 
Problem 37. Givena,b,c,d>0 and a? +b? +c? +d’ =1.Prove that: 


(1—a)(—b)(1-—c)(-d) 2 abcd 
Problem 38. Given a,b,c,d =0. Prove that: 


4(a* + b* +c° +d°)+15(abc + bed + cda+ dab) >(a+b+c+d) 
Problem 39. Given a,,d,,...,a, 20 such that a,a,...a, =1. Prove that: 
(n- 1)(x? +5 +..4%, 2) tn(n+3)2 (2n+2)(x, +x, +...4+x, ) 
Problem 40.Find the best constant km such that the following inequality holds 
(1 + mx, ya +mx, jaw (l +INk, ) <(m+1)" + kK, (tick. 7 1) 


for every x,,x,,...x, Such that x,+x,+...+x, =n and m is an arbitrary constant. 
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Problem 41. (Phan Thanh Viet) 


Let a,,a,,...a,,5,k >0O such that: a,a,..a, =s" and n—1l= Li : 
(i+s) 
Consider the inequality: 1 =o 1 phat J panal 
(1+, ) (1+a,) (1+a,) 


a) Prove that the above inequality doesn’t hold true in general. 
b) Prove that the above inequality is true if k = 1. 
c) Find all values of & (depending on n) such that the inequality holds true. 


Problem 43. Given a,,d,,...,a, 20 such thata, +a, +...+a, =n. Prove that 


a, a, 


n 


eftete ned) >4A(n-1(a, +4, +...+4,")+n(n—-2)’ 


Problem 43. Given a,,a,,...,a, 20 such that a,+a,+...+a, =1. Prove that: 


Pg EO eg og 
l+a, l+a, l+a, AE) 


Problem 44. (Phan Thanh Viet) 


Consider the set D consisting of n positive real numbers d,,d,,...,a,, such that 
ad, +a,+..+a, =a, +a> +...+a;. Find the maximum value of f(d,,4,,...4,) =@,4,-.d, . 
Problem 45. (Phan Thanh Viet) 


Consider the set D consisting of n positive real numbers d,,d,,...,a,, such that 


n 


a,+a,+..ta,=A,a,t+a>+..+a°> =B, where A, B>Oare givenand A* <nB. 


1 1 1 
a) Find the smallest value of —+—+...+—. 
a, a, a, 
; 1 1 1 
b) Find the smallest value of ae ee 
a; Gs a, 


Problem 46. (Tran Ho Thanh Phu) 


Consider the set D consisting of n positive real numbers d,,d,,...,a, such that 
a,+a,+..ta,=A,a,t+a,t+..ta.=B,a)+a3+...+a,=C, 

where A, B are given positive constants such that the set D is nonempty. 

Find the greatest value of the expression 4,d,...d,, 


Problem 47 (Phan Thanh Viet) 


Consider the set D consisting of n positive real numbers d,,d,,...,a,, such that 


2 
(@, Pay tia?) 


2 


a F : 2) 8% 
—+...4—4=n+41. Find the maximum and the minimum values of 5 5 
GR, Pe, 


a, 
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§24.1 NESBIT — SHAPIRO INEQUALITY 


Il. BRIEF HISTORY ABOUT NESBIT — SHAPIRO INEQUALITY 


In 1905 an English mathematician named Nesbit introduced the inequality 


is + + a s Va,b,c>0 
b+c cta atb 2 


In this paper fifteen different ways to prove the above inequality will be given to enrich 
readers’ thinking of inequality. Nesbit Inequality is not difficult; but it is not easy to extend 


the inequality for n positive real numbers. 
In 1954, the mathematician Shapiro proposed the general form of the inequality: 


¢ Problem: Given a,,a,,...a, >0. Determine the inequality is true or false: 


a a a a n 

fiG6Gy kc J=—_"— + = 4 7 fe 

Lee gies + + + + 2 
4,74, @,7 a, a, 74, aa, 


This problem is so famous that in the year 1990, the mathematicians must say again about its 
proof history at Oberwolfach mathematical seminar about inequality. This is not really a 
surprise because the Shapiro inequality is not valid for all integer n. During 53 years a lot of 
mathematicians tried to find the solution for proving the inequality (1) in specific and general 
cases but it was not until 7958 that a pupil of Nesbit named Moocden found the solution for 


n=4,5,6 stopping a long time of failure. 

In 1963, Diananda proved that: 

If (1) is wrong for some odd n=n, then it is also wrong for all n2n,; and if (1) is correct 
for some even n=n, then it is also correct forall n<n,. 


He either gave a counter example to claim that (1) is wrong for n=27 , means (1) is also 
wrong for all odd n227. After that Djokovic proved (1) is valid for n=8 and Bajsanski 


proved that (1) is valid for n=7. 


In 1968, Nowosad proved that (1) is valid for n=10 so (1) is also valid for n=9 according 


to Diananda theorem. 


In 1971, Kristiansen proved that (1) is valid for n=12; (1) is also valid n=11 Daykin and 


Malcoln proved that (1) is wrong for n=25. 


In 1976, Godunova and Leni again proved that (1) is valid for n=12; Bushell also gave a 
different counter example to claim that (1) is wrong for n=25. Bushell and Craven either 


proved that (1) is valid for all odd n < 23. 
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In 1979, Troesch and Searcy propose a proof for a very impressive result is that (1) is wrong 
for all even n 214 and using computer, he pointed out that (1) is true for all even n <12 and 


odd n <23 (this is not a mathematical proof). 


In 1985, Troesch published his mathematical proof (1) for n=13 in the Math Computing 
journal; and in the year 1989 he continued his proof for n= 23. It shows that nearly 40 years 
after Shapiro proposed his problem, Troesch was the person who finished a long history 
period with the result: “Inequality (1) was true for all even n $12 and odd n S23. And for 


all another n, (1) is”. 


Another approach for this problem is that we will find the minimum for (1). 


Il. BEST ESTIMATION FOR SHAPIRO INEQUALITY IN PRIMARY MATHEMATICS 


In 1958 Ranikin proved that: For f (n)= inf f,(a,,45,.,a,) then 
a;>' 


X= lim ee inf 
noo =n nl Nn 


AO 7.10" i.e. (1) is false for n big enough 


In 1969, a Russian 11" grade pupil named Drinfeljd used advanced mathematical methods to 
introduce an impressive result as follows: 
@ a, a 


7 a n 
ae +...$—*1_ + —+— > 0.989133x— , Va,,a,,..a, >0 
Ap hay, Ge Pay G,-Fa, a, Fa, 2 


Drinfeljd’s method was the creation @(x) as the convex envelope of the functions 


2 


Moe Le 
e+e 


x/2 


_ Then A= + 9(0) = (4945668... 


He, probaly thanks to the result, received mathematical reward Fields in 1990. 


In 4 - 1991, Kvant Magazine was successful in proving the two following results: 


a a 
fi gg (14913856 a SO 
a,+a, a,t+a, a,+a, a,t+a, 

a a 
ye el ng ee Dy = 416066660: Ware 0 
Osta. Geta, ata. arta, Ae 


Hereunder we will consider the best estimation of Shapiro Inequality in primary mathematics. 


3. Let be given a,,d,,...a, >0 for 3 <ne€ o. Prove that: 


a, 2 a4 a, 
Si 8 ATION: (1) 
a,+tda, a,7Ta, a,+a, a,t+a, 
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Consider 0 <a<1;keEN . Let a,,, =a,34,,, =a,; B =———.. We have: 


i+2 i i+] 


‘ k nm : : j 
a ts ai4y ve Beer kBn=>° wenaolee ai4y ‘&B (4; + ie) kBn (2) 


a,+a i=l Gin +4ix2 (a, +4,,;) 


We will prove: (a, * a*a,,,)(aa, a tai) > a" (4; a ce (3) 


e(1+a%r,)(a+t,)' 20k (140,)" with t, == tT 50 
a. 


L 


Consider the function f (rt) =(140'r)(a+1)" —a* 142)" with r= 0. 


We have: He (Nd=(4a't)(att) ” klk A eaGaat| 


smo (att) ke —1)....[k —Gn —2)] — 0 4-0)" (k 4k... [k —(n— 2)] 


=> ¢™ (O)=k(k-D)....[k-—(m—2)] [kK —m+ Dak + moa" —(k 4+ Da*] 


> k(k-1)....k-—-m+ 2)| (xk Eh yee me ea gt ] =0 
Since f(t) is a k-degree polynomial then ph (t) =const = | ae (0)>0 
= f*X)> ff" (020 > £4? (D2 Ff * (0)20,..., f(D > f(0) =0 


We have f() 20 Vt2>0> f(t) 20 Vt; 20 = (3) is true. 
From (2) and (3) follow: 


n “aay We, at ee, 
sz) So ee — kBn=(k +1)(oB) et Sees} SE Sit By 
i=l Gynt + 4ipo i=l V ins +4i,5 


>| (k+D(oB)e -t8)p=| +0 9 ar f 


[ka —o) |e rae 


Let a > Gate then g(x)=(k+1)- 2 aan 
x 1-oa 


kyl’ Es 
[k(1—o)] #1 


k rs k _ 
g(o)=(1- =| o [Bene lene 
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kt 1)k 1 ee ee Oe ey eo ee ea he)" 
RP a! (eee ae OG) l(eapatt —,|_& 1) 


2k? 
x x 


g (x)= 


(k+ Dk xh) —k? (x =e eayete at xt a] 


k41 


We have: g’(x)=06 


=k 
© [(k+D kx"! —k?x a eet —x|—xle! 1) <0 
sale i 
> k(x"! +l DRm | gee +x=0 & (x! Ole DRE i eee 


a Geuciygrag Mea DRE kk? —k? x= xk? x 


k+2 


ad. Si Bay 
o> (kt xh? —(k 4 Dk ex 4k? 1 x-(k 4 DK =0 


k+2 


=> h(x)=x** Lae MT (k-1)x-k**! =0 


ve i se 
We have: h’(x) =(k +2) x4" —(k4 DK x* +(k-1) 


k 1 ake 1 a 
>(k 1) ff 42. 0 (k-1) —(k4+ Dk Px m+ (£22) (k-DEA «| 


k 


1 
We will prove: (22)"" (k-DFT —kF1>0 © (+2 (k-DE Bk 


k k 
i Gioy Gases (A+2) a = (1+2) Sa 


k -1 k-1 


2\* 2 1 
We have: (1+2) >1l+—-k=3>1+——_, Vk2>2 
k k k-1 


= h’(x) > 0 = A(x) is increasing. But h(x) is continuous; lim h(x) =+0; 


N—-+o0 


1 k+2 
h(=ak—-ke kl < Kel <0 then A(x) = 0 has unique root xo > 1 


=> g’(x) = 0 has unique root xo > 1 => Variation Table > Max g(x) = g(Xxo) 


where Xo is a root of the inequation x 1 Xe 485 

A. ao g(x) 0 
h(x)=x*? —e ey 4 (k-1)x-k *! =0 Max 

co ae 
k+l =k 
-| ak 
and ge =" laanem a 
x 


If k = 500 then xp = 1.013294063 and g(xo) = 0.4577996 


